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Introduction. 


If s denote the number_of the happening of an event in n trials, 
non-independent in general, the probability of the event happening in 
any one of the trials being capable of varying depending on the oc- 
currence of the event in other trials, and 7, (a, 8), the probability that s 
will satisfy the inequality 


S 
ae 
n 


IIA 


8, 


where « and ß are numbers between 0 and 1, both limits inclusive, then 
the limit z (a, 3), in case when it exists, to which z,(a,) tends when 
n becomes infinite, is a certain function of « and 8. Now a system of 
trials may be such that = (0,2) exists at least at points © forming an 
everywhere dense set of points in the interval (0=x=1)('). Such 


(1) In this case = (0,x) is a monotonic function of x in the domain consisting of 
points of the set, and therefore if A (x) denote the extended function of 7(0,x), then at 
points of continuity of A (x) which form a set of the measure (in Borel’s sense) equal 
to the length of the interval (0,1), we have easily 


9 | MAGOICHIRÔ WATANABE: 


a system of trials is called the determinate system with respect to the event 
under ‘consideratiò. The investigation of the conditions for the occur- 
rence of a system of trials for which this is the case, constitutes the 
subject of the first three Parts of the present paper. I shall consider in 
the Part I an important class which is characterized by a very special 
condition and in the Part II another special class, while in the Part III 
the most general one including the two former classes as its special ones. 

Again if 8,, 8,---+-- ‚s denote the numbers of the happening of / 
mutually exclusive events in n trials respectively such that 


Si + 82 + 滞り +8,=n, 


and z,(@, ß), the probability that s,,.s,,-----: ‚s; will satisfy simulta- 
neously 


Rael I og Who | (CS 


where a (a1, の ーー , &) and B(&, Bo, , 3.) are the points in the jn- 
terior or on the boundary of the closed /-dimensional domain の deter- 
mined by 


== Bee, 


then the limit 7 (a, 3) to which z, (a, 7) tends when n becomes infinite 
is a certain function of « and f. Now a system of trials may be such 
that 7 (0,t) exists at least at points £ forming an everywhere dense set 
of points in D(?). Such a system of trials is called the determinate 
system with respect to a given system of 1 mutually exclusive events. The 
two Parts IV and V will be devoted to the discussion of a system of 
trials for which this is the case. 

The results obtainable for the system of trials just considered may 
admit of easy generalization which corresponds to Tchebycheff’s ex- 








A (x) =m (0, 2), 
so that the existence of x (0,x) at an everywhere dense set of points in (0,1) implies at 
the same time its continuity at points of a set also everywhere dense in the interval 
(0,1). 


s 8, 





(1) That the probability that the point ( .., Es | lies outside the 
n 


1 
nity m. 
domain D where D is defined by 0O=4=1 (i=1,2,...., 0), t,+Î,+----+t.=1, vanishes 
is to be taken into account. 

(2) In this case, x (0,t) is a continuous function of ¢ in a domain consisting of 


points of a set whose measure is equal to that of the domain D. 
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tension of Poisson’s Law of Large Numbers. A. short discussion of 
such a generalization will be given in the last Part of the present 


paper. 


Bart |, 


System of Trials of the first Class with respect 
to an Event. 


1. Let s denote the number of the happening of an event in n 
trials, non-independent in general, the probability of the event in mth 
trial being pn @ priori but capable of varying depending on the oc- 
currence of the event in other trials; and let 7z,(x;e) denote the pro- 
bability that s will satisfy the inequality 


s 


ーーー — À 


N 


Ze‘), 








where © is a number between 0 and 1 both limits inclusive and e, a 
given positive number. Then the ‘limit æ(x;<), if exist, to which 
7, (x; €) tends when n becomes infinite, is a certain function of + and s. 

A point æ within the closed interval (0,1) may be such that, by 
taking a sufficiently small positive number e, 


x (x ; )=0. 


Let us call such a point x the point of the class 0 and let the set of 
such points be denoted by Al’)? ). 

Again a point +, not belonging to the set A,, may be such that, 
for all positive e smaller than a fixed positive number si, 


x (t;€)—1, 


where À is a definite positive number. Let us call such a point « the 


| S S 9 x 
(1) That the probability of the existence of —>1 or —<0 always vanishes is to 
n n 
be taken into account. 


(2) If we extend this definition to external points of the interval (0,1), it is 
evident that all such points belong to this set A,. On this reason we shall frequently 
include points external to the interval (0,1) as belonging to the set À. 

(?) The point of the class 0 may of course be defined by m (r—£, x+/)=0 and the 
point of the class 1, by m(x—€, ®.+)=A#+0. It will be seen later that the point of 
another character may conveniently be defined by means of a (w—¢, x +7). 
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point of the class 1 and let the set of such points be denoted by 
A,(*). 

Now it can be shown that 

Tf all points within a closed interval (a, 8) belong to the set Ay, then 
the probability x, (a, 8) that s will satisfy the inequality 


8 
aS— Sf, 
also approaches zero as limit when n becomes infinite. 
For suppose lim 7, (a, B)+0. (1) 
n=2 


Then if we consider the set of points (x,) for wbich the probability 
7„(a,x,) that s will satisfy 


n 


Ss 
ns be 


approaches zero as limit when n becomes infinite, the number 2, which 
exists certainly as « belongs to the set 4。, must have an upper limit 
な not greater than 8. We have, for the point =k, by taking a 
sufficiently small positive number si, 


lim 7,(k; s)=0, 
n= o 
so that 


lim, (ae) 4-17; (be, EE に 9 
This Ms that the probability that s will satisfy 


8 
a=—=hk+s, 
n 


approaches zero when n— which contradicts the hypothesis that & is 
the upper limit of the set (x,). The assumption (1) is inadmissible and 
therefore | 


lım In (の bai 


From this it follows immediately that the set A, can not consist of 





(1) Ina system of independent trials or a system of non-independent trials of a 
special class treated by me in the Tohoku Math. Journ. Vol. 12 (1917) pp. 24-42, the set 
A, consists of a single point x=p and the set A, consists of all other points in the 


A False RR : 
continuum (0, 1) if lim rg Z Pm exist and have the value p. 
T= 00 1 
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all points of the closed interval (0, 1), i. e. there must be at least a point 
not belonging to the set Ao. 

For if the set À, consists of all points of the closed interval (0,1) 
the probability that s will satisfy — 


Dee 
n 

which is clearly equal to 1, will vanish at the limit when n— which 
is absurd. 

Furthermore we may show that 

The set C(Ao), complementary to A, in the closed interval (0, 1), 
which has just been proved always to exist, is a closed set. 

For if x, be a point of the set A, at which 


xt: 8)=0, 


then all the points 2 lying between a,—¢ and x,+e and also belonging 
to the interval (0, 1) belong to the same set and therefore the point 2, 
can not be a limiting point of its complementary set, so that any limit- 
ing point of C(4。) always belongs to the set で (4。). 

This result may also be expressed as follows: 

The set A, consists of points in the interior of non-overlapping inter- 
vals with or without the end points x=0 and a=1. 

As regards the set A,, it is a component of C(4。) and all the 
points belonging to the set are isolated, i.e. the set is itself isolated. Its 
derived set therefore consists of points which belong neither to 4。 nor 
to A. | 

Consequently in the case when there exists no point in the interval 
(0,1) which belongs neither to A, nor to A,, the set A, must consist of at 
least one point and at most a finite number of points, 

Such a system of trials is said to be of the first class with respect 
to the event under consideration. 

The occurrence of such a case requires of course some conditions to 
be satisfied which will be fully discussed in the following articles. 

2. We shall first consider necessary conditions for the existence of 
such a case. 

Let 2, 225° -- ,%, be the points of the set A,, all other points in 
the interval (0, 1)(") belonging to the set Aj; and let x, be the point 





(1) Here and hereafter the interval (0, 1) will be understood in the sense of 
«closed interval.” 
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at which 
(a; €)=4i, (i=1, 2,----- »T) 


e, being taken sufficiently small. 
Again let F(n,s) be the probability of the happening of ii event 
under consideration just s times in % trials. If we consider the ex- 


pression 
T)=2(2) og,  m=0, (3) 
then it can be written in the form 
rome (2) TIEREN (AJ 
ES pa s), 


where » denotes the summation about s which satisfies 


i 








e; being a positive number arbitrarily chosen so small that within the 
interval (@—e,, &;+8;) there lies no point of the set A, except x,, and 


2” denotes the summation about s complementary to 2+ 2+.------+2. 
1 2 が 


Now we have 
(= \"F (RES FQ, 9), | 
n 


of which the right-hand side expression tends to zero when n=» [§ 1]. 
And therefore 


lim E : -) Fin; (3) 


n= 


Again: we have 


(a; —:;)” I > Fin, 31 = 
4 


n 


) F(n, )Z(&; +8)” oF (n,-8) 


of which the left-hand side expression tends to (a;—¢,)”" ん and the right- 
hand side expression tends to (a;,+<¢,)" 
it gives, combined with (3), 


ん when n becomes infinite so that 


ON A DETERMINATE SYSTEM OF NON-INDEPENDENT TRIALS. ys 
r 
lim T,(n)= 2 (x+e)" %, 
n=% t=1 


を 
lim 7)! (,—:)" 4. 
n=@ i=1 


Since these two relations hold for ¢, ,------ ,€,, arbitrarily small, from 
which the left-hand side expressions are quite independent, it follows 
that lim 7,(n) should exist and 

n= の 


5 
lim nln)=a2 
N=R t=1 
Putting 
eh, (4) 
n= 
we thus obtain as necessary conditions for the existence of &, Lay" he. 
of the set A, having their corresponding probabilities À, 22, A Le 
N M ) „Mm 1 
SU ht ht AACE NE ari camel (5) 


3. We shall next consider sufficient conditions for the existence of 
such a case. 

Suppose there exists a set of My, Lay rn Ay Abas > which 
satisfy the 2r+1 equations 


EI SMe CE 
バー カ 」 À +2, 4+ や ade, 
ガー が が 41 十 め ん 十 SH tea hors (6) 


Doe D 2 
T = ATI tar, 


d 


with the conditions 
02-0 Ti ET), (i#k) 
i 11) 
LEO, 
and let us first show that 
(i) all the points excepting 2 っ ーー >) の. in the interval (0,1) be- 
long to the set Ao, | 
(ii) the point a, (t=1, 2,------ , T) belongs to the set A, having dts 





(1) It has been first pointed out by Prof. Kakeya that if the set A, consists of a 
single point, that point must be x=p. This can also be deduced from (5) as a special 
case if we observe that Tp=1. 
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probability a (ti; &)=À. 


To prove the first part we consider the non-negative expression 


E(n) defined by 


Ein)= à i) (=) ア 7 (n, 8), (8) 
where S@)=e@-2z, (ター m) ur (© —2,)". (9) 


If we write the polynomial f(x) in the form 


HO ET at +0, ダー オー 0, 


we have 
2 / 8g 2r bh n 8 2r-1 n 
Efn)=2 (=) F(n,s)+a, (4) F(n, s)+ +++ +a,, る F(n,s), 
8=0\ N s=0Nmr s=0 
and hence, if 2,,2%2,---..- 303 Aj Any > , À, satisfy the relations (6), 


lim E(n)=T,+ Tat» + Any 
n=2 


が 
=> oP +a, arten + fa 


i=1 
EHE 
i=1 
Since x, is a zero point of the polynomial f(x), it follows that 
lim E (n)=0. (10) 


On the other hand if we write 


B(n)=2f(*) Fs) +2/(2) Fos) tt zf(=) F(n, s) 


ES f(=) F(n, 8), (11) 


where ¥ and 2” have the same meaning as in the previous article, then 


(2 


. . . u Ss La 
for all n and for s belonging to the summation in 2”, f (=) has a posi- 
n 


tive lower limit / different from zero if 3,8%; -- e. be 


a fixed numbers 
however small. Hence we have 


E(n =?" f(=) F(n, s) 


ze, Reine 
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and therefore 


lim 2’ F(n,s)=0, (12) 

n=n 
Since Ei, 5 , & may be taken arbitrarily small it follows that all the 
points except 2, の ,t, in the interval (0,1) belong to the set Ay, 


which proves the first part of our proposition. 
Again to prove the second part we consider the expression E; (n) 


defined by 
E. (n) => 12) F(n, 8), (13) 
where 
Si (@) = N , A(e)=(e—-2)(x m) (w—2,). (14) 
For this expression we have 
lim E;, (n) =A," f;,(%;) 
= (ee) a) (mx), (15) 
which does not vanish, and by writing 
E, (n)=5 f = Ela, + +25) Pe 9 
2'fi(È)F(n, 3) (16) 


it is easy to see by (12) that the last term 2” fi (=) F(n,s) vanishes at 
n 


the limit when n=. Moreover it can be shown that 


lim 2 "(2 =) F( a (17) 


=» 


For if e/ be taken (g/=s,), corresponding to an arbitrarily chosen 
positive number 6, so as to ensure that 


Ge 





Ss x 
ーー 
n 


for all sand n satisfying =e/, which is always possible if j=i, 








we have 
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a" 





(5) | Fe s)<0 a 8) 


<ò, 


where 2” denotes the summation about s satisfying =e6;,and there- 
3 


A) 


s 
— —%; 
n 








fore 


lim 2 
n=mn 7 


Eh, 0 








Since all the points within | —x, |<, except «=; belong to the set 


n 


a relation showing the truth of (17). 
Consequently by the comparison of two relations (15) and (16) we 


| F(n, s)=lim si 


n=2 


lim ! 


22 三 O j 














IIA 


9 
0, 


get 


ae 2) F(n, 8) =f; (ti). . (18) 
n=œ i 

This relation can only be satisfied when the point x, belongs to the 

set A, having its probability 7 (a,;¢;)=A,. For by denoting the upper 


and the lower limits of f(=) for =e by « and/ both of 
n 


ざ 
ーーー 2; 








which do not vanish and have the same sign, we have 
3 8 
IS FRET. (=) F(n, 8) Zu F(n,s), 
n i 
and therefore if 7 and u are positive 


Ye s) ミッ アミ ay Nag 


from which we obtain, by aid of (18), 


lim 2 F(n, 0) leat À, 
tages: (19) 
lim + F(n, gal à. 

i U 


n=% L 
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The values of two expressions which stand on the right in (19) re- 
spectively may differ from A, and therefore from each other by any 
assignable magnitude by taking e, sufficiently small, while those on the 
left are quite independent from &(!) and hence we must have 

lim’ 2 F(n,s)=À("). 

n= À 

Similar result holds when 7 and « are both negative. This proves 
the second part of our proposition. 

4. The results obtained in the last two articles may Le expressed 
as follows :— 

In order that a system of trials may be of the first class, with respect 
to an event, having + points of the first class it is necessary and suf- 
Jicient that the simultancous equations (6) with the condition (7) are con- 
sistent. 

Now we shall show that the condition (7) may be replaced by the 
mere condition 


URL; (ik) 


20 
hi F0. 0 


In order to show this it will be sufficient to prove that if there 
exist a set of x,,2,,-----. OAI ルッ ョ ュー トッ ‚4, satisfying (6) with the condi- 
tion (20) then they satisfy the condition (7). 

Now for a moment suppose that some of 2,,4,--...- ‚x. satisfying 
(6) with the condition (20) do not lie in the interval (0,1) or are 
imaginary. If among them %,, 4,41, > T1, Say, are real but do not 
lie in the interval (0,1) and x, Cz) Sun er ast Ops Say, 
are imaginary, of which %,,» and ea are conjugate to each other and 
Dis Us > Tr, say, are isolated imaginaries(*), then we take, in place 
of f (x) considered in the last article, a non-negative polynomial f (7) 
where 





(1) ZF(n,s) depends of course on the choice of €; in general; but its limit when 
i 


n= does not depend at all on £;, for all the points within |æ—x; | =E€ except x; belong 
to the set A,. 

(2) It has been indirectly shown that, in case when the simultaneous equations (6) 
are consistent under the condition (7), 


Dei eu 0 つり ツウ ) eg PD 
(?) This means that there is no pair of conjugate imaginaries among #7, %41,°°::, 
Xr. We shall here assume their existence to arrive at a contradiction though their non- 
existence can directly be shown algebraically, as seen from the discussion in $ 6. 
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SRH) an aaa) Re) 


x (i=1,1+1,------ 7 が) being the conjugate imaginaries of &;, and consider 
the expression 


= US 
E(n)= Fe )F Fin, 8). 
s=0 
It can be shown, as in the last article, that 
lim £ Wera 
n=R 
and by writing 


E (n) =2 7) F(n,s) + +27(4) F (n, 8) 


+27 (=) Fo 9), 
N 


where 2, D...... » » have the same meaning as in the above and 2” 
セル が 3-1 
is the summation about s complementary to a+ 2+ ーー +2, we get 
3-1 


lim a F(+ ) re DE, 


from which it also results that 


lim 2’ F(n, s)=0. (21) 


R= 0 


On the other hand if we consider the expression &; (n) defined by 
(13), then 


lim E; (n)==A, f; (&)F0('), (22) 
and by writing 
E,(n)=5 f, (=) Pin a) LS (=) Fn, s)+ 2" fi (+) F(n,8), 
1 n ASIA n 
we have 


Fim) SI 





fi (=) | F(n, s)+------ + (=) | F(n, s) 











(1) The polynomial 方 (x) may have imaginary coefficients. 
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f(t) 


which vanishes with ¢, for all s and n satisfying 


Since, if 2=7 and à £j—1, has a positive upper limit 








5 . 
—— Li 
n 


=s, 








we shall obtain, just as in the last article, 











lim 2 ff 2) Ein, s}=0, 
n=% if n 
which, combined with (21), gives us 
lim E,(n)=0, (23) 


ne L 


LI 


if i=j. The relation (23) which has been obtained from the assump- 
tion that some of 2, 22, ‚X, satisfying (6) with the condition (20) 
do not lie in the interval (0,1) or are imaginary, is inconsistent with 
the relation (22)—a result showing the non-existence of the roots 2;,. 
Bari , and therefore 


O21, (19...) (24) 


thus establishing the validity of the condition (7). 

5. It has been shown indirectly from the foregoing Giscussions that 
there can be no two different sets of values of æ,,2,-..... OT PT ACCRU 
2, satisfying (6) with the condition (20)(°). 

Again it is easily seen that in case when the system of the simul- 
taneous equations (6) has solutions which are not subjected to the condi- 
tion (20) either by the occurrence of equal +, or by the vanishing of 
some A,(*), we have always a system of the simultaneous equations 


HSE À bi 2 Ag+ SS Sere +2 ん (25) 
m=0, IL Qi. E 2r', DESERTO 


which has a solution subjecting to the condition (20). 

For if the system (6), for a certain 7, has a solution which does not 
satisfy the condition (20) there will exist also a solution of the system 
for + diminished by 1 which does or does not satisfy the condition 


(+) We consider as the same set of solutions those which can be obtained by the 
same permutations applied to æ,,%,,---., % and A, , Aa s''"", Ar 
(2) In this case the system (6) will have infinitely many solutions. 
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(20), and for r=1 at least, if all the solutions in other cases do not . 
satisfy (20), the system will have a unique solution ©,=7%, 4,=1. 

Combining the results we are thus led to the conclusion : 

In order that a system of trials may be of the first class having r 
points of the first class it is necessary and sufficient that the simultaneous 
equations (6) should have a unique solution. 

In case when the simultaneous equations have solutions more than one, 
they will have infinitely many solutions and the system of trials, in such 
a case, will be of the first class having r' points (7 ご 7) of the first class. 

The simplest case occurs when r=1. Since the system of the three 
equations 

ha) 
T=% À 
T=3 À 
has a unique solution 
“= 4,=1, 
u T= T, (26) 


it follows that (26) is the necessary and sufficient condition for the ex- 


istence of a system of trials of the first class having one point of the first 
class. 


Again another simple case occurs when #=2 and 
sah he Be 
Now in order that the system of the five equations 
Ta AAA 
m=0, i i 2, 3, 4, 
may have a unique solution of which 
at) and eds 


it is necessary and sufficient that 


T=T=T=T, 0<5<l (27) 
The condition (27) is equivalent to the mere condition 
Lista OST ay eb} 


Indeed it can be shown that if 
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カー の ニー = TL, (29) 
then : nel 
For since RTE ESC) 
while D M—1 》 


wodenibehave; HOT ET, 1, Le TT 
Te: les 


which contradicts the assumption (29). 

Consequently the condition (28) is necessary and sufficient for the oc- 
currence of a system of trials of the first class having two points x, —0 
and x,=1 as the points of the first class; and if this condition be satis- 
fied we shall have 


A=1-T, Anal 


6. The condition obtained in the last article may also be trans- 
formed as follows :— 

If there exist a set of @,,&,,------ ERI LITE , A, satisfying (6) with 
the condition (20), then the set A, consists of r points, all other points 
in the interval (0,1) belonging to the set A, and hence by (5) 


Dinar À Hay dt. +e À, 





m=z, 2, so... N 2r, Dr + 1e SOC 
so that we have 
2 Ta" 2 (tn &)"+4 2 (2; x)” + BIS + 4.2 (x, 2)” 
m=0 m=0 m=0 m=) 
r ae 
ae yee 30 
i=l 1—2, x (20) 
Sa P (x) 
(1-2) (1—2 2)... (1 —z, x) 3 


where P(x) is a polynomial of x at most of the degree #—1, whence by 
writing 


(1) This follows from the inequality 


9 


n 
Z as % M1 
s=0 


i MS 


n 
Ag dg Zu A ent Peat 
s= 


S=0 


where a and xs are all positive. 
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(U) a). (x —%,) 


ー ダ ー ム ダー 十 6 ダイ ーー…… 填 ( 一 1 の., 
we get 
(CL LA 2). à の の ニア (). 
Hence equating the coefficients of a”, a"13,...... , xv" in both sides, 
Ti bi T,-4+ bd, Tg +(—1)"b,=0, 
=) 


(31) 


CRE 000 e a 9 0 0000000 


T,,—bı T,-1+ da プッ ーッ ー ne +(— Td, T,=0. 


Conversely we may derive the last r+1 equations of (6) from its 
first 7 equations together with the equations (31), so that the system (6) 
is equivalent to the system of equations consisting of the first 7 equations 
of (6) and the equations (31). 


Now the equations (31) only involve 2, %,------ iù but. DO Anes 
ーー ,4,. Hence in order that the system (6) may have a unique solu- 
tion it is necessary that the equations (31) should have also a unique 
solution with respect to ,,0:,--... ,0,, for which the necessary and 
sufficient condition is that the two matrices 

PET 1 TNT 1 
TITRE T gt NG eee T 
M=| 7 I tel =] NN, i 
Tx Tori RATE Te TL, Too a Oe ffs 


have the same rank 7. From this we may infer that 


A, ュー /B (FE, so... 1 48) A 1% Les ss... NI +0( 1 ). (32) 
(OF gs Moe A ie Ti MATE が 
Les IE A Agli Le Ts T.-3 vo A JEU 





(1) That the first determinant A+ vanishes is evident. As to the second determi- 
nant A,, if it also vanishes, the rank of the matrix 


Te 
MA oe 


3 
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Moreover, in order that the system (6) may have a unique solution 


satisfying (20) the equation 


AS (ir) Pet re ine =) (33) 
TE 
hs AREA III Trail 
which is obtained by the elimination of by, by, , 6, from the first 7 


equations of (31) and 
Mb + Vezza +(—1)"8,=0, 


must have 7 different roots. 

Thus we have obtained as necessary conditions for the existence of 
a unique solution of (6) the relation (32) and also the non-existence of 
multiple roots of the equation (33). 

That the conditions are sufficient for the existence of a unique solu- 
tion of (6) can at once be seen. | ・ 

Consequently we have the result: 

In order that a system of trials may be of the first class having r 
points of the first class it is necessary and sufficient that 


AA ュー0, A, キ 0, 


and the equation (33) should have no multiple roots(*). 

If this condition be satisfied the points of the first class and their cor- 
responding probabilities 2, may be found by solving the equations (33) and 
then the first r equations of (6)(* ). 











must be less than 7 for otherwise the system of the first ヶ equations of (31) will be 
inconsistent. Since the two matrices M, and M, have clearly the same rank this con- 
tradicts the fact that the rank of M, is r, a result showing the non-vanishing of the 
second determinant Ar. 

Tt is also easy to see that 

| Ap=Ar =... =0 

in this case. 

(1) It can be shown that the last condition is superfluous, i.e. it is a direct con- 
sequence from the non-vanishing of A,. See the Appendix $1. 

(2) A; may be found more simply by aid of (15). Indeed if fi (x) be expressed in 
the form fi @)=w-1+a, ーー タキ ーー・ 十 ケー], 
the relation (15) will give us 


Tr-1+0,/ Tr-2+ + +a/,-ı=Xi fi (Xi) 
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From the discussions here given it is also easy to derive another 
criterion which runs as follows: 

In order that a system of trials may be of the first class having 7 
points of the first class it is necessary and sufficient that the function 


d1@)= 2 e (34) 


is a rational function of 2 either having poles of the first order at r 


diferent points and vanishing with ar '), or having poles of the first order 
る 


at r—1 points and taking a determinate finite value different from zero at 


E= 000). 
7. We have investigated, in the last articles, conditions to be satis- 
fied by 7, 27, Bo for the occurrence of a system of trials of the 


first class. To apply the conditions to practical problems we need to 
calculate 7, ーーー beforehand. 

It has been shown, in my previous paper(*), that if pn denote the 
probability of the happening of the event under consideration in mth 
trial @ priori and 


Wim; ma A 5 M<M< ーー 


the probability of the concurrence of the event in myth, m,th,------ trials, 
the occurrence or non-occurrence of the event in other trials being 
perfectly disregarded, then 


À F(n,)y=1+P;(@(y-1)+P:(M(y=1f+----+P.@)y=1) (85) 


where 
Pin) PD + Pas 
Le (n) = W, 2 + W,, 3 teen + Wie n, 
D, (n)= W, „at een に に W,-2 RE (36) 
P(t) = We 
This formula now serves us for the calculation of 7, 7,,---... x 
(1) This case arises when none of x; (iî=1,2,----,7) vanishes. 
(2) This case arises when one of x; vanishes. i 
(3) L.C,p. 28. The notation Wm, , fi here used is somewhat different from 


that there employed. 
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If we differentiate both sides of (35) with respect to y m times and 
then put y=1, we obtain 


Ss (sー1)…… (s—m+1) F(n, s)=m! P, (n), 
8=0 
which gives 
PET re s)=m! lim Sal) | (37) 
N=R 8=0 XV N=R n" 


a formula by means of which T, can be calculated. 

The conditions obtained in the last articles may therefore be trans- 
formed into one which P, (n) (m=1, 2,------ ) will satisfy. 

For example the condition (26) is expressed in the form 

















(ie) lim But Bat i Sn =p exists 
n=% n 
(38) 
(ii) lim 2 Coi ata Dei Bu = 
72 三 3 n° 
of which the latter may be replaced by 
rt dem (39) 
n=2 N’ 
where 
1 7% Hal 2, 0000» ; 一, 
F2; 0: か) Dee en 
Similarly the condition (28) is expressed in the form 
(1) im Pia uw TPn =p exists 
SU ti (40) 
(ii) i ee at A ay =p(1—p)+0, 
N= N° 
of which the latter may also be replaced by 
lim PET +0, (41) 
TAPER 2 


where V stands for the same expression as in the above and 
q=1—p. 


8. Some examples of the system of non-independent trials satisfy- 
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ing the condition (89) have been given in my previous paper. I shall 
take this occasion to solve a more general example than that there given. 

We thus consider the case where the two persons A and B play a 
set of games each of which can not be drawn and in which A’s chance of 
winning in the first game is p, but in the mth game it is Pn if he wins 
the game before and is Qm if he loses it, Pm and @m being subjected to 
the conditions 


lim m* (1—P,)=P", lim m* Q,,= Q, (42) 


M=C 


where a is zero or a positive number, and P', @ are two finite numbers 
one at least of which does not vanish. 
In this example A’s chance p, of winning in the mth game is 
given by 
Pm=Pm-1 Pl —Pm-1) Da 8 ) 
=Pm1 (La Ga) + Gat (43) 


Similarly A’s chance Way, m of winning both in the m,th and mth 
games is given by 


Wm, m= Wm ,m-1Pm+ (Pmı— Wm,m-1) Qm, (m=m—2), (44) 
and hence, by aid of (43), 
Wim m— Pmi Pm= (Pm Qm)f Wms, m—1— pm, Pm—1}, 
from which by putting 
Ving, m= Wm, m— pmi Pms (45) 

we obtain 

Im, m=(Pn— Qm) Vir m—1- (46) 
When m,=m—1 we have, in place of (46), 

Von, m=Pm-1 (Pin — Pm) 


Consequently again by putting 


mel 
Va 2 Vini» My 
me ea 1 


we get 


bali Om) Pee Amer (Pin —Pm)- ’ (47) 





( 1) Of course Pm, Qm and pm all lie between 0 and 1 both limits inclusive, . 
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Now we shall first consider the case when 
HU 
If the two limits 
lim(1—P,) and lim Qn 


exist, then, since 0=pn=1, i.e. the sequence (pm) is bounded, we get 
by (48) 


lim $ ~Pa—(P— Y) pmit=Q, 
where lien; 


M = の 


and therefore by Stolz’s theorem on the limit of quotient we have 


n» n 

3 pu (PQ) À pa: 
nt se ER} 
n=% n 


so that, in virtue of the supposition P'+@>0 namely アー の キュ, 











JU: i 
lima: DATA - (È) < (48) 
AAA 1-P+9Q 
Similarly, since Im-ı <1, we obtain from the expression (47) 
m 
für IP 
lim Vn (P= Q) Vas 0, 
m= m 


and therefore we shall have 


n n 

BARS (PO) Senn, 

lim AS ee ee Ea 2 
N=@ . NO 


which gives as in the above 





Immer ui 
9 
・ =D N° 


and accordingly, by putting vs Kai; 
3 


(1) In case when | アー |<1, this is also an immediate consequence from Kubota’s 
modification of Pölya’s theorem [TOhoku Math. Journ., Vol. 12 (1917) p. 222.]. 
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lim 0, (49) 
nen N° 

The two relations (48) and (49) show us that the condition (38) is 
satisfied for our case and therefore we have the result: 

The set of games is of the first class, with respect to A’s winning, hav- 
の Li 14 ai 
ing a single point Pio of the first class in case when a=0. 

As a special case, when Q=0 and therefore P'#+0 we have the 
point æ=0 of the first class; and when P’=0 and therefore ⑦ 主 0 we 
get the point x=1 of the first class. 

We shall next consider the case when 


a>0. 


In order to calculate 7,7; in this case we establish the following 
two lemmas relating to the sequence. 
Lemma I. If the sequence (の 。) satisfies 


n° (0 — Un) CUn1 > l, (50) 
where C and l are real numbers of which the former is positive and 


Dal 
then the sequence is convergent. 


Lemma II. The sequence (v,) thus defined has the limit Ba 
6 


when 
Oel), 


T prove the lemma I it will be sufficient to consider the case 
when tie sequence (Um, の mm ) is nct monotonic, however large m 
may be taken(*). 

Now if we put 


n° (©, br Mae) + 6 Un_1= In ’ 
we have 


(1) The case when a=1 is a direct consequence from Mercer’s theorem. 
. Mercer, Proc. of the London Math. Soc., series 2, Vol. 5, (1907) p. 207. 
Narumi, Tohoku Math. Journ. Vol. 12 (1917) p. 288. 
(2) For the sequence is bounded if /,—>l, as is easily seen from the relations 
(52). 


~~ 
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Un — Un-1— = & =), (51) 
n» (6) 


1 
so that, if n be taken larger than c*, we get two alternatives 


/ 
の ニニ | 


NU 
e 
a (52) 
or CREATI 
e 
If the sequence (tm, ann ) is not monotonic, however large m 
may be taken, then tlere will exist a sequence cf integers (n, n,,------ ) 
such that 
Un Un, +1 = Bs ons 
Ung = Um +12 “ss... — Ung; 
Ung = Vns+1 =. N 


If this be the case we have, in virtue of (52), 


Ins Ins 
In = —, n=, en 
C C 
ig ーー で の Ung Sees ann 
C C 


and therefore 


> 
ner 


‘re / : 
une and. lin で きこ 
6 Za 


Ra D © 


which can only be satisfied when 


/ 


C 


> 


thus establishing the lemma I. 
Again to prove the lemma II we put 


の 


= "Ty 2 


so that lim 9,=% exists. Now if k+0 then by taking a positive num- 


n= の 


ber e such that k—e and k+e have the same sign as k we may choose 
m so large as to ensure that 
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ん 一 e ぐ の ご ん 十 s。 for  n=m. 


The relation (51) then gives 


ml if が 1 
a ka De O aa at 


= d . . . 
for any integer /. Since the series 2° ーー is divergent if Osa 
n=m N 


and e(k—e) and e(k+e) have the same sign, this contradicts the fact 
that lim na exists. The assumption %#+0 is inadmissible in the case 


l=% 


when 0<a=1 and hence 
の アク ') 
6 


so as to show the truth of the lemma II. 
We shall now apply the lemmas to the calculation of 7 and 7). 


Since we have by (43) 
m° (Da —Pm-1) + m° (1 or 中 Qn) Pm-1 =m° Qm 
and the sequence (p»_,) is bounded it follows that 


m (Pm—Pm-1)+(P'+0@) Pm-1 > め 


and therefore by the lemma I 


Ti = ta p=) (53) 
exists in our case. Specially when 0<a=1, we have 
大 NN 54 
D rent (54) 
ae Vern 
gain by putting U 


m 
so that the sequence (v,) is bounded we get from (47) 


m (tv) ae | 1 er (m— IV + Om) Um-1=Pm-1 (Pm Pm) (55) 





x 1 」 
(1) It may happen that vy, does not tend to — in case when a>1 if the sequence 
6 


(Ur) be monotonic, but if the sequence (oz) be not monotonic. however large n may be 


taken, then we have also 
7 


Un > 
C 


as is easily seen from the foregoing discussion. 
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bo 
I 


where 
en 1— Pas 
and therefore if a>1, i.e. lim m(P'n+ @n)=0, then 


m (Om — Vn_1) +Um-1 —p(1—p); 
and if a=1, ie. limm(P,+ 9,)=P'+9, then 


M (Um —Um_—1) + (1+ P!+ Q)vm_1— p (1—p). (56) 
Also if O<a<1, dividing the both sides of the relation (55) by 


m'~* and then making m infinite, 
M (Um — Deer) "IL (P'+ ⑰) Un-1 > 0. 
Consequently by the lemma II, putting q=1—p, 


Um > PY if g> 1 
SRO ELI, | 
1+P'+® 
— 0 NOT ae hk 


Since, by Stolz’s theorem, 


Sn ei a aye aU) 
ove see litt oe, 
n=2. Th m= co 





provided that the right-hand limit exists, we have 








enter ii peat (57) 
n=o N° 7 
= e if a=l (58) 
2(1+P'+0Q) 
20 Dai (59) 


The two relations (53) and (59) show us that the condition (38) is 
satisfied if 0 て z ご 1 and hence, combining with the result obtained for 
a=0, we arrive at: 


The set of games is of the first class having a single point ir 
of the first class in case when 0Za<l1. 

Also the two relations (53) and (57) show us that, if a>1, the 
condition (40) is to be satisfied unless p=0 or p=1. 

The value of p depends or p,, P, and @n and it may be zero or 
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1 or any other intermediate number between 0 and 1. For example 


€ 











1 2 
if りう ご コリ veti 1% nm z : 
2 È (m+1)(m+ 2) 
il 1 
then りり ーー di hort and therefore Ba 
2 
hile if Ur Pause SA : 
ea i Q (mn +2) (2m +5) 
then Pm— ae Saas and iherefore p= i 8 
3 m+2 FE 3 


and so on. Consequently we have the result: 

The set of games is of the first class having two points 0 and 1 of 
the first class, in case when a>1, if the limit of pm which necessarily exists 
be different from 0 and 1(*). 

In case when g 三 1, the two relations (54) and (58) show us that 
if both of P’ and の do not vanish then 7, is different from zero and 
1 and neither of the conditions (38) nor (40) can be satisfied. It re- 
quires therefore further investigation to determine wh:ther the set of 
games belongs to the class considered. It will be shown in the Part II 
that this case belongs to a class of another different character and hence 
we shall not enter here into its detailed discussions. 

9. Before leaving the present Part we shall shortly consider the 


function 2 (x) defined by 
ÀA(x)=7 (0, x). (60) 


It is evident that every point of the set A, is a point of linear 
invariability(?) of the function 4(?), and at points of the set A, the 
function A(x) may become indeterminate or at least it becomes discon- 
tinuous, the saltus of the function at a point e=au of the set A, being 
equal to 7 (x,;), i.e. A,. Consequently if all the points a, 2 の 5 ,% 
of the set A, be arranged in order of increasing magnitude then 





(1) It can be shown that if both of // and Q do not vanish then 0<p<1. But 
even if any one of P’ and ( vanishes still it may happen that 0<p<1 as is evident 
from the above examples. 

(2) If a neighbourhood (x—3,x+3) of the point x can be found by taking è suffi- 
ciently small, which is such that A (x) has the same value at all points in the neighbour-- 
hood, then the point x is ca'led a point of linear invariability of the function. 
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‘A(a)=0 lip nae CT 
ーー 5 A if Ty LT Lu (61) 
t=1 
— 1 LT ol) 


Now we shall show that the function + (x) may be expressed, at points 
of the set A, not coinciding with 0 or 1, in the form 
1 


SE vi = IE: 9 
Hm) EL | ーー Se "leosz。 
(æ) ail | < (SD (m+11 ? y 


+ x (mt VER yn sin ay | dy( 1 A; (62) 
m=0 (2m) ! 


where 
RE RR 
Since 7”, satisfies, for our present case, 
Ta=l- A+ a tee. er) m=O, 1} pis 


we obtain 


sin y— 2 A,sin xy 





VA 
ss —1)"- Tom jm _ t=1 
m=0 (2m+1)! y 
a 
x pr | — cos y+ À À; cos HY 
pi (一 1 m+1 2m 2m-1 ーー i=1 i 
m=0 (2m)! y 


so that denoting the right-hand expression of (62) by A we have 
a=— (| sin (1 一 々 ) y ey 2, sin (a, —®) y | dy, 
T Jo y Ji y 
and therefore, if &æ,<a<x 





+19 
pi 7 
Re | 7T ar 7U (2 ん 一 > 3)! 
TE) DNS tati 


which, combined with 


gives 





(1) It will later be shown that this relation holds good for a more general case. 
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A=2Z%("), 
t=1 


a result showing the validity of the relation (62). 


Part AL 


System of Trials of the generalized zero Class with respect 
to an Event. 


10. We now proceed to consider a system of trials of a quite 
different character. 
In the Introduction, 7 (r—e, x+e') has been defined as the limit, 
when n=», of the probability 7,(e—e,0+) that s will satisfy 
we ZI =mte, 
n 
where s denotes the number of the happening of an event in n trials. 


Now a point « in the interval (0,1) may be such that the limiting 
probability (> 一 +e’) is a continuous function of e and e’ within 


O<esò, — 0<e Sd, 
by taking a positive number の sufficiently small and also 


lim z(&-s, m+e)=0. 


e, e@ =+0 


Let us call such a point x the point of the generalized zero class 
and let the set of such points be denoted by Ay. It is evident that the 
set A, defined in $1 is a component of the set A). 

If x be a point of the set Ay’, then 


7 (x, 2) =0(*). (63) 


For since 








1) Of course this is to be replaced by zero if 0<x<%x, and by 1 if x_<x<1 pro- 
vided that 0 and 1 belong to the set 4。. Also in this case A has the value 0 when 


Ji 
x=0 and 2 when x=1. 


(2) This is defined as the limit, when n=%, of the probability that s will satisfy 


s 
re 
n 
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Th (8,2 +) Zn, 2), 
we have 


lim Tn Gr ny pty = (x—e, c+e), 
Ne CO 


of which the right-handside may be made as small as we please by 
taking two positive numbers ¢ and e’ sufficiently small. It follows that 
7 (x, x) exists and vanishes. 

Now let us show that 

If all points within the closed interval (ax) belong to the set 
A, then the function x (a, a) is a continuous function of x within the 
same closed interval or rather within a wider interval. 

For suppose that this is not the case. Then since z (a,x) is a con- 
tinuous function of æ at least in a sufficiently small neighbourhood of 
x=a, if we consider the set of points (x) up to which the limiting 
probability 7 (a,x) is continuous, the number 2 must have an upper 
limit Æ not greater than f. 

We have, for the point =k, 

lim zw (k—e¢,k+<¢')=0, 


e, e’=+0 


while, in virtue of 7 (k—e, k—e)=0, 
a (a, k+e')=7 (a, k—e)+7 (k—e, k+ 8’). (64) 
Consequently we get 
lim z(a,k+e)=lim z (a,k—e). 
e'=+0 e=+0 


Since evidently i 


x (0,k+e)Zr (a, k)=7 (a, k—e), 


it follows that the function 7 (a, x) is continuous at the point z=k. 

Moreover we see from (64) that x (a,k+e) is a continuous func- 
tion of € in a sufficiently small positive neighbourhood of ¢ =0(*) 
namely within 0<e =0. It then follows that the function z (a,x) is 
continuous within the interval (a, k+0) which contradicts the assumption 
that % is the upper limit of the set (x). The supposition is therefore 
inadmissible and hence we have the theorem. 








(1) “Positive neighbourhood” is used in the sense of “neighbourhood on the 
right,” 内 
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From this theorem it results also at once that 

If all points within the closed interval (の =a=}), where a<a', be- 
long to the set Ay then the function x (a, x) is a continuous function of x 
within an interval containing the same closed inlerval, provided that x (a, a’) 
exists. 

If all points within the open interval (a'<ax<) where a<a' belong 
to the set Ay then the functions x (a, x) is a continuous function of x 
within the same open interval, provided that x (a, x) exists at least at a point 
within it. 

Let us next prove the converse theorem that 

If a (a,x) is a continuous function of x within the closed or open 
interval (a, 2) then all points within the open interval (a<x<f)(*) belong 
to the set Ay. 

If X be a point in the open interval (a, 8) it is easy to see that 


from the continuity of the function 7 (a,x) at the point =X. Hence 
if x, be a point in the same open interval then by taking two positive 
numbers e, and &’ such that 


ALM — <U+e <p, (66) 
we have 
7 (vi +8) =7 (a, m+e/)—7 (a, —5). (67) 


Since the function 7 (4, x) is a continuous function of x in a sufficiently 
small neighbourhood of «=, the right-hand side expression and therefore 
also the left-hand side one of (67) is a continuous function of e, and ey 
in a sufficiently small positive neighourhood of & —0 and e/=0, which 
vanishes at both of them. The point x, therefore belongs to the set 
Ay’. 

From this theorem it follows also that 

If x be a point of the set Aj! such that m'x—e, x+e) is a continuous 
function of e and eg within 0<e=ò, 0<e' =0 then all points within the 
open interval (ター の , x+0) belong to the set Ay. 

For 7 (x—e, æ+e) may be expressed in the form 


nm (w—e,u+e/)=m (w—e, る ) 十 (の r+), 
so that 7 (x—e,x) and zw (x, x+e) are respectively continuous functions 


(1) But not necessarily within the closed interval (a=X=R). 
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of e and €’ within O<e =ò and 0<e =0 if 7 (cs, æ+e') be so. 

This result shows us that in a sufficiently small neighbourhood of a 
point of the set Ay’ there exists no point which does not belong to the 
set A, and therefore 

The points complementary to Ay! in the closed interval (0,1) form a 
closed set, if such points exist. 

But we can not infer that there always exists at least a point com- 
plementary to Ay. Indeed there may exist a system of trials for which 
all the points in the interval (0, 1) belong to the set Ay. Such a system 
of trials is said to be of the generalized zero class with respect to the 
event under consideration. 

Since for such a system of trials, z(0,x) is a continuous non-decreas- 
ing function of « in the interval (0,1) it may happen that it is ex- 
pressible in the form 


7 (0, 2) = [> (a) de, (68) 
0 


where A(x) is a non-negative function of x which possesses at least the 
convergent improper integral in the interval (0,1). In the first place 
we shall derive conditions for the occurrence of this special case, leaving 
for later discussions the general case where 7 (0,x) is not expressible 
in such a form. 

11. We first begin with the necessary conditions. 

If the function 


4 (8) ren) 


be expressible in the form 
49=」 (x) de, 
0 


in which A (x) is a non-negative integrable function in the interval (0, 1) 
then all the functions «” (x) (m>0) are also integrable in the same 
interval. Hence in such a case by dividing the whole interval (0, 1) into 
k equal sub-intervals di, 02, ……・ , 0, of which 0, has the end points x,., 
and x,(!) where u=0, x,=1, we have 


に Ure, 
Sam (* ECC ee TAY) ee Dar ir A(x) de, 
r=1 sal = 


Xr-1 Cr —1 





(1) Here and hereafter we shall always assume that xr-1<%, in case when they are 
taken for the end points of an interval. 
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r=] 


Mae (Rem) =f a ANT) AR =} mr 90 (Wp 190) NN 
On the other hand from the relation 

Zar ye a mye )=3(— È DI F (n, J+3 i (Es CE 
3 oF 25 (25), 


where (n, s) denotes the probability of the happening of the event under 
Consideration just s times in n trials, we obtain 





Za o DARAI A (A +) = as (= ) アア (%, 8) , 
da (70) 
Dar x (Xp 2) > Im 3 (2) F(n, 6) ・ 
n=os=0\ NV 
Consequently by the comparison of (69) and (70) we have, if M 


denote any number intermediate between 





À a Ss Le / ューー で Ss に 
lim 2 (=) F(n,s) and lim 2 (=) F(n,s); 
pe Lai N n=@8=0\ N 
k 

fr x dr | = tar 7 (%,_1, Vy) 一 Tania し 

so that, if 9, denote the greatest of w”—a™, (r=1,2, ------ EL) 
1 を 
fo (x) de—M | = JT (es 
0 rel 


| fara (2) de — = es (71) 
0 





It is clear that the right-hand side expression of (71) may be made 
as small as we please by taking % sufficiently large while the left-hand 
side expression is quite independent of the number % of sub-intervals. It 
follows that 

T,=lim 3 2) F(n,8) 


n=o g=() n 
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exists so as to satisfy 


Tu [| 2221) de, m=0. 
0 


12. It hu: been shown that if a system of trials belongs to the 
generalized zer. «lass with respect to an event such that 7 (0, x) is ex- 
pressible in the ‘orm (68), then the function (x) must satisfy a system 
of integral equations 


ーッ led, (72) 
0 


Now we shall conversely show that が there exist a non-negative 
function A (x) satisfying (72) then the function 2(x)=z (0, x) can be ex- 
pressed in the form 


49=/ 2 (0) de, 
0 


and hence the system of trials belongs to the generalized zero class. 
To prove this we will first show that if g(x) be any continuous func- 
tion of x in the interval (0,1) then 


lim 3° Sy +) FQ, s) -[ giz) A(x) da, (73) 


n= oo $=0 , 


in case when A (x) satisfies the relations (72). 
It f(x) be a polynomial of the form 


げ (④) 三 @ xv + Ay wet ren + Amy 
then 


lim 2 (= ) F(n, s)=a, lim x (Nr, s)+ a, lim 5 (ira 8) 
n n= 8=0 n 


M=c s=0 n=%&s=0 
+ 本 LC + An 
=) Inta, Im-ıt + Am » 


so that, if there exist a function À (x) satisfying (72), we have 


a1 
lim > Ni ==} \ F(n, りー a) (x) e+ a) (e) de+--.. I 
0 


n= s=0 0 


[FD 2 (dr, (74) 
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a result showing the validity of the relation (73) for any polynomial 


FH) 
Now if g(x) be not a polynomial then for any arbitrarily chosen 
positive number 0, take a polynomial f(x) so as to satisfy 


lg (@)-f@)] <9, 


for all values of w in the interval (0, 1)(*). Then we have 


lim 4 He )ze 8) 一 lim 2 (=) F(n, 8) 
N n 


ns do 370 =o s=0 


<0 3 F(n,s)(*) 
s=0 











<ò, 
<a | 26) dr 
0 


and 








1 
2 の 2 de — il f (w) Aa) de 
0 0 
<8, 
and therefore, by aid of (74), 


lim 5 ¢ (+) F(n, 8) -[ 9@) Ate) da 2 205 (75) 


ai 








The positive number 20 which stands on the right of (75) and of 
which the left-hand side expression is quite independent, may be taken 
as small as we please so that this relation gives rise to 


lim 3  g(—-) )F(n, 9=f 7010 de, 


Nn=ns=0 


which was to be proved. 
Having established the relation (73) it is now easy to prove our 
theorem. 


Let 2, be a point within the open interval (0, È) and let g(x) be a 


continuous function of x defined by 
46 り に つ リ in the interval (0, x, —e) 
GENI in the interval (x, —s, 2) 
€ 
=0 in the interval (x, 1), 


e being a positive number smaller than +. Then the relation (73) gives 


(1) This is always possible by a well known Weierstrass’ theorem. 


(2) The notation lim means the maximum and minimum limits when n=» . 
n= a 
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TV, 一 6 
Im) | À(x) dx . (76) 
LE Ak 


<< y 


= 1 


orne に 


Similarly by applying the relation (73) to the continuous function 
g(æ) defined by | 


eles | in the interval (0, る) 
e) dn Jo nel (onu te) 
i 
=0 in the interval (a+, 1), 
we obtain 
va +" 
im X F(ns) =| 4(%) de. (77) 
een 2 
ー = 


The two relations (76) and (77) show us that im 2 F(n, s) 


n= の Ss 


exists and is equal to 


/ "*2(a):da , 
0 


x (0, 2,)= [ "2(⑦) de. | _ (78) 


and therefore we have 


The relation (78) has been obtained under the assumption 0<x,<1. 

From the relation, however, it is easy to see that 
lim z(0,x,)=0, Lime at 
%1 = +0 LU, = —0 

so that all the points in the closed interval (0,1) belong to the gener- 
alized zero class. It follows therefore that the existence of a non-negative 
function À(x) satisfying (72) is sufficient to ensure the occurrence of the 
system of trials of the generalized zero class. 

13. A simple case occurs when 


が の デー 


N a pei 0, 6>0, 
Bla, b) SAT 


where B(a,b) denotes the Beta function. | 
In this case we have 
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ーー (1 Cui da 
B(a,b)Jo 


4 B(m+a, 6) 





B(a,b) ” 
mta—1 ; 
m+a+b—1 dr 


and consequently we get the result : 
In order that 4(x)=7 (0,x) may be expressed in the form 


fe, a>0, 5>0 (79) 


it is necessary and suficient that 


| Pro: 
MEG か Te Ni 1,2 3, sin tà 80 
F m+a+b—1 LES i (60 
We shall now show by aid of this eriterion that the system of trials in 
the example given in 88 when a=1 belongs to the generalized zero class. 


Referring to the notations there employed we have, by (54), 


Q 








ern) ) 
and by (58) 
TERRE pq 
2 BOL ee) 
so that 
7 = 1 + 0 A 
n= 1・ 
pigri ee Fad 
Now we proceed further to calculate 7, 7, : 


By a quite similar method adopted for the deduction of (47) we 
may derive 
77% 一 2 
Po = Rai Vm-1+(PnPm) os Wm,,m—-1; (81) 
M, = 
where 


m—1 m,—1 
Pate > > { Wn,, Ma, M > Haie Wm,, Ma ( . (82) 


Ma my=1 


Since, for our case, 
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Metern od, 
M= の m= の 


pote. % 
and -—— is bounded, we obtain by (81) 


mo 





m-2 
à ) 
2 Way n—1 


lime tae 
m= x 





a m Vin! — ma) + + Q)Vin-1 =(1—p) 


2 2 
m= の V0 


Vb 


provided that the right-hand limit exists. It is, however, the direct 
consequence from the existence of lim v„ in (56) that 


m—2 
= i 

> Wm,,m-1 

lim に 

M= の m 


exists and is equal to 7. It follows therefore that 


Im = Vn HEFT ann _, (1) ,. 


mi 


Consequently by putting 





Um ; 


we get 
m (Un! On 1) +(2+P'+ Q) Uma —> 9 L, 


which gives, by the lemma IT in $ 8, 


/ 
Un ca 


i cu TER 83 
24 P'+@ : ( ) 


On the other hand we have from (82) 


n 
/ 
à 


m 
HO eo line? 
m= の N= 0 Ni 








n m—1 m,—1 
vi Vv W 
T À | pie Pe L 2 mu m, | 
ee A 
3 | n= の n° ] 


n—1 m,—1 
m Pn > à Win, Mo 
— 8 | 7 だ lim Medal 
ot 


n= の 3n° | 
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ar BT, ky ota (84) 


Hence equating the right-hand side expressions in (83) and (84) we 
arrive at 


2+ 0 T,. 
2+P'+Q — 


で Bel 


yo 





Similar method may be applied to deduce the expression of 7, in 
terms of 7,„-ı and we have 





m 一 ET a Laga: * (85) 


m+P'+Q-1 


The relation (85) shows us that the condition (80) is satisfied if no one 
of P' and @ vanishes and hence we have the result : 

The set of games is of the generalized zero class in case when a=1 
provided that none of P' and @ vanishes. The limiting probability (0, x) 
is, in this case, expressed by 


x (0, %)= Ori nl 291 (la) da. (86) 


In a special case when P'=1 and Q=1, we have 
7 (0,4), 


so that the limiting probability 7 (x, x+dx) is independent of 2 In 
other cases 7 (x, c+dx) depends always on x and is proportional to 


We ler 


Especially if Q>1 and P’>1, the function 427 (1—x)"" takes a 


maximum value when 





r= Q—1 
DRE 


and therefore the limiting probability 7(x, x+dx) will have the greatest 
value for the same value of x('). : 

14. We have, in the preceding articles, concerned with the system 
of trials of the generalized zero class such that the limiting probability 
7(0,) is expressible in the form (68). We shall now consider the most 


(1) It is clear that this value of x lies between 0 and 1. 
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general case in which the function (0, x) is continuous in the whole 
interval (0, 1), but may or may not be expressed in the form (68). 

If the function A(x)=”(0,%) be continuous in the whole interval 
(0, 1) then dividing the whole interval (0,1) into & equal sub-intervals 


Oy, Oy, 0» -» » dx of which è, has the end points 2,_, and 2, assuming 
mal; ques Le 
we have 
n 
SP \' 了 に 
lim? 2 (+ vi PE = DELI Deane ee) VS (87) 
n= oo s=0 n =1 
me Où 


Replacing xz(x,,a,) in the right-hand side expression in this inequality 
by 

À (x) — À (7) , 
we obtain, by virtue of 


‘A(%)=0, and À Casa 





Im 3( +. ron e) 1-3 fam —a™}T (m1). (88) 


n= s=0 r=2 


Similarly we may derive 





lim À (2), ») an — 2 a3 mm ia). (89) 


Raw 5-0 


The two expressions which stand on the right of (88) and (89) 
respectively tend to a common limit 


1 の nn 
Te | © (x) F(a) de, 
0 dic 


when the number & of sub-divisions increases without limit while the 
left-hand side expressions are quite free from it. It follows therefore 
that | 


I» lm x (一) rigs eu (re 0) 


n=©8=0 


exist so as to satisfy 


ee [ À (a™) Ile) de. (90) 
u aa 
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We have thus shown that, if the function 4(?) be continuous in 
the interval (0,1) then it must satisfy the relation (90) or a system of 
integral equations 


1 Ay ER 
m 


[am A(z) 0 の (91) 
0 


We shall again conversely show that が there exist a continuous 
function A(x) satisfying a system of integral equations (91) with the bound- 
ary conditions 

DER Ale 
then the function (x) is identical with the limiting probability 7 (Oa 
and therefore the system of trials belongs to the generalized zero class. 


To prove this we make use of, as in $ 12, a subsidiary theorem that 
if g(x) be a continuous function of x in the interval (0, 1) then 


1 La 
ae I) Fin 8 =| 9@)2@) de, 
0 


na の 8=0) 


where 
に 1 
9⑲=| 90) da. 
It f(x) be a polynomial of the form 


Tt (@) =a) emt (an ge? + epee + Am-1 » 


then 


lim 27(--)F@, la ara VAD at tan ユー ば で 


2=oo s=0 m mm 一 1 4 th, 


where 
gli 1 
Te) =| £@) da 
so that if there exist a function 4 (x) satisfying (91), 


2 ニ の $=) 


EB 7) )z j= [re Aa) de. (92) 


— 





(1) For practical purposes it is sufficient to prove this theorem starting from the 
assumption that A(x) is a non-decreasing and non-negative continuous function of x. In 
the present Part we shall however prove this theorem by the assumption here indicated. 
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Now if g(x) be a continuous function of æ in the interval (0,1), let 
us choose a polynomial f(x), corresponding to an arbitrarily chosen 
positive number 0, so as to satisfy 


|2(⑳-7 1<9, 


for all values of x in the interval (0, 1). Then evidently 


| g(x) Fix) |<, 


and therefore 


Fe 9(-*-) F(n, s)—lim 27 一 ) F (n, s) 
n n=@s—-0 n 


xs oo どり 


<d. (93) 











On the other hand if A(&) satisfying (91) be continuous in the 
interval (0, 1) then 


f TT @ | de 
0 
exists and has a finite value, say 9, so that 
| i} の (x) À (x) dx — il | f (a) À (x) da 
0 0 
The two relations (93) and (94) then give, by aid of (92), 


limi > g(+) Fn, s)= [ 9(@) Ra) de, (95) 
n 0 


n= oo s=0 


oder (94) 





which is to be proved. 
We shall now apply this subsidiary theorem to show that 


A(x) AO; の ) < 


Let x, be a point within the open interval (0,1) and let a con- 
tinuous function g(x) be defined as follows: 


gi in the interval (0, @,—€) 
ーー (x —+) in the interval (x, —e, x) 


# 
=0 in the interval (x, 1), 


where e is a positive number smaller than x. Then 
rt 1 
ara i! g(x) de = m, —x in the interval (0, x) 
x 


0) in the interval (x, 1). 
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Applying the subsidiary theorem to this function g(a) we obtain 





ae 


IA 


lim ee (a) F (n, 8) =) dae [™ g(x) 1(x) de. 
Ss n Jo %, —€ 
n 


の 1 


Since OZ 9(?) 三 1 in the interval (©, —s, x) and the function 
| 2(x)| is integrable in the same interval, the integral 


| = g(x) Aa) de 
xv, 


will be made as small as we please by taking e sufficiently small and 


consequently we get 


im 。 マ ゞ (x) F(n, s) = (a) de. (96) 
s x 0 


トー 





ーー 
<_ mm 
= 2, 


= 


4 


Similarly by applying the subsidiary theorem to the continuous 
function g(x) defined by 


g(d)=1 in the interval (0, x.) 
1 . è 
Piga) in the interval (x, 7,-+-¢’) 
—0 in the interval (2,+¢’, 1), 
so that 
9(>) = 2,—2x in the interval (0, 2,) 


= 0 in the interval (2,, 1) 
we obtain 


Wa a (4) F(n, 8) =/ "17 (x) de. (97) 
に の の S$ n 0 


This relation, combined with (96), gives us 


it) (a ーー ) F(n, s)= [ (a) de. (98) 
n 0 


Consequently by taking another point x, in the open interval (0, 1} 
such that 2,<, we have 
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lim 
n= の 


(e---) F(n, s)= Î "27 (a) de, (99) 
== の ti + 


en 
Woy 
LA 


and from the two relations (98) and (99) we get by subtraction 


5 F(n, 8) 十 di (a+) F (n, s)| 
s 


Sle NM 


lim 1(@ーe) po 
es nee, ae 
er vy Bee 
= “7 (a) da 


Accordingly we may derive 


(,—2,) lim: 2 Fin, 3) f a) dx 
n= D Ss x 
0 = — 29, = 
n 
= (%—2,) lim os F(n, 8) , 
RC = ka =x, 
N 
OT 
| lim 2 ns ーーー ル 29 de, (100) 
IO pepe LE het Oa 
DE 5 SH 
fie oe Gide) rs Î "27 (x) de. (101) 
Bet en dg x, 


3 


The left-hand side expression of (100) is independent of x, while 
the right-hand side expression tends to 4(x,) when x, converges to 2. 


It follows therefore that 





Ines Tees EAU (102) 
Noos <q, 
n 
Similarly from (101) 
en ma N nr) Te). (103) 
Mrs 


The two relations (102) and (103) show us that 


lım Di Pin, s)=7 (050) 
n= の s 
りこ りー この 
= 
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exists and is equal to A(x) if 0<x<1. But by the assumption 
20) = OA 
we have 
lim 7(0,2)=0, lim x(0,a)=1, 


and therefore for all values of x in the closed interval (0, 1) we get 
ァ (0.9 ニ 2 


thus establishing the theorem completely (! ). 

Combining the results obtained above we have therefore 

In order that a system of trials may be of the generalised zero class 
it is necessary and sufficient that there should exist a continuous function 
A(x) satisfying the system of integral equations 


MER 


m 


Le il Ca ie) de. (91) 


with the boundary conditions 
À(0)=0, ANR (104) 
and if there exist such a continuous function A(x) then 
77 (0 な 16UG0I 


That the boundary conditions (104) are necessary, i. e. they do not 
follow from the existence of a continuous function (x) satisfying (91) 
can be shown by an example when 


イッ ーー 2 00 0 > 


The system of trials, in this case, belongs to the first class considered at 
Part I and the system of integral equations (91) has a continuous solution 
/(&)=0, not satisfying one of the boundary conditions (104). 

In the case when DA(x) which is any one of the four derivatives 
of X(x), is limited in the interval such that DA(x) is integrable, or has 
at most points of infinite discontinuity forming a closed enumerable set 





(1) It has indirectly been shown that A(x) is a non-negative and non-decreasing 
function of a. Also it has been shown that every point in the open interval (0,1) belongs 
to the generalized zero class even in the case when the boundary conditions (104) are not 
satisfied. 
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such that DA(x) has a convergent improper integral, the integration by 
parts(') may be applied to the integral standing on the right of (91 
and we have, by aid of (104), 


1 
Tn= [ qm ん (の) da, n= ie 2, DA + 
0 
where 
ん (2) ニ クス (2) 
which is the system of integral equations considered at K 11. 


15, By means of the relation (91) which the function 
Alan) 


satisfies for a system of trials of the generalized zero class it js easy to 
derive an analytical expression of A(®). 

Since A(x) is a continuous function of « in the interval (0,1) we 
have by Fourier’s theorem 


Ae | A (a!) cos y(x!—x) di’, 
Tso 
for values of x in the open interval (0,1). Now by putting 


1 
BG =f A) cos ya) da, 
0 


so that 
È 10 
0 
we get 
(x, y)=cos eu [À — wey Re) Ur 
3 
Tee) 


The two series under the integral signs on the right-hand side are 
of course uniformly convergent in the interval (0 =a' =1) and they 
can be integrated term by term. It follows therefore, by aid of (91), 


TI 
(x, y)= | ae eg) 1 | cos ay 














(1) Hobson, Theory of Functions of a real variable (1907), p. 409. 
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7, AR 3 Er LE ee | . è 
where 


Lo: = 1 7 fh 2 


and consequently, by substituting this expression of (a, y) into (105) 
we get 





e 1 = | 2 や m Tone di の 
(a) = — ー OS の 
(2) IT | | m= „ 2 Em+Di ! BR? 
+{ (rs ye ois 7 dy(*). (106) 
m=0 (2m) ! 


Observe that this expression of A(x) is identical with that obtained 
in 89 for the system of trials of the first class. 


PALL. 


Determinate System of Trials with respect to an Event. 


16. We now go on to the consideration of a more general system 
of trials of which two special kinds have been treated in the Parts I 
and IT. 

The limiting probability 7 (a, 8) being defined, as before, as the limit 
when z= of the probability that the number s of the happening of 
an event in 7 trials will satisfy 


a 


IIA 
In 


8 
ーー ニー cP 
n 
a point x in the interval (0, 1) may be such that 7(e—e,x+e') exists 
at least for points e and e’ belonging to two positive sets S and S' res- 
pectively which have the point 0 as their common limiting point. For 
such a point a, if 

limz,(t—e,æ+e,/) and limz,(#—¢,7+4'), 


n= の n= OO 


both of which necessarily exist for all positive e, and &’ and also are 
monotonic functions of them, be denoted by 


(1) That the value of this expression is 0 when x=0 and is 1/, when x=1 is also 
at once seen from Fourier’s theorem. 
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m(e—e,%+e,') and z(e—a,e+e/),(1) 
respectively, we have easily 


lim Z(v—s,v+e/)= lim z(x—e,x+e')—2, 
€, 6,/=+0 e,,€,/ = +0 


where À is a definite number between 0 and 1 and therefore 
lim m(vx—e,v+e)—1, 
e,ef=+0 


independent of any particular selection of two positive sequences (e) and 
(e') belonging to S and S' respectively and converging to the limit zero. 

Let us call such a point x the point at which the limiting probability 
(ター0, み 十 0) is determinate and is equal to À, and let the two sets of 
points at which 


AO 7 アビ コラ 0 


respectively be denoted by 5, and £,. It is evident that the set A, 
defined in $ 1 is a component of the set 6, and the set A, defined in 
$ 10 is a component of the set 5. 

If now x be a point of the set B, it is easy to see that 


mere) — 0). 

Also in this case it can be shown that, if g belongs to the set S’ 

then | 
w(t, の 十 8) 三 ど (の v+e) 

so that 7 (x,a+e’) exists. 

For if a positive number 9 belonging to S and another positive 
number 0’ belonging to S’ such that の ご e be taken we have 

7 (x,x+e)=r (x—0,v+e), 
a (x, HN) Zn (x—0,x+e')—7 (x—0,æ+0"), 
and therefore by subtraction 
m(x,x+e)—z(x, x+e)=r(x—0,x+0), 


of which the right-hand side expression may be mide as small as we 


N 


please by taking 0 and 9 sufficiently small. Consequently we have 


(1) These two limits are of course equal to each other if e, belongs to the set S 
and e,” to the set S/. “Fi 
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z (wv, e+e')=x (2,048). (107) 
Similarly we may show that, if e belongs to the set S 
7 (x —8,2)=r (w—Es, @). 
Again if x be a point of the set B, having the limiting probability 
x (<—0,2+0)=/, then for a point e’ belonging to the set 5 
mz (x—0,v+e)=z(x—-0,x+e<)("), (108) 
and for a point e belonging to the set 8 
mz (x—e, r+0)=z (w—e, +0). 
These results, combined with 
mz (<—0,2+0)=4, 
give also 
mw (x+0, x+e)=7x (x+0, る 十 9), 
を (wx—s,e—O0)=z (w—e, x—0). 
Now let us show that 
If all points within the closed interval (a=a=f) belong to the set 
By then x (a, x) exists and is a continuous function of x within the same 
closed interval. 
Tiat the function 7 (a,x) which is a maximum limit of 7, (a, x) 
when n=o and hence exists for all values of x in the interval (a, ß), 
is a continuous function of æ is at once seen. For since it is a monoto- 


nic function of x, if it becomes disco itinuous, say at x=%,, we must 
have 


を (a, x, —0)=k;( 2 ), 
7 (a,%,+0)=k,, (109) 
Te 
On the other hand, as x, belongs t» the set B,, we may take two 
positive numbers e and e’ such that 
m (1-5, +8')<k,—k,. (109)’ 
Then we have from (109) and (109) 


(1) m(x—0, æ+e/) and similar notations denote lim “x (r—e,,®+), etc. 
€,=+0 


(2) When x, coincides with a this relation is to be replaced by 


“a (a, a) =0, 
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T (の ター0) 十 ア (a —$, ete)< (a, る 十 ), 


which is certainly impossible. 
Just in the same manner we may show that the function z (a, x) 
which is a minimun limit of 7, (a, x) is continuous in the interval (a, B). 
Having shovn that 7 (a,x) and x (a, x) are continuous functions 
of x in the interval (a, 8), let us consider the function 


M (æ)=7 (a, x) ニー ァ (a, 2). 


Since this function is continuous in the interval (4,8) and becomes 
zero at «=, the zero points of the function must form a closed set, 
say の which consists at least of one point. Let any one of the com- 
plem entary ntervals to の in (a, ß), if exist, be x2, of which 2 is the 
end point on the left. Then evidently, as x, belongs to the set の 


M(x,)=0, 


and by choosing a proper positive number ¢ smaller than x, —x, such 
that 


a (1,9. FeE)=xz (a, %+¢) 
which is always possible as x, belongs to the set B,, we have 
M (x, +</)=0. 


But this contradicts the supposition that a+< belongs to the 
internal points of one of the complementary intervals to g. It follows 
therefore that there exists no complementary interval to g and hence we 
have 


M (x)=0, 
Le. a (dB) (ct, a); 


throughout the whole interval (2,8) —a result showing that 7 (a, x) 
exists and is continuous in the same interval. 

From this theorem, combined with the result obtained in $ 10, we 
have : 

If all points within the closed interval (a, 8) belong to the set By then 
every point within the open interval (a, 2) is a point of the set Ay defined 
in $ 10. 

This shows that in a sufficiently small neighbourhood of a point 
belonging to B, but not to A,’ there exist an infinite number of points 
not belonging to B, and therefore 
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If BJ be the set of points complementary to Ay’ in the set Bo, then 
every point of the set By is a limiting point of the set C(B,) which is a 
complementary set of B, in the continuum (0, 1). 

As a special case we get: 

IF all points within the closed interval (0,1) belong to the set 
(B,, B,) where (B,, B;) denotes the sum set of By and B,, then the set 
complementary to A’ in (0,1) is identical with the set B, together with 
its limiting points. 

Furtber let us show that 

If all points within the closed interval (a, 8) of which a is the point 
of the set By belong to the set (By, B,) where (By, B,) denotes the sum set 
of B, and B, then the two functions 7 (a, a) and x (a,x) are continuous 
and identical to each other at points of the set By in the interval (a, B). 

It can be shown in a quite similar manner as in the above that 
the two functions # (a, x) and x (a, x) both of which are monotonic, are 
continuous at points of the set B, in the interval (a, ß). 

Now let x, be a point of the set By in (a, ß). If, in the immediate 
neighbourhood of the point x, there exists no point at which 


# (a, %)=2x (à, &), 
then let AB be the greatest interval including x, within which we have 
(の の) 主婦 (a, x). 


The end point «/, on the left of the interval, which necessarily 
exists, as at least at e=a we have 7 (a,x2)=r (a, x), must be a limiting 
point of a set of points for which 


7% (@, &)=7 (a, v), 
so that we obtain 
z (a, の 一 0) 三 z (a, x! 一). 


Since 2,’ belongs to either the set By or the set B,, by choosing a 
proper positive number ¢’ smaller than x,—2,’ such that 


x (x,'—0, u +E)=z (u +0, %'+ e), 
we have 
7 (a, m'+e)=x (4,24), 


which is however contradictory to that x/+ belongs to the interna 
points of the interval AB. 
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This shows that every point of the set By is a limiting point of 
the set of points at which 


% (AT) =i (の ID) 


and therefore from the continuity of the two functions at points of the set 
B, we shall have, if x, belongs to the set By, 


T (a, i) or (の x), 


thus establishing the theorem completely. 

It will easily be seen that the set B, is an enumerable set so that 
the complementary set to B, in any interval is an everywhere dense 
set in that interval('). For if 2 be an arbitrarily chosen positive num- 
ber there may be at most a finite number of points of the set B, at 
which the limiting probability 7 (x—0, +0) exceeds this number 0. 

Then it follows readily that the two functions # (a, x) and を (の る や) 
have the same saltus different from zero at points of the enumerable set 
B, in the interval (a, 8). 

Consequently in the case when all points in the interval (0,1) belong 
to the set (By, B,) the function x (0, x) exists and is continuous in the do- 
main consisting of points of the set By, while it is indeterminate or at least 
becomes discontinuous at points of the set B,. 

That conversely if the function z (0, x) exists and is continuous in 
the domain consisting of an every-where dense set Æ of points in the 
interval (0,1) then every point of the whole interval belongs either to 
the set B, or to the set B,, the set E being a component of B,, can at 
once be shown. Such a system of trials is called the determinate system 
with respect to the event under consideration. 

The conditions for the occurrence of such a case as well as the 
determination of the function 7 (0,x) in this case will be fully discussed 
in the present Part. 

17. We now first show that the existence of all T, is the necessary 
and sufficient condition for the occurrence of a determinate system with 
respect to an event. 

If every point in the interval (0, 1) belong to either the set B, or 
the set 5, then it has been shown that 7 (0,x) and z (0,2) are con- 
tinuous and identical with each other in the domain consisting of points 
of the set B, which is everywhere dense in the interval (0,1), while 





(1) Of course the complementary set to B, has the measure equal to the length of 
the interval. 
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they have the same saltus at points of the set B,. Thence if we define 
4(?) by 
À (x)=7 (0,æ) at points of the set B,('), 
=any:intermediate number between 7 (0, x) and z (0, ©) (110) 
at points of the set B, in the open interval (0,1), 


then the function A (x) will be a determinate monotonic function of + in 
the whole interval (0, 1), so that the integral 


| PCR (a™).A(w)dz, m=), 
AOE: 


always exists. 

Now divide the interval (0,1) into % sub-intervals 6, , 95 ぅ …… ,0, of 
which 0, has the end points X,_, and X, both belonging to the set Bo. 
at least except the end points of the interval (0, 1). Then we have 


lim 3( i F(n, s) た Ki Ar 
n 


n= 8=0 
Since X, (r=1, 2,----- ,k—1) belong to the set By, 
FIX. A) = A (ATA) (r =1, の u) 
where AUX ONE 


and therefore 


ims (ay Fin s)S1— 2 {Amx} A) (111) 


fi * $= n 


Similarly 


n m k-i 
lim 2 (=) F(n, a) ュー 2 | Ar 一 N 4(< (Ar). (111) 
N= OO ルル n di 


The two expressions standing on the right of (111) and (111) re- 
spectively tend to the common limit 


Be 1—f (am) .Ala)da, 


when the sub-division advances without limit such that the greatest sub- 
interval of the sub-division has the limit zero, and hence we have 





(1) (0)=0 and A(1)=1 are assumed even if the point x=0 or x=1 belong to the 
set B,; i. e. in such a case À (0) and A (1) are to be defined by À (0)=A (一 0), A (1) 
=A (1+0). 
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rd x 
be ii al ーーー (a) A (x) de 
CEE 


a result showing the existence of 7, in case when the system of trials 
belongs to the determinate system. 


Conversely if there exist a non-negative monotonic function 1 (x) 
satisfying 


1 
d > 
Pas © | (x) A(x) de, stahl) 
o dx 
m=1, 2, 3,・……・ 
then it can be shown in a quite similar manner as in $ 14 that 


dr (0), 

at points of continuity of A (x) forming an everywhere dense set in the 
open interval (0,1) so that the system of trials is the determinate system. 

Consequently in order to show that the existence of 7, (m=1, 2,...... ) 
is a sufficient condition for the occurrence of a determinate system it is 
sufficient to prove that there always exists a non-negative monotonic 
function 4 (x) satisfying the system of integral equations (112). 

Now let the whole interval (0,1) be divided into %, sub-intervals 
OL, OD ‚öl of which of has the end points X and X® and 


L 
let the sequence (n,) be so chosen from the sequence of natural numbers 


(1, 2, 83,……・ ) that all of 


a (- ed a) TL (Se で ; )» 


tend to determinate limits 7°9(X,%ì, X°) when n, becomes infinite 
respectively. Then we have 


Je 

\' 1 ate! CHA 
x aO(X 0, X,)=1, 
DA 


and 


key | le 
D er ee 


(1) We need not here the boundary conditions lim a (#)=0, lim “A(x)=1. If 
ツー + x=1-0 


one or both of then be not satisfied, the point 0 or 1 or both belong to the set B,. 
(2) an, (0,0) is to be replaced by 0. 
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provided that’ 7, exist, and consequently by putting 


= x 
ID (XO) = N 7O(X 0), XD), 


so that 4° (x) has a determinate value at points =X, forming a 


finite set G,, we get 


lex 
2 (CASA (XO) AO (BNF Da (*), 


st 2 (A0) {A (XP?) — 10 ( x} ER RR 


1.e. 
Kl 
Vv rele | FC ーー 
KARO Ins 
T = 
key 
TAI (ue: vol 
1- SO OURD ET 
r=2 
Again let the sub-intervals が うう …… ,O be further sub-divided 
so that the whole interval (0, 1) consists of A, sub-intervals 09, 0§,------ ; 


Or of which 0% has the end points X and X,” and let the sequence 
の 7 1 ui 
(n,) be so chosen from the sequence (n,) that all of 
2 7 (2 7 (2 7 (2 
zung (Ar, Xp”) — a (4,5), X,2 
tend to determinate limits 7° (X,€, X{°) when n, becomes infinite. 
Then by putting 
7 \' 
TOT CON CENT 2 VE 
10 (XO) = Ir KK, 
r= 


we obtain a function A” (x) defined at points of a finite set G, which 
contains G, as its component set. The function 4° (x) clearly satisfies 


IO (XO) =I (XO), rH, Zac, 


and 


les —1 } 
(の ゲー FOP (RO (RP) En, 
2 Un: 


= 


Cc 


- > {( X ROLE (X y" } 19 pe = fife; N 





(1) AGQ) (0) is to be always replaced by zero. 


LE 
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Let further sub-divisions on these sub-intervals be made, and so on 
indefinitely, so that at the /th stage of the process we have a funetion 
A© (x), defined at points of a finite set G, which contains G,_, as its 
component, so as to satisfy 





Bee, 
at a point æ belonging to G, ;, and also 


ky --1 
(アー {IO (AMI), (113) 
r=1 


ru 


C 


Re (テー AO ma MEN “= ER (113) 


Now let the system of sub-divisions be so constructed as to form a 
convergent system of sub-divisions(’), then the limiting set G, of a 
sequence of sets G,, G,,--.... so formed of which each set contains the 
preceding one as a component, will be an everywhere dense set in the 
interval (0, 1), and as the sequence (n) is a component of (n,_,) we have 
at points ®=X,°° belonging to G, and therefore also to G,, 





A (2) = 704 (a) = TU (2) = | 


Since, in this case, the difference between the two expressions which 
stand on the left of (113) and (118) will have the limit zero when 
(一 の 。 we get 


ky 
lim 1 ローダ ((X©)"—(XQ)"7 (KOY=L,, 
(Me) pae 


and therefore if A” (x,(°) denote the limiting function of 4% (a), 1® (x), 


ーー…・ we have 
key » 
lim [1—2 §(X@)" — (XM (XO) ET (114) 
1= r=2 


Now 4° (x) is a non-negative monotonic function defined at points 
of an everywhere dense set in the interval (0, 1). Consequently if À (x) 
denote the extended function of A” (x) in the extended domain which 





(1) Le. the greatest sub-interval at the [th stage has the limit zero when 7=oo 
(2) Aa) is a function defined at points of the set Gu by 
ASP) (2) = = AU) (= -(I+1) (x)= ---- 


if x belongs to the set @, and consequently also to all subsequent sets of the sequence. 
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coincides with the entire-interval (0,1) then Â(x) is a non-negative 
monotonic function of z in the whole interval (0,1) and therefore the 


function a") T(x) will be an integrable function in the same inter- 
dx 


val. The relation (114) then gives 
ud + 
al ee) FA ey ae 
o da 


Thus it has been shown that if all 7, (m=1, 2, 3,-....- ) exist then 
there always, exists a non-negative monotonic function A (x) satisfying a 
system of integral equations (112). 

Combining the results we have therefore : 

In order that a system of trials may be a determinate system with | 
respect to an event it is necessary and suficient that all T, (m=1, 2, 3,------ ) 
should exist. 

If all Ty, exist, then the system of integral equations (112) has always 
a solulion À (x) which is monotonic in the interval (0,1). The set of points 
of continuity of the function A(x) thus found is identical with the set By 
and the set of points of discontinuity of the function, with the set Bi. 

18. We shall now transform the system of integral equations (112) 
in a somewhat different form. 

If A(x) defined by (112) be a monotonic function of x which is 
continuous at points of the set 5, and becomes discontinuous at points 
of the set B,, then the function (x) defined, at points © of the set 
By, by 


d (&)= 21 (x) —w (x), 


where w(x) denotes the sum or the limiting sum of the saltuses of the 
function A (a) in the interval (0,x) will be continuous in the domain 
consisting of points of the set B, everywhere dense in the interval (0, 1). 
Let (x) and W(x) be the extended functions of 4 (x) and w(x) from 
their values at points of the set B, in the extended domain which 
coincides with the entire interval (0,1). Then 7 (x) is a monotonic and 
continuous function of æ in the whole interval and satisfies, at every 
point of the set B,, 


が (x)=A (a) —-W (2), 


(1) w(0)=0 and w(1)=w(1+0) are assumed even if the point x=0 or x=1 be- 
ongs to the set B,. 
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so that the relation (112) may be written in the form 
m=1-f + (n) Pa) de |"). W («) dx. (115) 


Now dividing the whole interval (0, 1) into X sub-intervals d,, WA... : 
0, of which è, has the end points X,_,; and X, both belonging to By at 
least except ズー0, X,=1 we have, if X,_.< X,< X,, 


CR, (X,.) —w Kl: x Pio 


wie —w(X-) 


[o ©) 
where こん , denotes the sum or the limiting sum of the saltuses of the 
t=1 


function A (x) in the interval (X,_,, X,) so that 
w (X,) —w(X;,_1) Ze ae 


and therefore if À,, Aa, 23,----:: denote the limiting probabilities x (&—0, 
æ+0) at points 2,2, %3,----» of the set B, arranged in some order, then 


た 
SX” fw(X)—w(X_ NES a À, 


= 


『 Ida LA 


=> Ped (X,.)—w(X,-1)}, 


1.e. 


= 


= co 
Xm (1) SX" — XK" w(X) SS a à, 
ML 


hl 


ee. 


ゅ (りー en XA joe Sz の 


o 


These relations give rise to 
“| + £ (a) W (x) de=d a À, (116) 
and hence, by aid of 


w(1)=1- #(1), (117) 


we get 
= fa (am) Wa) da=> ‘an 2+ P(1). 


The relation (115) then changes into 
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T= à Daf el r()—[ er) の (x) da, (118) 


GÌ m=1,2, D. ss... 


Thus it has been shown that if all 7, exist then the relations 
(118) must be satisfied for a continuous function 7 (x) and for a set of 


pairs of values of (x,, 2) 6 三 1 2, 3,----+ ) with the conditions 
| Ceno i+k 
zul am, 【 4 (119) 
4 三 0C) 


Observe that the relation (117) is equivalent to the relation (118) for 
In). 
Conversely if there exist a continuous function Y (x) in the interval 
(0,1) and a set of pairs of values of (x, A) (2 王 1 2, 3,.-... ) subject to 
the conditions (119) so as to satisfy the system of relations 


=, 2 x” ),+ Ÿ (1) =f = (a) (x) de, (118) 


m=0, 1, 2, 3, ……・ 


then it can be shown without difficulty nota at points of an everywhere- 
dense set complementary to the set of points (z,), | 

(QO, x)= Pla) +2, À, (120) 
where 2, denotes the summation about 2; corresponding to +, which lie 
in the interval (0, x). 

We have therefore ; 

ANCO BOE ) exist, then the system of equations (118) is 
always satisfied by a continuous function (x) and a set of values of 
(2, A;) subject to the conditions (119). The set of points x, corresponding to 
non-vanishing A, in this case, forms the set B,. 

In the case when DY(x)(”) which is any one of the four deriva- 
tives of (x), is limited in the interval (0,1) such that DY(x) is 
integrable, or has at most points of infinite discontinuity forming a closed 
enumerable set such that 1 (+) has a convergent improper integral, the: 
equations (118)’ may be transformed into 


で 1 
TER に ul e" A(x) de, (121) 
t=l 0 


(1) In case when there exists none or a finite number of points of the set B,, all 
or all but a finite number of À; are to vanish. 
(2) It is evident that DY(x) = 0. 
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where 
Ma) = Dx). 


We have therefore: 
If there exist a non-negative function (x) and a set of values of 
(a, À) with the conditions (119) satisfying a system of relation (121) then 


(0, 4) = 24 | 30) dz, (122) 
0 


at points of the set complementary to the set of points x, and the set of 
points x, corresponding to non-vanishing À; is identical with the set B,. 

19. We shall now go on to the classification of determinate systems. 
It has been shown that in a determinate system of trials the function 
Æ(0,x), at points © belonging to the set By may be expressed in the 
form | 


(0, る) 三 め (⑫) 十 @ (2) , 


where (x) ‘is such a function of x that its extended function が (>) is 
continuous in the whole interval (0,1) and w(x) denotes the sum of the 
limiting probabilities z(x—0,x+0) at points of the set B, contained in 
the interval (0,2); and the condition to be satisfied by these functions 
has been found in two forms, one in (112) and another in (118)/ It 
will be seen from the latter form that the case when Y (x) vanishes 
identically throughout the whole interval (0,1) is characterized by the 


condition 
CC 
N ' 5 
ae 2 Ci ん È) (123) 
i=1 
m=0, 1, 2, 35 00» 


Let us call such a system of trials the simple determinate system. It 
is evident that the set A, defined in $ 10-coincides with the set A, 
defined in $ 1, in this case(* ). 

Again if By denotes the complementary set of Ay in the set By and 
G be the sum set of By and 5; then G has been shown to be a closed set 
[$ 10] and therefore it may be resolved as a sum of an enumerable set H 





(1) It does not follow that if A,’ coincides with A, in a determinate system, the 
system is simple. A simple example will be given in § 22 in which the set A,’ does 
not exist and still the system of trials is not a simple determinate one. 
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and a perfect set H, of which the former can be expressed in the form 
ガー G,-+ 全土 …… + (2 


where y isa finite ordinal number or a transfinite ordinal number of the 
second class and G, denotes the isolated set of points contained in the 
i" derivative of G. Let us call the point belonging to G, the point 
of the (ö+1)" class and the system of trials for which every point in the 
set G is at most of the (i+1)!" class the system of irials of the (i+1)" class or 
of the generalized (i+1)" class according as Y (x) vanishes or not identically. 
It is clear that for the occurrence of such a system of trials it is necessary 
and sufficient that the i" derivative of the set of points (#;) where 
di, 2 っ satisfy. the system of relations (123) or (118) consists of a 
finite number of points‘! ). 

Further in the case when the set G contains a perfect set Æ we 
can not classify the system of trials by the notion of class above men- 
tioned. We distinguish such a case by denominating the system of trials 
of the second kind. 

The set B,, in this case, may be nowhere dense in the whole 
interval (0,1) or it may be every-where dense in some or whole parts 
of the interval in which case the set G contains all points lying in some 
sub-intervals of (0,1). In the former case the system of tria!s is said 
to have nowhere dense set of points of condensation of the relative frequency 
and in the latter to have every-where dense set of points of its condensation 
in some sub-intervals of (0, 1). i 

Evidently the conditions will at once be written down for the occur- 
rence of the system of trials of the second kind having either nowhere 
dense sctof points of condensation of the relative frequency or every- 
where dense sets of points of its condensation in some sub-intervals. 

20. In the Part I it has been shown that if a system of trials be 
of the first class the analytic function (3) defined by 


で の 
$(2)=¥ Te" (124) 
m=0 も 


represents a rational function of z of a special character. The corres- 
ponding property of the function $(z) for a simple determinate system 
of trials will now be considered. 





(1) Here of course 2; is assumed to correspond to the non-vanishing Aj. In case 
when the set // does not exist, the system of trials belongs to the zero class (generalized), 
answering the case when i=—1. 
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By a almost similar method to that adopted by Poincaré in the 
proof of the existence of a special lacunary function(’), we may show 
that if the series 2A, be absolutely convergent and x, be a point of the 
set B,, then 

aa 

i=0 1—-a;2 
represents a uniform analytic function of 2, the set of singular points of 

. > . . . "Fr D 1 .. 
which is identical with the set B, of points (=) closed by the addition 
Ti; 

of its limiting points, i.e. the set & which consists of reciprocal points of 
US). 

Since, if the system of trials belongs to a simple determinate system 
then the system of relations (123) holds, we have 


ASMA: vol “UG 
PE PERSE SA, > (ca = 2 | de ん le 
i=0 l— 2%, z i=0 (m=0 m=0\i=0 
DIES 
ee NEGA 
m=0 


in the domain bounded by a circle of radius r(<1) and with the origin 
as center, and therefore we obtain the result: 

If a system of trials belong to a simple determinate system and if B 
le the set consisting of points reciprocal to those of the set B, (excluding: 
the point x=x in case when B, contains the point x=0) then the function 
®(z) defined by (124) is a uniform analytic function of 2 having only 
singularities at points of the set B, or of its derived set. 

Specially when the set G which is the common measure of the set 
DB, and its derivative is enumerable, that is, the system of trials belongs 
to the ( 填 1) class where » is some number of the first or second class, 
the uniform function ¢ (z) will be of the (u+1)™ class, thus the class of 
the function $(z) coinciding with that of the system of trials. 

Again when the set B, is every-where dense in some sub-interval, 
say (a,b), of (0,1) the function &(z) will have the segment ( た 5 5 ) 


a 








on the real axis as a line of singularities. 
21. As an illustration of the preceding result we shall give here 
two examples belonging to the class considered. 





(1) Forsyth, Theory of Functions of a Complex Variable, 2. ed. (1900), p. 157. 
(2) In case when the point 0 belongs to the set B, but not to its derived set, the 


point x=% must be excluded from the set G. 


62 MAGOICHIRÔ WATANABE : 


(i) A man is allowed to throw first with a die with which the pro- 
bability. of throwing ace is x, ; if he throws ace he is to continue to throw 
an unlimited number of times with that die; but if he throws another mark 
he is to throw for the second time with a second die with which the pro- 
bability of throwing ace is x, If he throws ace this time he is to continue 
to throw an unlimited number of times with that die; but if he does not 
throw ace, he is to throw for the third time with a third die with which 
the probability of throwing ace is x, and so on indefinitely(*). Then if 

It A I) Ci ek a ee (125) 
the system of trials will belong to a simple determinate system with respect 
to the throwing of ace. 

If pm denote the probability of throwing ace in m" trial à priori, 
then we have casily 

Pm=e14+ (ir) weer +(1—a,)(1—2,)----- (L— 2-2) Lint 
+ (1—2,) (1—-3%,):----- (a) Ne (126) 
and in general if 
Wing, mi (Mama... ) 
denote the probability of throwing ace in m", my", ++ trials simulta- 


neously, the occurrence or non-occurrence of ace in other trials being 
perfectly disregarded, then | 


Hood My; <<< My at + (1 ーー の +... +(1 —2x,)(1 —2): e (1-&m 9 mn, —1 
+(L—x)( x)... (1 Em En (127) 


Now from the identity 


m 


2(1- 2))1-2)---(1-2,_)a=1-(1-2)(1-2)---(1-am)(°), (128) 
we obtain the convergence of the positive series 
2 (1 — 2) (1— Ci) so... (1 —;-1) Ne 3 7" = は (129) 


and thence also the vanishing of the last term (1—4,) (1l—%,) +... 


(1-xm-1) a, of the right hand side expression in (127), when 
3 
m=O. 


(1) It is evident that 0=x; =1 and by the assumption (125) none of x, may 
become zero or 1. 

(2) This assumption is not, however, essentially a necessary one for our result. 

(3) The term corresponding to i=1 in the summation on the left hand side is to be 
replaced by x,, a similar remark being to be applied to the summation in (129). 
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Let the sum of the series (129) be denoted by S. Then by (127) 
we may take an integer k, corresponding to an arbitrarily chosen positive 
number €, so as to satisfy 


| Wm,m,, 


na il Ari My a 
independent of m,, m, 


(130) 
Since for this fixed number た 。 the sum 


x! ÿ à 
ps W Ms Magg: My 
m,=k-1 


eterea ata My. 


where À 


ュー 


denotes the summation about 7, 7 が 
m,Sk—-1 


‚m, satisfying 





Phy a ye i くさ パッ mem, 


is at most of the (r—1)™ order with respect to n when n becomes infinite, 
we have 








> Wnmn,m,,----mr 
ep Wm,.m,.--- m, MMe 
lim È =lim c ) 
n= の N n= © n 


where © on the left and X 


pati 


on the right denote the sums with respect 
my = 


to mM, My, ーー ‚m, satisfying 


LS my <m< …… <i = 


and 
oa Nh e <p 
respectively and therefore by (130) we get 


nn 1 
| lim 2 Wm, ms, 
Th — 


n= の n° — 41 Es 


This relation can only be satisfied when 


and consequently by the formula (37) [Part I $7] we shall obtain 


= et 
SEA ARE E art (131) 
i=1 
ERRE ee 


We now distinguish two cases separately. 
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(a) Case when 


RO. 


In this case the relation (128) gives 


1=! (1-2) BE les (132) 
which, combined with (131), shows us that the system of relations 
T, => Y 1, (133) 
mel: De 


is satisfiel by 
RG, m and A (1 — à) (1 Por Ds) far (1 — T1) x. 
i=1, 2, 3 …………… 


Thence we have the result : | 

The system of trials belongs to a simple determinate system, the set (x:) 
coinciding with the set B:. 

(b) Case when 


Il (1-2) +0. 
In this case putting | 
I (a) =, 
which necessarily exists, we get, in place of (152), 
1=14 3 1-2) (em): (ler) 
so that the system of relations (133) is satisfied by 
AU Ai, 
Nuits Ay =(1—%,) (1%): (1—2;_1) &, 


and thus we have the result ; 

The system of trials belongs to a simple determinate system, the set B, 
consisting of «=0 and points of the set (x). 

If, in either one of the cases, the points x, (¢=1, 2, 3,------) form an 
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every-where dense set in the interval (0, 1)—if for example the set (2,) 
coincides with the set of rational numbers contained in (0, 1)—, then we 
get a simple determinate system of the second kind having every-where 
dense set of points of condensation of the relative frequency in the whole 
interval (0,1). It has been shown, even in such a case, that the pro- 
bability of the existence of 
$ 
X=, =: 
ーー que 

where s denotes the number of the happening of ace in n trials, and X, 
X, are two points of the set complementary to B,, tends to a limit, 
when n becomes infinite, 


2 (1—2,) (L—2,) -. (1—2;_,) %, 
where 2° denotes the summation about è for which 
A << À? 
holds good. 

(ii) A man is allowed to throw first with a two-faced die marked 1 
and 2; if he throws ace he is to throw, at m™ trial, with a die of m+1 
faces marked 2,1,1,------ ,1 or 1,2,2, --- ‚2 according as he throws ace cr 
deuce in the (m—1)" trial. On the contrary, if he throws deuce for the 
first time with the two-faced die he is to continue his throwing on the same 
conditions as in the example (i) beginning for the second time with a die 
with which the probability of throwing ace is x. Then if 


DS EA A 10) (134) 


the system of trials will belong to @ determinate system with respect to his 
throwing of ace. 

If Pm denete the probability of throwing ace in m” trial d priori, 
then we have 


A eee an 
Pas Em ta Pm 2 


where pn is the probability of throwing ace in m™ trial under the 
supposition that on the first trial the ace presents itself, so that it may be 


ma! | (135) 


found from the recurring formula 
9° 


[es a 
P: 3 ’ 


(1) This assumption is not essentially a necessary one for our result. 
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m 1 | 
P'm=P'm=1 i 4 1 +1-P'm-1) m+1 , m=2, Oyreeeee (136) 


and »",, is the protability of throwing ace in m™ trial under the sup- 
position that on the first trial the deuce presents itself, so that it will be 
given by the expression (126) for m replaced by m—1, namely by 


m_-1 
D'n=® (1-2) (L—ay,) … (L—a;,_2) ©2ı 
+(1-%) (1-2) la (=) Tm-1° (136) 


Now the relation (136) gives, by aid of the formula (54), [Part I $ 8] 
: 1 
immo vo 
DEN 
and the relation (136) gives also 
lim Pin! (1—2,) (L—a,) … (1 一) ©). 


m= の =] 


Thence we get 


P,=liin pa + Ë (a) (1-2) ER (x) at} (137) 
M= 0 SA i=l 


Again in general if 
Wm,,my,--- ORGUE ) 


denote the probability of throwing ace in m,"", mt", trials simultane- 
ously, then 


1 
Wm,,m,, tery My = Wim, mas. “esp + Wi mys mgs +29 My ’ 


(mage 2) 


where W’m,,m,,----,m, and W'm,,m,,....,m,. are the corresponding pro- 
babilities under the assumption that on the first trial (i) the ace presents 
itself and (ii) the deuce presents itself respectively. 

Since we have by (85) [Part IT § 13] 





7 ! lim > W'm. m+ RE (Ch 
r+1 


no N m, 22 


and by (131) 


(1) This case corresponds to P/=1 and @=1 in the formula (54). 
(2) This can be obtained by finding 7, from the formula (85) wherein P/=1, Q=1. 
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F ii DA 
r!lim — 2 W'"m,,m,,-+++,mp= 2 (L—%)(1—ay)--++ den)”, 
=o Nm, =2 i=1 
where 2 denotes the summation(!) about m,, m,-+++++, m, satisfying 
mi =2 


1 


2 = Mu ML reves <M 
it follows that 








asie Er IN es N ace 
eae 8 ae OL en) h 
and therefore 
T,=—| ーー +3 (L-a)(1-a)(L-a..) aff, (138) 
p= 2,3, die : 
The two relations (137) and (138) show us that all 7. (r7=1,2,3,----- ) 


exist and hence by the result in $17 we see that the system of trials 
belongs to a determinate system with respect to the throwing of ace. 

Again from the relations (137) and (138) it results that the system 
of relations 


の 1 
= N xX A sE a" (x) dx 7 m=0, 1% 2, CA 
i=1 0 
is satisfied by 
Na 4ー テ (ロー) OT (1-;1) T; Gr, pa Byrne) 


の 
in case when 77 (1 一) vanishes and by 
i=1 





AE 
A 10: Me , 
di . 
パイ ュー タッ Risi N) ーー (dea (1=21,2,8, て … ) 
: E 
(1) It is evident that the two limits lim ——2ZW,, m.....m, and lim る 
n=o N" La u n=2m, =2 
Wm, Migs e+ +Mmy Me the same; for the difference る Win, More À Wm, My: Mr 


m, = 2 
is at most of (r—1)th order with respect to n when n becomes infinite. 
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il 
À (x) ee 
2 


œ 
in case when //(1-x,)=! does not vanish. Consequently we have: 
i=1 


The system of trials belongs to a determinate system, but not simple, the 
set B, consisting of, in the former case, points of the set (x,) and, in the 
latter, «=O together with points of the set (2;). 

If, in this example, the points «; (¢=1, 2, 3,------ ) form an every- 
where dense set in the interval (0,1) then we get a diterminate system 
(but not simple) of the second kind having everywhere dense set of points 
of condensation of the relative frequency in the whole interval (0,1). It 
has been shown, even in such a case, that the probability of the existence 
of 
Re a 

n 
where s denotes the number of the happening of ace in n trials, and 
X,, À, are two points of the set; complementary to 6,, tends to a limit 


19 
1 2/0 4 
リス n en ae 


when n=, where the symbol 2' denotes the summation about è for 


which X<a,<X holds good. 
22. In the Part II we have given an expression of 
i (210,0) 


in case when the system of trials belongs to a generalized zero class, 
starting from the system of integral equations (91) which 4(x) satisfies. 
From the analogy of two relations (91) and (112) it will be seen that, 


in case when the system of trials belongs to a determinate system, 4 (x) 


is expressible in the form 


= Lee NRE ù 
(2 の と ニニ ンー ル Dt NR EEE "hos a 
( ) TT | [EX ) (2m+1)! + J 
CO / 
ae | AN (= Lae の が | sin ey dy ( 2 ); (139) 
m=0 (2m)! 


(1) The continuous function Y (x) defined in $ 18 becomes pia this case and there- 


fore we have 
| 1 
9 ( 


(2) This result can also be obtained directly without using Fourier's theorem. 


A) ei) 
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at a point ® of the set By in the open interval (0,1) while at a point 


et 





x of the set 万, —{1(x+0)+71(x—0)} is represented by the same ex- 


2 
pression. This is a direct consequence from Fourier’s theorem. 

Then it follows that, within the open interval (0,1), the function 
represented by the integral standing on the right of (139) is monotonie, 
‘continuous and coincident with (0, み ) at points of the set 5, while it is 
certainly discontinuous and has the same saltus(!) as the function z (0, x) 
at points of the set 6,, and hence we have 

If all T,, exist, then the integral ng on the right of (139) cer rtainly 
exists and is a monotonic function of x within the open interval (0, 1). 
Within the open interval (0,1) the set of points of its discontinuity coincides 
with the set B, the saltus of the function at any one of these points being 
equal to the limiting probability a(v--0,w-+0) af that point; at any point 
of its continuity it represents the limiting probability x (0, x). 

The point z—0 does or does not belong to the set By according as 
the integral for #=0 vanishes or not, and the point @=1 does or does 
not belong to the set B, according as the integral for v=1 has the value 


1 à 
eer Moti) 
> or not(*) 


(1) This function is not necessarily identical with 7(0,x) at points of the set B,. 
(2) The formula (139) may also be written in the form, if 0<x<1, 


iy 
ad > CD mi ym cos xy 
m=0 (2n+1)! 


Ta A 
È = (一 OPT yen - mw [do 


m=0 


This formula might serve us for the calculation of A (x). For example if 





1 
T, ーー n=0,1,2,---- ぅ 
n nr (7 ) 


then 
の Tom +1 | | se Tam 8 
> (一 】) ゆ ーー ツーーー- 72m bcos 2y+I ジ (一 1)%+1 2 一 1 に SiTX xy 
EX ) (2m+1)! ゲ J = (2m)! 9 





sin y sin xy 





303 7) COS りー 


cos ay—cos (1—x) y 
— eee a ARS PI 9 


/ 2 


and therefore 
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Part IV. 


System of Trials of the First Class with respect to a System of 
Mutually Exclusive Events. | 


23. In the foregoing three Parts we have restricted our investiga- 
tion only to the case where an event is concerned with. We shall now 
go on to derive analogous results for a system of mutually exelusive 
events. We first take the case which corresponds to that considered at 


Part 1. 
Let 81, 83 +... , 8, denote the numbers of the happening of / mutually 


exclusive events in n trials respectively such that 
SH SH... tan: 


A point t=(t, もち …… ‚t) within the closed domain D(*) bounded by: 
the coordinate planes 


RN (A RED. 2.0) 
and a plane 4 十 も 十 …… +#=1 in /-dimensional space is called the point 


of the class 0 if, by taking a sufficiently small positive number e, the 
probability 7, (t;e) that 3,8, +... , 8, will satisfy simultaneously 





| e(*), 
n 





n» 








ei iL 


approaches zero as limit when n becomes infinite and the set of such 
points is denoted by 4,(*). Similarly a point € within the domain 


À (x)= dy 


=. T y? 


=, IDEAL, 


1 ci cos x/y—cos (1—2) y 
0 


But in many instances it seems to require a laborious calculation to evaluate (0, x) by 
means of this formula. 


(1) This means “in the interior or on the boundary of” 
S Ch 








(2) It is to be taken into account that the probability that the point ( 


1 > 
n” n 


SI - i È + 
...., =) lies outside the domain D always vanishes. 


(3) If we extend this definition to external points of the domain D, it is evident 
that all such points belong to this set A,. For this reason we shall frequently regard 
points external to D as belonging to the set 4。. 
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indicated is called the point of the first class, if the probability 7, (t;e) 
that s,,5,,---... , & will satisfy simultaneously 
| ぁ 
lon 


approaches a definite positive number À for all positive e smaller than a 


E, vs ro. | 


Ep 





ty 
n 





SÌ — 
—t = €, 











fixed positive number €, and the set of such points is denoted by 4. 
We have then a theorem : 
が all points within a closed domain D' which is a part of D belong 
$i S> 


to the set Ay then the probability x,(D') that the point es RE 
n n 


=) will lie in the interior or on the boundary of D' tends to zero as limit 
n 


when n becomes infinite. | 

For if every point in the domain D’ in /-dimensional continuum 
belong to the set A, then corresponding to any point in the domain an 
area enclosing that point can always be found such that the probability 
Ben つう +) will lie in the interior or on the bound- 
n n 
ary of the area tends to zero as limit when n=%, so that by Heine- 
BoreT's theorem(!) we can choose, from the set of overlapping areas so 
formed, a finite number of areas, to one at least of which every point 


in the domain D' is interior. Since the finite sem of the separate pro- 
D 


that the point (=, 
n 


babilities that the point (=, eos ーー つう =.) will lie in the interior or 
n n n 
on the boundary of those areas has clearly the limit 0 when n becomes 


infinite and still is not smaller than 7,(D') we shall have 
TUE27 ま 7 ) 
n= N 


which is to be proved. 

From this we may infer that the set A, can not consist of all points 
of the continuum D. 

Furthermore just as in $ 1 it is easy to show that 

The set C(4。), complementary to A, in the domain D, forms a closed 
set. 

In case when there exists no point in the domain D which belongs 
neither to A, nor to A, the set A, must consist of at least one point and 
at most a finite number of points. 


(1) Hobson, Le, p. 88. 
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Such a system of trials is said to be of the first class with respect 
to the system of mutually exclusive events under consideration. 

24. We shali now find conditions necessary and sufficient for the 
existence of the two sets A, and A, only, i.e. of the system of trials of 
the first class. | 

To simplify the calculation, let us consider the case when /=2, the 
reasoning, however, being applicable in the general case. | 

If all points in the two-dimensional domain D bounded by the 
coordinate axes and the line «+y=1 belong to either the set Ay, or the 
set A,, then the latter set A, has been shown to be a finite set. Let 


XA ee ‚X, be the points of the set A,, the different abscissac and 
the different ordinates of these points being 2%, 2, ……… ‚X, and %, Ys 


ーー , か 。 respectively. Draw lines through the points parallel to the 
coordinate axes thus forming 7,7, points of intersection whose coordinates 
are 


T—=T; y Y=Y; » 
ves, 2; ss By n'y = I 2, to s 114 


and let the set of such points of intersection be denoted by (+). Further 
let I, and J, be two linear sets of points (x) and (y) which are the 
projections of the points of Z on the x- and the y- axes respectively. 

If we denote by F(n; s, 8) the probability of the happening s, and 
8, times re:pectively of two mutually exclusive events in n trials such 
that 





848 =, 
and consider the expression 
Ss Mm; ざ Me 
Trade US ( ) (=) F(n:8,8). (140) 
O=s,+s,=n\ N n 


(te OF al) 


then we have easily 


7102235 
. 1 Y ” 
lım Tm,,m, (n) OR の, Yi 2. As 
new ?=1 jel 


(1) Points of I which lie outside the domain D), if such exist, will conveniently be 
looked upon as belonging to the set A,, as we have remarked before. 
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where /,(') is the limiting probability 7(t;e) at the point (2;, y) so 
that by putting 
Tm,,m,= lim 7: mi CAP 


n= の 


we obtain the existence of Z'm,,m, : 
Moreover since the set /, is identical with the linear set of points 
x for which the probability of the existence of 


ue CE = ya 
ae, se Don 








n 


approaches a definite positive number, the system of equations 


RI 
Tm, = psi i À; ぅ (141) 
i=1 
m=0, 1, 2, Br 9 2113 


will have a unique solution for the case under consideration( ?). Similarly 
we obtain a unique solution of 


Ta 
du M y 2 hi 2 (142) 


m,=0, 1, 2,……・ "21% 


We have therefore: 

In order that a system of trials may be of the first class it is neces- 
sary that the two systems of equations (141) and (142) should have 
unique solutions for some integers 7, and 7, respectively and also 


de N 


Mis Mo 
shou!d exist. 


We shall now show conversely that if there exist a unique solution 
of (141) as well as a unique solution of (142) and also 


‘exists, then every point in the domain D belongs either to the set A, or 
to the set A, so that the system of trials belongs to the first class. 


1) Aj, in this case, may or may not vanish according as the point (x;.%)) 
belongs to the set A, or to the set A,. 
(2) By the result in $5. 
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It is evident from the existence of a unique solution of (141)(!) 
that if @ ke any point not coinciding with any one of the points 2, %, 
ーー , wr, Which satisfy (141) the probability of the existence of 
Ss 


—— Y 
n 


2 


ae 








approaches zero as limit when n=, and also from the existence of a 
unique solution of (142) that if y be any point not coincident with any 
one of the points 9, Ya, ---- »Yr, Which satisfy (142) the probability of 
the existence of 


Ss, 
ms D に ニア 


N 








approaches zero as limit when n=. It follows therefore that any 
point in the domain の which does not coincide with any one of the 
points of intersection of two systems of parallel lines 


Pt し シーブ ET, Tp 
and 

Y=Yj, (J=1, 2 クー To) 
belongs to the set A, and hence it will be sufficient for our present 
purpose to show that any one of the points (2, y;) where +, and 7; are 
such as to satisfy (141) and (142) respectively, belongs to either the set 
A, or the set A.. 

Now if the simultaneous equations (141) have a unique solution, then 


since no two of 2, %, =. ,%r, are equal we have, for those values of 
Dis La, ee > の a unique set of 4, (my), Za (Ma), cc. sà, (m,) satisfying 
ra 
Tm, m= 2 * À (m2), 
{=L 
m,=0, 1, 2,0...» srl, 


provided that 7m,,m exist. 

Again if the simultaneous equations (142) have a unique solution. 
then since no two of 4, Ya: ‚Yr, are equal we have, for those values 
Of Yi, Yz, ‚Yr,, a unique set of values of Ay, Aa" ‚Air, satisfying 


To in 
Ed LT: 
Ai (2 リデン 9 9 À;,, 








(1) By the result in § 5. 
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M =0, 1, 2 …… srl. 


Consequently for the values of a, @2,------ > er, and. Yi, Ya, Yr, 
satisfying (141) and (142) respectively we have a unique solution 
À ( = Ai 2, 00.00 , Ti ) 
tj J ーー 19 2, 200000 , T2 
of the system of linear equations 
Tu To 
Tm, m= — 2 の dia 2 "> À ) (143) 
= j=l 
m,=0, 1, 2,------ ‚nl, 
m,=0, 1, 2,------ ‚n—1l, 
provided that 
Mm, = 01, 2, >... ‚r—1l 
Im , mo (ei iù 1,2 Zio sf l 


exist. 

If 4;; be so taken, it can be shown that the point (x,, y;) is one at 
which the probability ヶ ( ち むら) 三 ん , and hence it belongs to the set A, or 
to the set A, according as 4; vanishes or not(”). 

To show this we consider the expression £;; (n) defined by 


Eym= _ マー fu(*-).fy(L) Foss ad, 


0=8s,+sg=n n 
where 
A, BAO 


Vi 


fy i, A,(y)=(y-—m)(y— mM) (9ー%。) 


J 


ful@)= A:(2)=(e-e)(e a) (t—2r,), 


Then since fi; (x) is a polynomial of the degree 7,—1 andj f,;(y) of 
the degree r,—1 we have 


hi (2) J: 2j (y) en Ami mg VM yM2 , 


the summation being extended over 





(1) Some of A;; may vanish but not all of Ait, A2»---+, Airy OF Arf, ABjer ee ey Azra » 


76 MAGOICHIRÖ WATANABE: 


and therefore 


. - . 1 =f à m ; m 
lim Æ;,(n)=lim » | 2 amm (=) (2) ‘| F(n; sı, 82) 
m n 


n=” n= CO 0=>8s, +8, =n 19 Mo n 
an SI 
= è Amis M T mys may (144) 
M4, My 


so that by (143) 


fe rv 


lim E,,(n)= À À | x cin, ma WE yp Ley 
b= Vel fal né, Ms 
ir 
=2 2 fi: (ey) PU) dij 
a | 
= fu) fay (Y) dg. (145) 


On the other hand we get, just in the same manner as in § 3, 


lim E,(n)=lim À, fi ( di ) fa (=) F(n; 81) 8), 
n=% n=% n 


N 





where 2; denotes the summation about s, and s, satisfying 
Si A 82 = 
——_ajS=e, ——y;| Ss, 
n ñ 














e being a positive number which may be taken arbitrarily small. 
This, combined with (145), leads us ultimately to 


. v 。 Ex 
lim a $5 Fin 2 8), に , 
n=2 


which js to be proved. 

The results obtained in the present article may thus be expressed 
as follows : 

In order that a system of trials may be of the first class, with respect 
to a system of two mutually exclusive events, it is necessary and sufficient 
that there should exist two positive integers r, and 75 such that the two 
systems of the simullaneous equations (141) and (142) will have unique 
solutions respectively and also 


/ = Oates A 
Toten Riser ioe Ty i (146) 


m,=0, 1,2, 7,—1 : 
should exist. 

If this condition be satisfied we may find the limiting probability À, 
by solving the equations (143) for values の) の st, and Yi, Ye 


er , yr, which satisfy respectively (141) and (142); or more simply by 
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equating the right-hand side expressions of (144) and (145) namely by 


で! 
_ 一 Am ma Tm ma 


An 
Fu) Fai (Ys) 


The values of A,, so found may vanish, in which case the point (x, の) 
belongs to the set Ay; or may not vanish, in which case the point (x,, y; 
belongs to the set A,, so that the number(*) of the non-vanishing À;; gives 
that of the points belonging to the set <A,. 

‘25, The reasoning given in the last article may be applied to the 
general case. | 


Denoting by ÆF(n;s,s,.--... ,%) the probability of the happening, 
81, Do" , & times, of 7 mutually exclusive events in n trials such that 
tt +8 SN, 


and putting 


1 8 m; 8. Meo Ss my 
Tin man (n) — 3 (=) ( 2 ) SEE に F(n Ses isa oe , Sì), 


n n 





the summation being extended with respect to 8,8,::...,s over 


RSS Hs Sn, 
and 
Tm, M2 » v... ’ m=lim Tm; mar"? IE mi (n) , 
n= 


we have the result: 

In order that a system of trials may be of the first class with respect 
to a system of l mutually exclusive events it is necessary and sufficient that 
there should exist l positive integers 7,72, ‚r, such that each of the 
systems of the simultaneous equations 


Ts 
9 47 
Tin,,0,0,....,0= À wir Nu], E 2, Nine ai 27, 
Ji] 
To 
Ma > 
To,m,, 0, Details, my =0, Ji 2, Sa RER > 27, 
int (147) 
yt oan 
To, 0, 0, » M à tri À i: da m=0, IE 2, DC 2 2r, 


(1) This number of course is not greater than r,r, and is not smaller than the 
greater of r, and 7, . 
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will have unique solution and also 


m=0,1,2,------  T—1\ 

m,=0, 1, 2 …… ーー 1 
Tm, M29 Le o > M (143) 

m=0,1, 2 ……・ are 1 


will exist. 
If this condition be satisfied we may find the limiting probability 


Z (t5e)= à, i, えい ahs 
at the point (ii, Wigy*---- sta) by solving 
hs Ti TI À 
Times A m= > x i III St bo ee tr; x i, ちい いい な っ (149) 
1 = 2 = ‘ L = 
m=0,1,2...... ,T1—1, 
in, ==, da 2, ret > 75 一 À: 
m=0, 1, 2……: srl 
or by means of the relation 
Ti 一 1 ri—1 
SRE > Ami ma" my + Da morte. mı 
di, i A i = m, =0 mi = 0 9 
Ji ü (li à) f2 tz (ti) (di) 
where 
fi il (6) テア (Et) (—üs) sr Sas ni) う 
À (tt ix) 
fax = Cotte) ae) 
1 (7 一 ち ぁ ) 
and ami me": m, are to be determined from 
red 7 一 1 Rn 
ni À (4) fe ip (8) fia (i)= =. ie a yom ma my. + {2 2 が ‘ 
M, = NU = 
The values of di, ちい i, so found may vanish, in which case the point 
(Ein Bi, Li) 


belongs to the set Ay; or may not vanish, in which case the point belongs to 
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the set A,, so that the number of the non-vanishing di, i, +; gives that 
of the points belonging to the set A,. 

26. We now go on to the calculation of Tm, ma,» me 

Let there be given 7 mutually exclusive events 7, E,,------ , E, and 


let the occurrence of E; in the first trial be denoted by H;, that in the 
second trial by EH,, the concurrence of E, in the first and HE, in the 


Ù J 


second trials by H; H; and so on(!). If we expand 


A=!E+H («a -1)+H, 9, —1)+:----- + FT, (x, —1)}", 
by applying the fundamental laws of algebra with the exception of the 
commutative laws among E, H,, H:,----- , H, in the product expressions, 


we obtain 
ER ee (n) (e — 1) (,—1)M2 + (a, — 1m , 
the summation being extended with respect to 1, m ,-++-*+, m, over 
Om + mit +m =", 
where 


Je Osis CN” 0 (n)=E", 


Proves <0 (#)=H-+EI+E" H+ + +E" HE, 
Poyis0y +0 (0) = H:+EH,+E° +--+ E" H,, 
and in general Pal pigs ne ,m(n) is a certain sum of the symbols above 
defined. 
If now the sum of the probabilities of the configurations which 
occur in Pm, may ーー ‚m(n) be denoted by 
Pm CL belgio „m (n), 


> E (n; Si, Sy, < : 8,) Cif Lo 2 ROD x 
= 3 Pm, mr mi (n) (vit 1)m (e, — 1)... (a,—1)m 
where the summation on the left is to be performed for 8,,8,------ の 
satisfying 





(1) Regarding the fundamental properties of these notations, reference should be 
made to my previous paper. 

(2) The proof can be carried out in a quite similar manner as in my previous 
‘paper. 
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OS, ++. +s=n 


‘onsequently we have, as in the article 
Consequentl; have, ti ticle 7, 





. 1 8 Ms Se My Ss m 
Tm ma avi PD m=lim = (=) ( 2 ) (4) ‚Fin: 813 S29° "9 8,) 
。 = の 8 n n n 
. P っ n 
=m mm! lim ni e LEN (150) 
n=» 97777 十 77。 +: tm, 
a formula by aid of which Ton; may" ‚m; can be calculated. 


27. As an illustration of the preceding result let us consider an 
example where three persons A,B and C play a set of games each of which 
can not be drawn and in which their respective chances of winning in the 

n> game are as exhibited in the following table :— 


A’s chance B’s chance C’s chance 


の von 1—p,—p,' in the first game 

で ee, 1 一 アー ア / if A wins the game before 
Om ha — An Om B s9 

Fon ee 1 ve Lea a Mi C 99 


Po Im; Rm as well as Py’, Qn', Lem being subjected to certain conditions. 

Let pn be the probability of A’s winning in the m™ game a priori 
and 2。 that of B; also let Wm;, m:(1) be the probability that A wins 
both in the m," and m," games, winning or losing in other games 
being disregarded, Wm,,m(2) that A wins in the m” and B in the 
m, games (m<m,), Wm,, ms (3) that B wins in the m," and A in the 
ma ICI that B wins both in the m,'" and m,” games and so on. 
Then if s, denotes the number of winning of 4 in n games and s, that 
of B, we have evidently 

> F(n;8,, 8) 29: 92 =1+ Por) —1) + Po, (n);—1) 


0=Ss,+s,=n 


+ Po(n) (ei —1) + Py (n) (4, —1) (x —1) 


+ Porn) — 1)’+ e, (151) 
where 

Po(n)=p.+p.t +Pn» Py(m)= py! + py! +. ila 

n m,—1 n m,—1 
Pali = 2 ud Mi) m; (1), UE = 2 + Wm, m; (4) 

a m, “en ml 

n m,—1 
Pifn)= 2 2 § Wm, m(2)+ Wm, m(3)}, 
777 。 =4mM, = 


2 - L 
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Further it can be shown, as in § 8, that 
Pm =Pm-1 CES a Bn) Un ( Im ey, Rn) ah Fm 9 (152) 
De ne I Rn) +P'm- il Om "rà hai "> I (153) 
and also by putting 


m—1 m—1 

V(1)= う {Wo m(1)=pm pn Va(2)= 2 {Wm, m(2)—pm Pa} 
13 m,=1 
m—1 7 一 1 

Vn(3)= 2 {Wmm(3)—pm' Pm}, Vn(4)= 2 | Wm ,m(4) 一 2 の mp } 
m, =1 m,=1 


1 


that 


PA E (Po Ra) Va: (1)+(Qa— Fm) Ya) + pas (rpm) (184) 
Vin (2)=(Qn' — Pp!) Vina (2)+ (Pa Ru) Pac (1) +-Pm-i(Pn!—Pn'), (155) 
Vas (3)=(Pn— Pn) Fr) + (Om Pu) Vnt(4)+P'm-1(Qn—Pm), (166) 
PA) (Qn! — Rea!) Var (+ (Pal — By!) Vn (8) +1/m à (Qn!—Pal}. (157) 


Now let us first consider the case when 


I ee NS ee ae Tie ome kt, 
Paine =o, imo, = 0", Imen zn 


exist so as to satisfy 


=|1-P+R —Q+R 


+0. 159 
—P'+R! 1° OMR ( ) 


In this case by putting 
Pm —Pmr (PR) p'n-ı (Q—R) = Pm, 
Pr ー の (の サーガ ダ )ー の px ュ ( ゲ ー ガ ダリ 
we get from (152) and (153) 
Leon =: ieee =e 
and therefore 


n n 
= PA 
il 


Pm 
(0h) 





SR; 
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> Pm 3 penis 
pe eo ae Bey 
which give 
<Pn  (1-Q) R+ RO 2Pn (1-P)R+PR 
n A n A 
Consequently we have 
1-Q)R+L' 
AN =p a 
ee 
A 
Again by (154) and (155) we get 
2 Pa (1) 5 Va (2) 
(1- P+R) + ____ —(Q- R) pe Fh 
n° 
> A À Va (2) 


TAPER) CAR eee 
N n 


2 


and accordingly | 





SP, (1) 3 Vn (2) 
——0 and. > 0 
nè n° 
Similarly from (156) and (157) 
SV (3) 3 7,4) 
ーーーーーー +0. and ニーー > 0. 
n? n 
We have therefore 
À Pa (1) 
Ty —p*? = 2 lim 2 =0, 
N=n が 
5 Vin (4) 
ie ー の “= =2. lim ーーーーーー =), 
n= の n 


1. e, Pax en, To = Di 
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ca 
Oo 


which leads us to the result : 

The set of games is of the first class with respect to the winning of A 
and B, having a single point (p, p') of the first class. 

Next consider the case when A vanishes with some additional condi- 
tions. 


Since A may be written in the form | 
A={(1-P)1-Q)-P'Q}+(1- Q)R+R'Q+(1-P)R'+P'R, 
and we have 1-P=P', 1-Q'=0Q, we see at once that A vanishes 
when and only when 
(1-P)A-@)=P"@, ., (1_Q)k=0, 
リー (1-P)R'=0, rit 0 


These give rise to the following six alternatives :— 


AR Et OT (and accordingly P'=0, Q=0 ) 
CO tea RES AS ESS Or 5 P'=0, R=0, R'=0) 
ea A OD —0n un 0) 
(iv) P=1, Q=0, R=0 ( x P'=0 ) 
(v) P=0, の =1, R'=0 ( 9 Q=0 ) 


NE 22920680200, 12R-R—1 (4 .R=0, R'=0) 
of which the first three cases have the same type as well as the last 
three. 


We shall here consider the two cases (i) and (iv) confining ourselves 
to such special cases where in (1) 


m*(1—P,), m*(1—-Qn'), m*(R—-R,,), m(R'—R,„) (160) 
tend to four finite limits respectively, while in (iv) 
m*(1 — Pu); m ms m° Em (161) 


tend to three finite limits, a being a positive number greater than 1 in both 
cases. | 
ieee Case * (1). 

Since (152) may be written in the form 


Pm —Pm-1 ニー ん On—Pm-1 (1 di de), ir lm (1 —Pm-1 —p'm-1) 


we have 


M+L 


m+l : 
Pms+t — Pm-1— di { DE D — Pr —P,)} +2 ky, (1— pri — px), (162) 
k -m 


=m 
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of which the left-hand side is bounded for.all n. If now the condition 


(160) be satisfied the series I | Dino —pr-1(1— P,)} will be convergent 
k=m 
iv) 


and therefore by (162) the positive series 2 R,(1—p;—p;) can not be 
k=m 


=) 
divergent and hence again by making use of the same formula we see 
that 


lim Pm+i1=P 
t= 
should exist. Similarly we may show the existence of 
lim np, == p's 
Consequently we have 
DD, LG =D (163) 
Especially when R or £' does not vanish the relation (152) or (153) 
gives | 
Oe = 1 (164) 


Again since JV, (i)/n (¢=1, 2,3, 4) are bounded for all n, we have 
from (154), (155), (156) and (157), if the condition (160) he satisfied, 


Vn (1) = Va +R | Pa (D) + Pa (2)}—> p (L-P), (165) 
V2) — Vin-1(2) + RS Vi (À) + Vin-1(2)}—> — pp, (166) 
Pa (3)— Vu-1(3)+ R Va) + Vn-a(4)}—> —pp! (167) 
Pan (4) — Pau (4) +B" Pa (8) nd} p' (1=p'). (168) 


Hence if both of È and R’ vanish we get 
Vn(1) — Vina (1) > p (1—p), Vin (2) — Vin-s (2) > —pp', 
Va) Vina (8) > — pp’; Vn (4) — Vina (4) > p’ (1-p'), 
from which we arrive at 
To; Pav: ann 


If, on the contrary, one at least of R and AR’ does not vanish, then 
since 1-p=p', we have, from (165) and (166), by adding side by 
side 


{Vn(L) + Vn(2)$ — { Vna(L) + Vin-a(2)$ + P+ 2) Vm-ill)+ Vn(2)} 0, 
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from which we get, by Kubota’s modification of Pölya’s theorem(! ), 
Pal) + Vin (2) の 0, 
and, by making use again of the relations (165) and (166) respectively, 


Inn, An > —pp'. 


Similarly, from (167) and (168), 
Vin (3) 


Mm 


> —p', In De 
Thus we have, in all cases, 
Ve ZH el), HS Tee 
and consequently the relations (141) and (142) for n=2 and 7,=2 re- 
spectively are to be satisfied by 
mal: um len MAT. 
DO lege Ay == 1 pi hp. 
Then we obtain, by solving the system of equations (143) for those 
values of 2%, %,y, and %, 
nel Dep A=’; =D dal. 


We have therefore: | 

The set of games is of the first class with respect to the winning of A 
and B Gang three points (0, 0), (0, 1), (1,0) of the first class if no one 
of 1—p—p', p' and p vanish and having two points Di the same class if 
one, but no two, of them vanish. 

oe Case (iv). 

If, in this case, R’ or 1 ユー の ⑦ vanish we have a special case of (ii) 
or (i) and therefore we shall here assume that R’=+0 and 1 ユー ツキ 0. 

Now, just in the same way as in the above, we may show the 
existence of 


Im 京王 大 
and hence by (153) we obtain 
だ (1 一 め ) (169) 


li ai a al è 
im Pm =P 1 ュー の + が 





Bey Luc 
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Again the relation (154) gives in this case 


Vin (1)— アー ュ (1) ong (1—p), 


so. that. we. get 


Tete Li (170) 
Similarly from (156) 
nA > — pp'. 
m 


The two relations (155) and (157) now give respectively 





lim, ha RS ye 
M=n m ーー Q' +R M=R Mm 
EB SE 
1 の 。 ARE 
lim Im) _ 2 Lp op 
m= oo m 1-Q'+R 
and therefore 
P= pp lim. Stelo n (171) 
M=X m 

A Sii) Veni j 
TP Hm ee 172 

a= p° +lim —= gare (172) 


The relation (170) shows us that the system of equations (141) 
for r,—2 is consistent. But as the expression (172) for TZ, gives no 
indication as to the least 7,, unless p=0 or p=1, we have further to 


calculate 73, Zus‘: in that case. 


Now if we denote the probability that BD wins in the two games 
m" and m,” and A in the m" (m<m<m) by Wm, ma, m (5), the pro- 
bability that 6 wins in the three games named by Wim, m2, m (6) and 


put 


m-l m,—1 


~ 


Ve (5) sail 2 N Win» ma, m (5) — Win, mo (4) . Pali 


mo =2m,=l 


72 一 1 m,—1 
He (GE 2 2 { Wm, »MI M (6) に Wm » M2 (4) ay oy! h ’ 
uf 


My =2 n= 


we shall obtain 
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Ha 5) PS (Pm Rn) Ps (5) ot (Am a Rn) Pot (6) 
m—2 
ae ( Om Pm) > Win ぅ 27 一 1 (4), (173) 
m,=1 
Ha (6) = (Qui re Bin) Psi (6) ng WEN er Fans) Poss (5) 
7 一 2 
ド ( の ご 2) 3 Wins a1 (4): (173) 


M; = 


These two relations give, in the case considered, 


lim Ze) —_2 7, 





m-2 m’ 
NE RN m Oe PP AN The 
m-» m’ 1-Q+P' men m? 1—Q'+R 2 
and we have ultimately, by aid of (169), 
R' 
Te=—— —- Ta. 
Tr. +R 02 
In a quite similar manner we may derive 
R' 
ルー ニー ニー ーー 1 
04 u OLR 03 


so that the system of equations (142) for r,=2 will have a unique 
solution 


0, Ri 


ire TOR ) 


A a ee Ay =D. 
Then we obtain, by solving the system of equations (143) for the 
values of 2%, %, 4, Y thus found and making use of the relation (169), 


A4=0, Az=l—p, An=p, A=. 
We have therefore: 
The set of games is of the first class with respect to the winning of A 


i, R' | 
and B having two points (0, TOR ) and (1,0) of the first class 
provided that p=0 and p+1. 

28. Before leaving the present Part we shall express the results 
obtained in $25 and $26 in another form, in conformity with that 
for a more general case which will be considered in the next Part. The 


transformed result runs as follows :— 
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In order that a system of trials may be of the first class with respect 
to a system of 1 mutually exclusive events it is necessary and sufficient that 
there should exist a positive integer r such that the system of equations 


7° 
vm m Mm 
Tm m + em St een u .A(") 
4 =1 
MU, I; 2, tied 4 9 2r, 


m=0, I, 2,------ els 


m,=0, 1, 2,------ ar 


will have a unique solution. 
If this condition be satisfied, then the set i will consist of r points 
whose coordinates are 


ti ちら て いい » hi (= 1,2, 8, ’ r), 
and at which the limiting probabilities are given by 
Kilo) (alp ch 


From this it follows also that: 
In order that a system of trials may be of the first class having r 
points of the first class with respect to a system of L mutually exclusive 


events it is necessary and sufficient that the function の (ts あり ………・ st) de 
fined by 
d (tit リー ニク tes D Tim mare mita tia... A 
Mm, =0 mu = 0 

is a rational function of 4,2, st which is expressible in the form 

の (br ビー SS ん 

a “ent (L—ty t,) (1—ty &) (lt) 
ん キ 0 Kalk 2, orne 1) 





(1) Here some of ti (t=1,2,.---,7) may be equal to one another as well as some of 
tx, &c; the meaning attached to ti, t2;,:--- differs from that given in $ 25. 
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Panna 
Determinate System of Trials with respect to a System 


of Mutually Exclusive Events. 


29. We now proceed further to consider a more general system 
of trials with respect to a system of mutually exclusive events. 


Let s8,,8,,.-.... , 8, denote the numbers of the happening of 7 mutual- 
ly exclusive events £,, E,,------ , E, in n trials such that 
ci Ra il tard et Fan, 


and let 7, (a, f) denote the probability that s,,82,:----- , & Will satisfy 
simultaneously 





SA NI ee #1 = By SETE, PA Pr a 
n 
Then the limit z (a, 8) to which 7, (a, ß) tends when n=o, is a 
certain function of a (a, の た ー… ,%) and B(B,, Pay. » Pr), if it exist. 
Now a point t=(t,, も, … , t) within the closed domain の bounded 
by the coordinate planes 


and a plane £,+4,+...... +t,=1 in た dimensional space may be such that 
m(t—<¢,t+e') exists at least for points (ei, ーー > 6) andy e=(e, 
っ &/), where &;, ーー… FO IR ARR NC de positive numbers 
belonging to 2/ positive sets S,, S,,--+++ Ve le ns ee ‚Sy respectively, 


which have the point 0 as their common du point. For such a 
point 6 if 


lim Tn Eat) and lim Zn (一 (6 上 8 ), 


n=O の 
both of which necessarily exist for all positive 5=(8,, &, 3%) 8nd © = 
(E, li , €) and also are monotonic functions of them, be denoted by 


mx ((-î,t+%) and z (t—2,t+2') 


respectively, we have 


limi (t—2,t+2')= lim (x (t—2,t+2')=/, 
€,&/= +0 €, € = +0 
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where A is a definite number between 0 and 1 and therefore 
lim æ(t—e, 7 上 9) 三 ん 
€, € = +0 

provided that €,,e,,.---..,6e,,e;",c,/,...... , e belong respectively to S,, お っ 3 
Si; Sa A 2 MO ’ SI. 

Let us call such a point t the point at which the limiting pro- 
bability x (t—0,t+0) is determinate and is equal to A, and let the two 
sets of points at which 


A=0 and -A=+0 


respectively be denoted by By and B,. It is evident that the set B, is 
an enumerable set, so that the complementary set C(B,) in the domain 
D has the same measure as the domain の . 

If now ¢ be a point of the set D, it is easy to see that 


HE 
Again it can be shown that if 7 (0,t), where 

O==10, 0,……・ sur, FR: Ferner ; b); 
be continuous in the domain consisting of an everywhere dense set of points 
in the l-dimensional space 

Veen ol, Zonen RAR (174) 
then every point within the domain D belongs either to the set B, or to the 
seb! 


We shall show this for the case !=2('). 
Let 7 (a,b; x, y) denote the limiting probability 7 (4,4) where 


a=(a,b), tea). 


ie. the limit of the probability 7 (a, b;x,y), when n=, that s,,s, 
the numbers of the happening of two mutually exclusive events E, E, 
in n trials, will satisfy simultaneously 


8 8 
a=1 Sz, 6 三 一 生み : 
n n 


and suppose that the function 7 (0,0; x,y) be continuous in a domain 


(1) Throughout the present Part we shall consider this special case, the reasoning. 
however being perfectly general. 


に 
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D' consisting of an everywhere dense set of points in the domain D 
defined by 


O=e=1, 039210‘). 


Then if (x,,%) be a point belonging to D' we may take 4 positive 
numbers ¢,,¢' and ey corresponding to an arbitrarily chosen positive 


number 9 so as to satisfy 
Æ (0,0; a+, J+e')—7 (0,0; 9-5, 1 —S)<0. 
From this we obtain at once 
a (0, Yi; %; y)=0, 
2 (aoe eee yp i 
and also if = (a,b;a,y) and x (a, b; x,y) denote the maximum and the 


minimum limits of 7, (a,b; x,y) when n becomes infinite respectively, 
then 


lim #(0,y—; %,y¥,+¢')=0, 
&&=+0 
and 


lim z2z(&—-8,0; a, +e',y,)=0. 
é,é/= +0 


By these relations we may show that, if (2, y,)-be a point belong- 


ing to the everywhere dense set D’ in the domain D, then the segment 
=o, りー カム 
as well as the segment 
TU, 0=y=>y, 
contains an everywhere dense set, having the linear measure equal to the 
length of the interval, of points at which the function 7 (0,8) exists 
and its extended function 7 (t) is continuous. 
For by taking a point (X, y) where O=X=z2,, if we choose four 


positive numbers ¢,, ¢, ¢', ¢’ from four positive sequences converging to 
zero respectively such that the two points 


(X+e',y+6') and (X—4,y%—%) 
always belong to D’, then 








(1) It can easily be shown that the function is continuous in an everywhere dense 
set of points in any domain such that 0=%, 0=y, in this case. 
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7 (0,0; X+e/,y+5/)—7(0,0; X—6,y—€;) 


exists and is a monotonic function of &, &, €, € belonging to the se- 
quences, so that it has a determinate limit A when 


e=+0, ¢4=+0, ¢/=4+0, e/= 40. 
Now, by the property just proved, 


im #(0,y—8; X,%+8/)=0, 
En, €,/= +0 
and hence we get 
lim zZ(X-:,0; X+¢/,y,)=A. 
&,,€,/=+0 


It is clear that the set of points X in (0,,) such that the corresponding 
4 is different from zero is an enumerable set in that interval, and there- 
fore we must have 


Tih 
at points X forming a set with the measure equal to the length of the 


interval (0,2). It follows that the points (X, y,) at which 


lim = 7(0,0; X+s/,y,+s/)= lim 27(0,0; X—c:,y—<), (175) 
€,/,&,/= +0 で で 。 三 十 0 

i.e. the extended function of æ (0,0; x,y) is continuous(!) form an 
everywhere dense set in the segment 


OZ=x=x, y=Y, 


whose measure is equal to the length of the interval (0, x). 

Now by the results just obtained it is easy to show the theorem 
enunciated. Let (7,7) be any point within the domain D bounded by 
the coordinate axes 


2=0 44y=0; 


and the line x+y=1. Then after taking three positive numbers s,, ¢,', 
e such that (Z—<,ÿ+e) and (&+e/,7+e;) belong to the points of 
continuity of z (0,0; 2,y) we may choose, in virtue of the fact that 
the points of continuity on two parallel segments 


ッ ニ ター5。 0Z=y=ÿ+e,, 





(1) For the function (0,0 ;x,y) is monotonic, ie. 


x (0,0; æ,v Z æ (0,0; x.y) if x=2x and y>y. 
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& 


and 

æ=T+e, (NETTE 
form two sets whose linear measures are identical with the lengths of the 
segments respectively, another positive number e, such that (7—e,7—) 
and (%+¢,',y—s,) are also points of continuity of 7 (0,0; 2, y). 


Now for such positive numbers &, ¢, €), 8 we obtain the existence 


of 
t={7 (0,0; T+e),9+<)-7(0,0; 7+</,7-<)} 
ー {x (0,0; 2-2, 9 の ー ァ (0.0: 3-,9-8)l, (170) 


which is the limit of the probability, when n=», that s,s, will 
satisfy simultaneonsly 


and as we have 


7 (0, ダーS。) T+s, Y—)=0, 


i.e, the limit of the probability, when n=o, that s,,s, will satisfy 











simultaneously 
ud 8 8. en 
ター ニーー , 0S — =Y4s/, 
n n 
or 
8 ~ a 8. 
De A リー 
n n 


vanishes, it follows that 7 (®—-,7—; 7+2/,9+8,/) exists and is equal 
tor. This always holds for &,, &, &', &' belonging to four positive sets which 
have the point O as their common limiting point, and hence we have 
lim a (—:2,9—-5; T+c!,ÿ+e)=1, 
る 。 ns €,/38,/=+0 
where A is a definite number, zero or positive,— a result showing that 
the point (7,7) belongs to the set B, or to the set B.. 

We can further prove that if 7(0,0; x,y) be continuous in a 
domain D’ consisting of an everywhere dense set of points in の then it 
is also continuous in the domain consisting of an everywhere dense set 
of points in D, and consequently we have the result : 
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If x(0,t) be continuous within the domain D' consisting of an every- 
where dense set of points in the domain D defined by 


CEST 


then every point within the domain D belong either to the set B, or to the 
sci Bin). 

It seems to me, but I have not succeeded to slow at length, that 
the converse theorem does not necessarily hold, i.e. from the existence of 
the two sets B, and B, only in the domain の can not be derived the 
existence and the continuity of the function 7 (0,t) at an everywhere 
dense set of points in the domain D. | 

In the case when z (0,0; x,y) is continuous in the domain D and 
accordingly in the whole domain D, the expression r defined by (176) 
ranishes in the limit when &, €», &’,&'=+0 and hence we have: 

If the function x (0,t) be continuous in the domain D, then every 
point within the same domain belongs to the set By. 

That the converse is not necessarily true can at once be seen if we 


observe that lim T vanishes, for example, in case when 
Cr Eo, 2,7 &,’= +0 i 


z (0,0;1,y) is a continous function of y in the interval (0 =y=1) or 

ヶ (0,0;,1) is a continuous function of æ in the interval (0=x=1) 

zx (0,0;x,y) being a continuous function of x and yin the domain 

consisting of an everywhere derise set but not in the whole domain D. 
For example if 


z (0,0; x, y)=0 in Deep 0 esili 
ーー ダ in ber = 1) Prey ne 
l—p 
then every point within the domain D belongs to the set By; still 7 (0,4) 
is discontinuous at points on the line 2=p(?). 

In the present Part we have to deal with the case for which the 
function z (0, ¢) is continuous in the domain の consisting of an every- 
where dense set of points in の and therefore its extended function 4( の 
is continuous and identical with the limiting probability 7(0,%) at points 
in the domain D', having the measure equal to that of the domain D, 
which includes D’ as a component and is contained in D. 


(1) The assumption that x (0,¢) is continuous in the domain consisting of an every- 
where dense set of points in D may be replaced by that m(0,t) exists at points of a set 
everywhere dense in D, to arrive at the same result. 

(*) The actual occurrence of such a case will be considered in $ 35. 


pere 
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Such a system of trials is called the determinate system with respect 
to the system of mutually exclusive events under consideration. 

30. We shall now find conditions for the occurrence of a deter- 
minate system of trials with respect to a system of two mutually ex- 
clusive events. 

If a system of trials belong to a determinate system with respect to 
a system of two mutually exclusive events, then it has been scen that 
the function 7 (0,0; %,4), i.c. 7(0,t) exists and is continuous in the 
domain D’ which is contained in D and has the measure cqual to it, 


where D is defined by 
resi = = 
and also that if (x, %) belong to D’, in this case, the segment 
0Z=xZa, y=Y, 
as well as the segment 
t=%, 0Z=y=Yy 


contains an everywhere dense set, having the linear measure equal to the 
length of the segment respectively, of points at which the function 7 (0,4) 
is continuous. | 


Consequently in case when the point (1, 1) belongs to the set D’, the 
points of continuity, on the two lines 
Neal, y=1, 
and 
t=1, 0O=y=1, 


of the extended function A (#)=2 (a, y) of 2 (0,0;a,y) form two every- 
where dense sets respectively, both having the linear measure equal to 
unity ; and in case when the point (1,1) does not belong to D', by taking 
two positive numbers es,s′ we obtain the two sets lying on the segments 


ded |, Le 
and 

castel VI 
respectively, whose linear measures are equal to unity and at each point 
of which the function A (t) is continuous. 


Let the projections, on the み - and the y-axes, of the two sets of points 
thus obtained be denoted by J, and J, respectively so that J, and J, form 
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% 
two linear sets each having the linear measure equal to unity, and 
let the complementary sets of J, and J, in the respective segments 
0O=2=1, y=0.and 320, 0=y=1 be denoted: byi Te anda 

It is evident that if w=a, belong to J, or y=y, belong to J,, the 
point (x, ¥,) belongs to the set By, and ife=a, belong to 万 while y=% 
belongs to £, then the point (a, y,) belongs to either B, or Bi. 

Now by dividing the intervals (0 = =1) and (0 =y=1) into k 
and 2 sub-intervals of which the end points X, (r=0, 1, 2, ,k) and Yes 
(= OMR > の belong, except at least X=0, X,=1 and Y,=0, Y,;=1, 
to the sets J, and J, Evo we have, if m, m; =0, 


k 
N v ea Va 
22 ri イス ft AG, r'-1) AR bg り 


Cui 9” x 
È A 8 m 8. m = 
an (=) (=) ’F(n;s,8), (177) 
n=0 8,+8,n\ N n 
and 
N 4 m m 
\! \' „= po ) r = の e: 
= X, È } 7 2 TT (ALS } 2 ソー1 5 vati Yo) 


1 


や 
Il 

- 

= 





ューーー 8 m 8 mM, 
Sa (ee) il ) ° Fin; 8,38). (171) 
n=O g +8, en \ N n 


The two expressions standing on the left of (177) and (177) res- 
pectively tend to a common limit 


ュー を @ の ・ i (aw, aa ee 


+f fee" FW") EN), (T8) 


when the subdivision advances without limit such that the greatest sub- 
intervals have the limit zero, and hence we get 


Tm,,m, = 1x": y"? d1, (179) 


where Tm,,m, stands for 


\ 
. my 8 m &; Ma 
lim. (22 a (=) Ens ean; 


RDS, +8, n \ N 


(1) When y=1 is a line of discontinuity of A (x,y), A(®,1) is to be taken in the 
sense of A(x,1+0). A similar remark applies to (1,9). | 
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and 
{l Ale) fs (y) dI 


for the expression 
AVLO-AU f fl) 7 (x, 1) af (0f SMI y) dy 


+f [ KC) DT: 9) dr dy (180) 


It follows therefore that if a system of trials be of a determinate 
one with respect to a system of two mutually exclusive events, then there 
should exist a monotonic function 4(?, y) satisfying (179). 

Conversely if there exist a limited and non-negative monotonic function 
_4(?, y) satisfying (179) for m,=0, 1, 2…… A EM gia , then we may 
show that, at points of continuity of À(x, y), 


ZUM Al, y)" 


To show this we establish the following lemma :— 

If g,(x) and 9,(x) be any continuous functions of @ in the interval 
(0, 1) such that their derivatives g,/(x) and の (2②) are also continuous in 
the same interval, then 


im > 9 ( “ ) of n )F@;s. の g:(y)d7, (181) 


2=co 5, +3,_n n 








in case when ん (2 y) satisfies the relations (179). 

It will easily be seen that this relation holds good if g,(x) and g:(x) 
are both polynomials of x. 

If, on the contrary, one or both of g,(x) and 9,(x) are not polyno- 
mials of x then choose two polynomials f(x) and fx (x) so as to satisfy 


| A! (æ)—g (a) |< 
| A’ (Tg (x) | < Ô 


where è is an arbitrarily chosen positive number( ! ). 
For these polynomials f;'(x) and f(x) we get easily, if est 


Il f(x) de — | "9 (x) de 
0 0 


for, 0 = ese 


<ò, 








(1) This is always possible by Weierstrass’ theorem as g,/(x) and 9。/ (x) are 
assumed to be continuous in the interval (0,1). 
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ze のみ -/ gg 


and therefore by taking suitably the arbitrary constants which enter in 
J.(æ) and f(x) respectively, we have 

LA (@)—g(e) |< 0 

AR) —g2 (x) | < 0 

Consequently if M be the greatest of the greatest moduli which the 


four functions g,(x), g:(+), の (2) and の (x) assume in the interval (0, 1) 
then 


ぐり, 





| for, DER Le 


LÉ Ce) fe (y) — 9 (0) の (4) | く 9 (2M+0), 
AA) 91 (0) ge (4) |<0 (2 +0), 
[Si (0) A (4) 9 (2) g2 (4) 1 く 9 (2M +8), 
| が (@) が (の りー の の (0) 924) 1 く 9 2H +0), 
ford) Sa and US AI 
We have therefore 


ren 1 Ss 
lim LA (= - )9 (= )F(n; 813 82) 
n=» Si +5,=n 
. a Si Sy YO 
CET AS ム ん ーー J) FOG 8, 82) 
n=0 gs +s, En \ 1 n 


IO の (の) ai fñ (x) foly) dI | 








<ò (2M+0), 








ci 1 pl 
= 21+d){1+/ Te, 1) dr 11,9) d+ ff 26 の È 
0 0 040 


These two relations, combined with 


ime A )A(=2) Fes = [A x) fly) dT, 


NE D 8, +8, DN 


give rise to 


lim = n (= Fn; 88) = fou (e) (0 a7 | 


naw Ss, + N 


三 227+912+ 2 1)de+ [2 も の 9 Km 9) de dy |. 
0 0 0 ゾ 0 


The positive number d (2M+6) of which the left-hand side expression 


ーー 
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is quite independent, may be taken as small as we please, so that we 
arrive at 


im 2 の ( di )o: (2) Fc: 81, 82) =/9 (x) g:(y) d 7, 


n= ms +s,=n n 





thus establishing the lemma completely. 

We now apply the lemma to the functions g,(®) and の (の) defined 
as follows :— 

Let L and M be two points (0,1) and (1,0). Further let A, and 
A, be the two points, on the line y=1, whose abscissae are respectively 
a—e, and a where 


O<a—s<a<1, 


and let 万 , b, be the two points, on the a-axis, whose abscissae are 
respectively 6 and 6+¢, where 


a<b<bte,<1. 


Draw two circular: ares 4,4, and B,B,, one 
touching the two lines A, A, and A, B,, and 
another touching 6,6, and 6, A. Then we 
define 9,(z) to be such a function of x that its 
graph is represented by the full line L À, A; B, 
B, M. 

Again let L’ and m be two points (0,1) 
and (1,0). Further let A,’ and A,’ be the two points, on the line y=1, 
whose abscissae are respectively a’—s,’ and a’ where 





Um で O で 1 
and let 6,’, be the two points, on the z-axis, whose abscissae are 
respectively の and の 十 s where 

abe bi ke], 


Draw two circular ares A’, Ay and By B,’, one touching the two 
lines A,’ A,’ and A,’ B;', and another touching B,' By and 万, A). Then 
we define 9,(2) to be such a function of x that its graph is represented 
by the line L’ A,’ A,’ B; B, M". 

Since for the functions 9,(2) and g.(x) thus defined we have, 


D+," 


fata dif ER REN AR, SE 
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the relation (181) gives us 


lim DI 9: ( ei la (=) PRETE 
n=® gs =n(b+£,) n n 


S。 =n(0/+€,/) 





ay D+," 
DCE OC a) derdy. (182) 
a—E 

Now let the function to which oi(?) tends when ¢,,¢, vanish, a and 
b remaining constant, i.e. the function represented by the broken line 
LA,B,M be denoted by g,(«); and similarly let the function to which 
g2(x) tends when e;’, e vanish be denoted by g,(x). Then since the 
convergence of g,(v) and g (x) tog, (x) and g, (x) is uniform we have 
easily 


ui [im ser (lee \ F (ns | 
e,6。 Le=e s <n(b+e,) n n 


HE PUO ss = N (07 十 6。 ,/) 


. ’ ーー Ss ーー Ss 
= Jinn see g(-)3.( - 
n= s =nb n n 


8, nb 





)F@; 81, 82). 


On the other hand if c,e’ denote the trigonometrical tangents of 
the angles which A; B, and A,’ 5, make with the axis of x with their 


signs changed respectively, i. e. 





REI (183) 
b—a b'—a 


then we have always, on the circular arcs of the graph, 
[n'@)IZ=c, |gi@l=e, 


independent of ¢, €, €)’, &,' so that by Pulp 


b+e, pb/+é/, 
as ne gs (©) 9. (9) 7 (a, y) de dy 
«a 


b b’ 
ee | il À (a, y) de dy=p (&, x &', &/), 
a a’ 


we also arrive at 


lim Hae ore ee 


FAI e,/’=0 


It follows therefore, by (182), that 
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lim 2 di (=) A = ) F(n 3 8,3 82) 
n 


n=% 5, = nb n 
s, = 





の が 
= Il 7X (a, y) dv dy(*). (184) 


By aid of this relation we may show our theorem for the case in 
which the point (+, y) lies in the open domain 0<x<1, 0<y<1. 
For from the relation (184) we get 








ュー di PE pre 
lim = SEA ae iL fi (x, y) dx dy, (185) 
eta 
n 
os 2 < 4 
Soa 
a A 1 ヶ D DU 
lim X  Ffn;s,s)= | | | À (x,y) du dy. (186) 
N= © Ne (6—a)(b'—a') Jada 
OI 
n 
02<y 
NR 


The left-iiand side expression of (185) is independent of 6 and 0! 
while the right-hand side expression tends* to A(a,a’) when 6 and の 
converge to a and a’ respectively, provided that (x,y) be continuous 
at the point v=a, y=a. We have therefore 


n= の 


ii ZF (in 3'8);8,) = (aya) (187) 


ゞ 
DS S64 


ET 
Ir 


Similarly from (186), if A (x,y) be continuous at @=b, y=b', then 


im Y F(n;8,8)=27(0,5). (188) 
SET | 
ı= 
os = 
NR 


The two relations (187) and (188) show us that 





(1) This shows that the lemma above established also holds for functions g,/(x) nad 
9,’(2) which are not necessarily continuous. 
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lina Fin; 8589710, 0; &, Y) 


0 


IN 
IN 


x 


0 


IA 


y 


IA 
ske = |» 


exists and is equal to A (x, y) if 
Deal; 0<y<i, 


and Z(x,y) be continuous at the point (a, y). 
Again to show our theorem for any point on the boundary of the 
rectangle (0 =x=1, 0=y=1), say for the point x=1, y=a' where 


Dee a erly 
we have to take 
n(+)=1, 


in the whole interval (0, 1), the function 9, (x) being defined as above. 
Then since g,(7)=1, の (2)=0 in the whole interval we have 


Î AR) gl) di ニー il の (æ) 4 (1, y) dy, 
; 


and therefore we get, instead of (184), 


| ve 
lim 2 Go (=) Fass, = 4(1, y) dy, 
Res に mn a’ 
os 2 =y 
eme 


where み (?) and ce have the same meaning as in the above. From this 
we obtain 


lim X Fins,s)=1 (Le), (189) 
っ =) 
— 
0<2< 


= N = 


~ 


provided that A (x,y) is continuous at the point æ=1, y=a’. Similar 
results hold for any point on the other .boundary lines of the rectangle 
(0Se¢=1, 0Sy=)). 

It has thus been shown that if there exist a limited and non-negative 
monotonic function À (x, y) satisfying (179) for nu =0, 1, 2,------ ,-Ni=0, 10 
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Di. , then, at any point of continuity of 2 (®,4),(*) 
| 7 (0, 0:2, y)=A (a, の, 


so that the system of trials belongs to a determinate system with respect 
to a system of two mutually exclusive events under consideration. 

31, Just in the same manner as in §17 it will be shown that, if 

Toto Be 1, 2,...... ) 
wel, 1,2, se 
all exist, then there always exists a limited and non-negative monotonic 
function A(z,y) satisfying a system of integral equations (179). 

This, combined with the results obtained in the last article, gives 
the following criterion :— 

In order that a system of trials may be a determinate system with 
respect to a system of two mutually exclusive events it is necessary and. 
sufficient that all Tm, m; (nu =0, 1, 2,------ ln Lone ) should exist. 

If all Tm, mz exist, then there always exists a non-negative monotonic 
function À (x, y) satisfying a system of integral equations 


Dn ie = / am, ya の ん (179) 


Wh Us eee O mel MA oct UE 


and this function À (x, y) is identical with the limiting probability 7 (0, 0; 
a,y) at points of its continuity in the domain D defined by 
deli OSS 

the points forming a set whose measure is equal to the area of the domain 
D. 

Let us now transform the system of integral equations (179) in a 
somewhat different form. 

If the set of points at which the monotonic function 4 (x, y) defined 
by (179) is continuous be denoted by B,(?) so that B, isa component of 


the set B, where By has been defined in § 29, then the function 7 (x, y) 
defined at points (x, y) of the set By by, 


の (x, y)=4 (x, y) —w (x, y), 





(1) Of course the set of points of continuity of (x,y) is everywhere dense in the 
domain 0=eZ1, 0=y «1, 


G2) Bo is thus such a set of points that its projection on the a-axis is identical, 
with the set J, defined in $ 30 and its projection on the y-axis with the set Jy. 
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where w(X, Y) denotes the sum of the limiting probabilities at points of 
the set B, in the domain (0=x=X, 0=y=Y), will be continuous in 
the domain consisting of points of the set By. Let Ÿ'(x, y) and W(x, y) 
be the extended functions of (x,y) and w(x,y) from their values at. 
points of the set B, in the extended domain which coincides with the 
entire domain D (0=Æx=1, 0=y=1). Then Y(x,y) is a monotonie 
and connected(!) (but not necessarily continuous) function of © and y 
in the whole domain and satisfies, at every point of the set B,, 


D (a, y)=À (x, y) — W (2, 4) 
so that the relation (179) may be written in the form 


Tm, m= las Ye d, P+ fam, afr d, W, (190) 


where fom ym. dE and fa: ym,d, W are defined by 


f am, YM, d, pv 


2lim À ¥ X™ VY PX, M) TX, Yrs}, (191) 


fal ral 
fe y": d, W 


lim ダメ X™ YES (W(X, )-W (X Yo}, (192) 


r=1 r'=1 
the limits being taken when 
the greatest of X,— X,_, — 0, 


and 3 アリー Y,-ı > 0, respectively 


or by 
i un Hei | 
fer Ya d, が ゲ 一 の (1, )-f hy DA (am. ) Wa, 1) ax | ーー (yM2) Y(1,y) dy 
o da o dy 


1pl d | d | . 
+ ff Leon) (um) Fea) de dy 
olo de dy 


and a similar expression for fom Ye di W. 
Now if 4,, 425 Ay» denote the limiting probabilities. 7 (e-0,y—0; 
(1) A function Y(x,y) of two variables x and y is said to be connected when if 


any two points be taken on the surface represented by z=¥ (x,y) there exists at least a 
line on the surface connecting those two points. 
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x+0,y+0) at points (%, Yı) (の) Yr), (ts, Yz) e of the set B, arranged 
in some order, then it will easily be shown that 


pr (な d, IV == N xi Ye e ん ぅ 


t=) 


and lence the relation (190) is transformed into 


oo 

Tm, ma — > Xi Ug 2 ん, 十 aM, YMz d, , (193) 
i=1 

m,=0, 1, 2 ……・ = UN, Zi ; 


We have therefore : 

If all Zm m, exist then the relations (193) must be satisfied for a 
connected function (x,y) and for a set of sets of values of (ms, 人 È) 
(i=1, 2, 9・…・ ) with the conditions 

0=2,=1, 0=y =], 
ZN"). | 
Conversely if these exist a connected function 7° (x, y) in the domain 
D (0=x=1, 0=yS1) and a set of sets of values of (x, y, À) ü=1, 
2,3 ), subject to the conditions (194), so as to satisfy (193), then 
we can sce at once that, at points of an everyWhcre dense set whose 


(194) 


projections on the coordinate axes form the complementary sets to (x) and 
(y;) respectively, 

70,0, y)= € (a 9) + Zu Ai 
where Z,, denotes the summation about ん corresponding to the points 
(&,,%:) Which lie in the domain {(0, x); (0, y)}. 

Consequently we have the result : 

If Tm mz (m,=9, J, 2 ……・ smi=0; 1, 2 この ) exist, then the system of 
equations (193) is always satisfied by a connected function Y (x,y) and a 
set of values of (%;, Yi, 4;) subject to the conditions (194). The set of points 
(2;, y;) corresponding to non-vanishing À;, in this case, forms the set B,. 

32. From the analogy of the results obtained in $ 18 and $ 31 we 
may classify the determinate systems of trials with respect to a system 
of two mutually exclusive events, in a similar manner as in the deter- 
minate systems with respect to a single event. 

The case when Y (a, y) vanishes identically throughout the whole 
domain D (0=x=1, 0Sy=1) will be characterized by the condition 





(1) In case when there exists none or a finite number of points of the set B,, all 
or all but a finite number of À; are to vanish. 
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Tm mo 


| 


の 
> xD Ya je (195) 
m0, 1,2, m,=0,'1. の.・……・ 


Such a system of trials is callel the simple determinate system. 

Again if G denote the common measure of the set B, and its derivative: 
then Gis a closed set and it may be resolved into a sum of an enumerable set 
H and a perfect set H, of which the former can be expressed in the form 


HE Ga Git ire +G,, 


where is a finite ordinal number or a transfinite ordinal number of 
the second class and G, denotes the isolated set of points contained in 
the à” derivative of G. We call the point belonging to G, the point of 
the i+1™ class and the system of trials for which every point in the set. 
G is at most of the i+1™ class the system of trials of the i+1™ class or. 
of the generalized i+1° class according as 7 (x,y) does or does not vanish 
identically. Itisevident that for the occurrence of such a system of trials 
it is necessary and sufficient that the 2" derivative of the set of points 
(v;,Y;) where (2, y), (®25 Ya); are as to satisfy the system of relations 
(195) or (193) should consist of a finite number of points(* ). 

Furthermore if the set G contains a perfect set H, as a component 
the system of trials is said to be of the second kind, and in this case it 
may have nowhere dense set of points of condensation of the relative 
frequency or everywhere dense set of points of its condensation in some 
sub-domain of D (0=x, OSy, 2+y=l). 

It will be observed that if a system of trials belong to a determinat 
system with respect to a system of two mutually exclusive events then 
the system of trials also belongs to a determinate system with respect to: 
either one of the events. But in this case the class to which the system 
of trials belongs with respect to a system of two mutually exclusive 
events is not necessarily identical with the class to which the same system 
of trials belongs with respect to either one of the events. For example 
a system of trials which is of the generalized zero class with respect to 
two mutually exclusive events may be of the higher class with respect 
to both of the events respectively. 

33, We have, in the Part IV, considered a very special case of 
the determinate system with respect to a system of two mutually exclu- 
sive events, the condition of whose occurrence can be expressed by some 





(1) In case when the set H does not exist, the system of trials belongs to the zero. 
class (generalized), thus answering the case when ? ニ ー1. 
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relations among a finite number of Tim, m2, and in the present Part, its 
most general case whose occurrence depends entirely on the existence of 
all Tim mz (m =0, 1, 2,------ ol een ), ©” in number. We shall 
here consider a special case’ of the determinate system which may be 
characterized by some, co in number, of Ti, ms. It is the case when 
the system of trials is of the first class with respect to either one of 
the events. 

If a determinate system of trials with respect to a system of two 
mutually exclusive events belong to a simple determinate system of the 
first class with -respect to the first event, then from the discussions in $ 5 
and $ 30, we see at once that: 

(i) The system of simultaneous equations 


ry と 
gee Oa Oe RIE EA 1,20 LER (196) 
i=1 
will have a unique solution, for a properly chosen positive number r,, and 


(ii) T m=0,1,---1,—1 
の =, 1.22; inf 


necessarily exist. 

We shall now show that these two conditions are sufficient to ensure 
the occurrence of a. determinate system with respect to a system of two 
mutually exclusive events, which is of the first class with respect to the first 
event. 

If Tm, my for a definite m, and for all m,(m—0, 1, 2,------ ) exist, 
then it can be shown, as in $ 17, that there exists a monotonie function 


a) 


of y satisfying a system of integral equations 
| Tm, me (ge dit), (197) 
mel 
where ff (y) dA) is defined by 
fon = の 20 の 0ー MI dy. 
0 


For such functions 10) (a) (nu =0, 1, 2……… ,%— 1), let us construct 
a series of functions 2,(y), Z3(Y), +» ‚Ar, (y), so as to satisfy 
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10) = Zam. TY), (198) 
10; wo 2,...... ‚n—1, 
の 5 か 5 Vr, being the constants which satisfy the simultaneous equa- 


tions (196). That the functions A,(y) (i=1,2,------ ‚r,) are uniquely 
determined if the condition (i) be satisfied can at once be seen; and if 
they exist, they will be expressed in the linear form of monotonic fune- 
tions Ay), AP (y), »A"1—1) (y) so that they are integrable in the 
interval (0,1). The relation (197) then gives 


r 


1 Tes 
Tm na — =d Uv; m sf ys dA, 
1 


i= 


Mal aa mer, ; 


Starting from these relations and following the DSO adopted in 
$ 30 we may derive, instead of (184), 


im 2 A(L)a(%)rns,s) 
n= の n ns 


0 - 1 


の 


IIA 
N 


IN 
“| ®| 
N 





loa AE 
= さん < LI, 


where f(x) is a polynomial of x at most of the degree 7,—1, and 2 (y), 
a',b',c' have the same meaning as in 830; and therefore we have 
ultimately 
. Si 
lim Det; ( 
n 


n= L ぐ 
0=L<] 





)F@; AA Sf (%) A;(Yy), (199) 
i=1 


n 


% 


=.= 
Pa) =Y 


at points y of continuity of the function i,(y) i.e. of all the functions 
2 の (79, A Py) の ー (y). 

Since, if the condition (i) be satisfied all the points in the domain 
D (0=a, 0=y, «+y=1), whose abscissae are not equal to any one of 
Cis Ag yrreees ,v,, belong to the zero class (defined in § 23), if we take 


“= ame): clear) 
(a) = aes 
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for the function f(x) in the relation (199), we shall obtain 











5 y Sol 4 8; | Hi - Be 
A 7 ( n ud) N ( n RE EE 
Li € a Vi +E i 
ee 
ES Si 
0 三 1 ty Sei er F(n; 8, 82) 
: n 


ーー (a, En x;)(x; = 2): ーー・ (る — u); どー Liu) ts à (x; ce Tr.) ん (4) ’ 


where e is a positive number which may be chosen arbitrarily small. It 
follows, as in § 3, that 


lim > Binz, s)=AW)(") (200) 
n= on è 


n 








Ss 
0 一 三 
zur: り 


and therefore if a, a, 2,-----+, ar, denote (x,) arranged in order'of increas- 
ing magnitude then for the point 2 such that 


U ぐる ぐ Uy +1 


we obtain 


Le 
7 (0,0; 0, y)=2 4 (9), 


| provided that y is a point of continuity of all functions 4,(y) (i—1, 2... 
---, 4); and for 0=x<x, 
EROE 


while for ar <x=1 


= 
fe 


ん (の ・ 


Thus 7(0,0;,y) has been shown to be continuous at an everywhere 
dense set of points in D and hence the system of trials belongs to a 
determinate system with re:pect to a system of two mutually exelusive 


Le 


7 (0, 0; x, y) =: 


events under consideration. 

The results may thus be stated as follows :— 

In order that a system of trials which is of the first class with respect 
to the first event, may be a determinate system with respect to a system of 
two mutually exclusive events it is necessary and sufficient that the two 
conditions (i) and (ii) should be satisfied. 





(1) It has indirectly been shown that a; (y) is a monotonic function of y in the domain 
consisting of points of its continuity, and as the set of such points is everywhere dense in the 
interval Oy =1, it follows that A; (y) isa monotonic function in the whole interval 0=y=1. 
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If these conditions be satisfied, then there exists a system of monotonic 
functions 2,(y), Axy), ‚Ar (y) satisfying (198) where 10(y), I) ; 
Anal, (y) are defined by (197); and at points y of continuity of these 
monotonic functions we have the relation (200). 

34, The reasoning given in the foregoing articles may equally be 
applied to the general case and we have the results :— 

In order that a system of trials belongs to a determinate system with 
respect to a system of 7 mutually exclusive events it is necessary and 
sufficient that all Tm,,m,,...., my 


mes Vis TRG 
m=0, 1, 2, 
ei): Fe a CES AT 


‘should exist. 
Tf all Zn ,m,,....,m; exist, then there always exists a monotonic function 


+ (の — À (ti, bye 3 ん ) 


of 2 variables 4, も あ ………・ ‚t, satisfying a system of integral equations 
m, M Mira, 
Ting me m=f er De GB BAe 
m, =0, 1, 2,------ M,=0, 1, 2,------ 
Bae RE m,=0, 1, 2 ……: 
m mm, Be 
where f "ty, et, dA is defined by 
k, k, kt m, m Mi ( 
ia OR BE re SUR D PR t Ur 97 か ん) 
§=0 r,=1 Pass r,=1 ir: ar, Uri 
ー ltr, —1, (2, 7,—1; ere tl, n—1)} ; (201) 
の denoting the greatest of 
li,r, —t,r,—1, (2, r, 一 2 タッ ーー tiny — tl, ri—1 , 
such that コル ーー に el, 
and file, = 2e, = = ly=1. 


This function A (t) is identical with the limiting probability 
7 (0 ーー (0, 0, re 0, tt» j る ), 
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at points of its continuity in the domain D defined by 
or Le OSes ee: NS 


the points forming a set whose measure is equal to that of the domain 


D. Or if all FRE 


っ 0。 か っ 2 exist then there exists a connected function 


HET P(é, あー x t), 
and a set of values of (4。 ty, …… ty, À) subject to the conditions 
I al, Veen rei sa Keane, 
4 三 0, 
satisfying a system of relations 
の y 
Tm,m, = di br Re pu ん +f en bi パタ まく pui d, が 
t=1 
M =0, 17 2, ...... 705 13 2, ‘0000 
sets esec.tocse m=O, IS 2 …・ 
and the set of points (4, も ちょ ……・ , ti) corresponding to non-vanishing 4, forms 


the set B,. 

Again in order that a system of trials which is of the first class 
with respect to the first /, exclusive events, may be a determinate system 
with respect to a system of / mutually exclusive events (2>4) it is 
necessary and sufficient that 

(i) the Z, systems of simultaneous equations 


Ts 
a 
Tm, 0,02 tit As m,=0, 1, 2,---++-, Zr, ; 
+= 
Vai 
To, m,, 0… Oe bys Axi, m=0,1,2,.-.-- る 2 ) 
i= 
I]. me À 
To, 0, mp 5 0, =! tli DI sò, mu g= 0, 132: pc 
{= 


should have unique solutions respectively and also 
(ii) T m sm... -,mı 
m,=0, 12, »T1—1; M, +1=0, 1, Zee ’ inf; 


QA vs ete Terra rb ran +; ij TEE BOARD au Ble vie 
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should exist. 
If these conditions be satisfied, then there exists a system of functions 


Aisige (4 42 7 4-2 die È t) 


of 7 一 4 variables satisfying 


oy m 
fk < O 
N ee ps RR LIO Rn TI EN. 
BE FR. ee li, ny | ち す 1 4 ユタ 1, 
1 


m,=0, 1, 2 …… ‚nl; m 41=0, 1,2,.-.... int 


$ no et Lt RE SE EIN HN; 


where 


m = 
Mer CET. ER EN 
1 SI l, 


has the analogous meaning as defined by (201); and at points (4,41, 


tl +2. t) of continuity of these functions we have 
TS i) he POTE 
lim 2 F (n; Dig Op TS 2 8) = Ai, ES NE LE (ti, +1, tl, +2, ppi 2 ti), 


the summation on the left being extended over 




















| 
8 S, 2 Sì 
Lt, are ーーーー Uf MS Eg shee 1 —ti, sn 
3, +1 81, +2 Ss 
at u fase eee, a し ni 
n n n 


35. We now give examples belonging to the class considered. 
If, in the example considered in $ 27, Pn, Qu En and Pn’, Om, Bn’ 


are subjected to the conditions 


( a ) n= Em té at 
(b) limm(1—P,)=k and limmR,=h, 
exist and none of them vanish, 


(ce) Qmn'=q', a constant which is positive and smaller than 1, 


then we get a system of games belonging to a determinate system of the 
generalized zero class with respect to the winning of A and B. The 
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system of games is, however, of the first class with respect to が 
winning. 

Again if, in the above example, the condition (c) be replaced by 
that 

(@) lim m(1— の) ニテ and lim m R,=k, 


MER Mz の 


exist so that %y=#0, y=#0('), then we get a determinate system of games 
of the generalized zero class with respect to the winning of A and B(*). 
The system of games is here also of the generalized zero class with 
respect to A’s winning or with respect to .b’s winning. 

We may construct further examples illustrating determinate systems 
of several classes. But as the calculation of Im, m,---- is, in many in- 
stances, complicated we shall not here enter into its discussions. 


Parte VI, 


Further Extensions of the Results. 


36. The results which have been obtained in the foregoing Parts 
may be looked upon as extensions of Poisson’s Law of Large Numbers. 
We shall now go on to a short discussion of their generalization which 
corresponds to that considered by Tchebycheff. 


Let パパ 2 , X, be n variables which run over n sets of values 
Ay; Ajay 0000 > の 7 > 
Ga Gone > 4, la; | (202) 
Anis Anz" > Anln > 


and the corresponding sets of their probabilities which may vary de- 
pending on the values taken by the other variables be 


Pio Pr» den 0 2 pe lis 


Pa; P22 ar > Pa lo 





(1) It is clear that k,/=k, and k,’Zk, so that the two conditions (b) and (e) 
may be replaced by k,+0, k, +0. 

(2) That all Tm, ma, in this case, exist will readily be seen; but the actual calcu- 
lation cf them as well as the determination of the function 7 (0,0; x,y) is not easy unless 
certain conditions are fulfilled among k,,k,’,k.,,k,/. 
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à priori such that 


Then a point x is called the point at which the probability (2; ¢) 
vanishes or the point of the class zero if, by taking a sufficiently small 
positive number e, the probability that the inequality 











TE 0 + Anan opa 
n FEN 
1. €. 
n 
ER 
: —x|=e, (203) 
n 








holds approaches zero as limit when n tends to become infinite, and the 
set of such points is denoted by A. Similarly a point x is called the 
point at which the probability 7(x;) is equal to A or the point of the 
first class, if the probability of the existence of (203) approaches a definite 
positive number 4 for all positive e smaller than a fixed positive number 
&, and the set of such points is denoted by A,. 

Now confining ourselves to the case where the double sequence (a; ;) 
is bounded so that it has an upper limit G and a lower limit ん it is 
easy to show as in the Part I that: 

In order that the set A, may consist of r points, all other points in 
the interval (L, G) belonging to the set A, it is necessary and sufficient (' ) 
that the system of simultaneous equations 

È 


SPIE NM 
イース v, LS 


t= 
m=0, 1, Ze an, 


should have a unique solution, where Tm is defined by 


I, la In m 
: Aa +a,a, +eco Anan 
ey AUS [echte Er Een (Ax AGE AE 
n=œou,=la.=1l , an=l n ; 





(1) This condition is still sufficient even if we remove the restriction that the double 
sequence (4;;) is bounded as is easily seen from the discussion in 2 3. 


& 
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(Aa, Aa, Aa, ), being the probability of the concurrence of dia, Oc 
ーー ‚Ana, of n variables X,, X,,------, X,. 
Again if (ん る ) denote the limit, when n=, of the probability 


of the existence of 


n 
\! À 
L= 一 =u, 
n 





then we have, as in the Part III: 

In order that x(L, x) exists at an everywhere dense set of points in the 
interval (L, G) it is necessary and sufficient that all T,, (m=0, 1, 2……… ) 
should exist. 

If all T, exist then the system of integral equations 


m 上 d 7 ÿ] 
T,=G"- i テ (a) Aa) da, 
U 


ae) 
m=1, 2, 3,:---- (eas 


is satisfied by a monotonic function A(x) in the interval (L, G) so that at 
points of its continuity we have 


A(®)=z (LG, a). 


It now remains to calculate 7°, in this case. 

Let (A,), denote the probability of the occurrence of a. of the 
variable X,, (EA,), that of a, of X,; (A, Ag), that of the concurrence 
of a, and ad, of two variables X, and X,, and so on. Then as for such 
symbols the fundamental laws of algebra with the exception of the 
commutative law in the product expressions hold we have 


fe h 
x! \! M mn 
à: Reste <a » Gas (Aa, Aa, Bodo A 12 
Lg 6 6 
ーー N m > ee > (Aa, Aa, a) a Aa, da 





(1) The relation corresponding to m=0, is to be replaced by 
Tash 
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= à 
or) 
aa 
è 
a = 
や 
En 
D 
S 
に 
= 
マウ 


i 
Ly I 
SE SS 
a =l a = an = 
ly m er È In 
— \' ...... 
ーー da,» 2 Zen 3 (Aa, Aa, Aan)» 
os) a,=la,=1 an=1 
sE m S 
oo d,a, (EAa,)p 
arci 
> m 
— a Q,a, Pots» 
a,=1 
so that 
He La In m m Mm 
> レン CO 5 ag + Aa, ーー Shave català に Arun (Aa, Au, 8 0197 Abi 
a, el o,51 an= 
sh li m 
=S 2 da; Pia; (204) 
i=1 aj=1 
Similarly 
は un [| m-ı | 
PA TOOT ea Cia, Qa, + ‘eve . + An —1 an-1 Unan (Aa, Aa, NOR CC Aan)p 
a,=1 an= 
I, l 
1 + m-1 
ーー 2 d,a, da, (Aa, Aa,)pt en 
ao, =1 «a, =1 
ln-1 In \ m-1 a, 
1 1 So) ‘ 
+4 っ An-1 an-1 Anan (E° Aan-ı Agna (205) 
olii an=1 È 
TOO Aan)» 


ば In 
ふ ! 
Trees à Ic anse 
a, =1 an=1\ 
À ® 
a. AW x? 
= Li recone Li da, se ewer Cm am (Aa Aas „..... Amt" 
a,=1 am=1 
In-m+1 In n 
\! 1 ‚n-m 1 
RE ei On—m+i an—m+1'**** ‘Anan (E Agati pra Aa) (206) 


デー 
an-m+1— 1 an=1 


Consequently we get 
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m 


U In 
> ans Di: {9 + Œ a, + er, + ol (Ac Ass Vins Aan)p 


a,=1 an=1 
= A, 2 mt …… +m! Gul 
4 nm ( ) 十 ” T / 2 
where A,,(n), Bun)" , Gn) denote the expressions which stand on 
the left of (204), (205),.--... , (206) respectively. 


If now the double sequence (a;;) be bounded, it will easily be seen 
that A,,(n), B,,(n), …… except G(r) are all of lower order than n” 
when n becomes infinite and hence we have | 


I, In dia +... + Una 3 
delim de. i di Aan)» 
| n=% qa. = an= 7 n 
Dour AC | 
SI A (207) 
SE n” 


a generalized formula of (37). 

It is evident that several results which correspond to those obtained 
in the Parts I, II and III may be derived from the criterion given in 
the present article. 

37. Again let YX and À’ be two exclusive complementary variables 
which run over two sets of values | 


È / £ È A 
ys Cielo" » Ku and TEE arte » Livio 


respectively, i.e. when -X;’ takes any one of the former values, X;" takes 
no value while when X, takes any one of the latter values, X’ takes no 
value and also there exists 


Pa Dip + wach + Din + QE CA + Dai ーー % 


Then the set of points in two dimensional domain such that, by 
taking a sufficiently small positive number e, the probability that the 
inequalities 


» 
NV V7/ \! デ // 


aot <i; 


1 


—y =e 
n n din 


う 
hold simultaneously approaches zero as limit when n becomes infinite, is 
denoted by Ay. Similarly for the set A. 

Now confining ourselves, as in the above, to the case where the 
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LA 


double sequence (a;;) is bounded we have the result which corresponds to. 


that in the Part IV: 


In order that there exists no point in the two dimensional domain 


Lo Ley ey, 


which belongs neither to the set Ay nor to the set A, it is necessary and 
sufficient that there should exist two positive integers r, and r, such that the 


two systems of simultaneous equations 


TL 
Sees SAT 3 
Ts 0= 2 7 An m==0, ph 2, Ses de art 

Lee 
and 

の っ 
イッ ーー 2 À, m=0,1,2,.....- AT, 

i=1 


will have unique solutions respectively and also 





Pe ka 1, Zecca 5 +) 
MM, le 
M=0, Le 2, ERDE o 7 一 1 
should exist, where 
Tm, ma = lim Tm,m,(n) 
n= 
Q Or e pc te dna ) Mi 
Tm,m,(n)=2......2 | 141 =n | 
a, = 1 gz = 1 n 
7/ I 
d'la d ーー a Mm 
x | la, + + nan | An He 
n 
aia; and の jo, being defined by 
a, = Gin al, 2... pid 
と a 14 し 
ーー if a =l/+1,..... CR PE 
RN) if a=1,2,...... UT 
— sys 4 en EA 
= dix SL eh: 


‘00000 


7 Lae: DR 7 È . . . 
Furthermore we may arrive at a generalized result which corresponds to- 


that obtained in the Part V. 
A formula for the calculation of Zm,,m, may be derived 
similar manner as in the last article and we have 


in a quite 
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; G (n 
eee net met lint remet} 
n=% NM, HM, 


where 
Gm ma(n) =2! (a, A) oli Ami ne) (Ci) +1 Amı-ı1"""""* Am, +M, am, con 
Xx (Aa Aar Adie sims )y ot ar 
>" (an-m,—m, +1 an—m, -m,+1 °°" An—m, an—m,) 
x (nm Hm oe) an A Au) 


the first summation > and the last summation 2” being extended over 


7 


に IE, 
a=1,2, ……… AE 
の = 1, 2, Pa Et ‚Um; 
om+1=l/m+ı1+]1,; IT 3 lm, +1 3 
Omı+m=l'mı +m, +1, +... yom+me, 
and 
On—m, —m, +1=Un—m,—m, +1+ ie HE Re ey ’ In-m,—m,+1 ; 
On—m,=Un—m, +1, » n—m, ; 
On—m,+1=1, di 3, si ’ l'n-m, +1; 
ーー I 
e On=1, 2, 3, Bei Di 


respectively, all other summations being similarly performed between 
proper limits. This is a generalized formula of (150) for !=2. 

Thus a generalization of the results obtained in the Parts IV and V 
has been established for 7=2. It is evident that the similar result holds 
for any J. 

38. In the last two articles we have confined ourselves to the 
cases where l,, 1,,-----: ,/, are all finite. If some or all of them become in- 
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finite, we have to deal with infinite series, instead of the finite expres- 
sions, which will however be all absolutely convergent in virtue of the 


relation 


x x 
AM CRE Si, Alanine Aan),=1, 
ei an =1 
if we assume, as in the above, that the double sequence (a;;) is bounded. 
It then follows that results which have been obtained in the last two 
articles equally hold even for the case when the restrictions that ly, li, +... 
いい ーー ‚1, are all finite, are removed(”). 
Also the reasoning given in the last articles will equally be applied 


to the cases where the variables X,, X,, +. … ‚X, run over, instead of 
enumerable sets of values, all values within the intervals 
(3; rg): (8, Fa) ee , (Bn Tn)» 


respectively, of which the sequences (,) and (7,) are both bounded ; and 
we have the same theorem, corresponding to that obtained in § 36, by 
merely replacing the expression of 7, by 


rote | ae 月 i Ahr ma + À, en. 
ve Bn 

% WE CE DAT Pre. axe 

1.¢. 
Y, Ym 
7„=m! lim | / eur >. if DAO ot Daa Xi) dX; eos 
ID Bm | 
lene 


Yn-m+1 Yn 


+ if rae | An FLE M NE de Wen; Fe FE 2 Xn) d PE e + RE d x > 
Bn-m +1 Bn 


where W(X), Ars ‚X,) is the probability function of n variables 
X, Ay ‚An, i.e. the probability of the concurrence of them, W(X, 
Res ,X,) that of the first m variables X,, X,,---+++, X;,, and so on, 





(1) The set of values taken by the variable X may of course not be diserete ; for 
example the set may consist of all rational numbers between 0 and 1. 
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Nena , X,) that of the last m variables X, _mss TA Saad 
similarly by dividing cach of the intervals above considered into two or 
more parts we may derive another theorem which corresponds to that 


in 837. 


APPENDIX. 


Note on a Simple Determinate System of Non-independent 
Trials of the First Class. 


If F(n,s) denote the probability of the happening just s times of 
an event in n trials, and the limit to which the sum, with respect 
to s, 


F(n, 8) (1) 


<= 7 


ET) = 
0 


LA 


\ 
ざ 
n 


tends when n becomes infinite, be denoted by A (x), then a system of 
non-independent, trials for which the function À (x) becomes discontinuous 
at a finite number of points in the interval (0 = = 1) and is constant 
within each interval of its continuity has been termed a simple deter- 
minate system of the first class with respect to the event and the points 
of discontinuity of the function 4(x) have been called points of the 
first class. I have shown in the Part I(') that, putting 


T= lim Su : \'F (0,8), È (2) 
n=o s=0\ N 
the condition necessary and sufficient in order that: a system of non-inde- 
pendent trials may be a simple determinate system of the first class with 
respect to the event under consideration having 7 人 of the est class 
is that 
(i) the simullaneous equations 


Si a" À. Ce ), 


m=0, 1, 2,------ ar 


‚should have a unique solution (x,, À;) or 
(1) $5 and $6. 9 
(2) Of course the existence of Tm is necessary. 
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(ii) DE wr Nr Crees: M. |=0, (3) 
ay GURY Ban ct he 
sk sh +1 {ER て i hs 
Te Eee es T. |#0, (4) 
TORT ee ene の 
TITRES SA: TER 


and the equation 


Da) we x” =} (5) 
À POMPA LA ae T 
a 7 が 7 4 er: fi <1 
TR dis Las Gata Lia 


should have no multiple roots(* ). 

It seems, however, probable that the condition (5) is superfluou:( ? ), 
i.e. the two relations D,=0 and D,_,#0 are sufficient to ensure the 
existence of a simple determinate system of the first class. That this is 
really the case will be shown in the article 1 of the present note. 

Again the criterion (i) shows us that a simple determinate system 
of the first class with respect to an event is characterized by some re- 
lations among 7, 7,,--.... ‚T,,. It is expected and can be shown that 
such a system of trials is also characterized by analogous relations among 
any 27 ones of T5, Da; s Tirer . The articles 2 and 3 of the pre- 
sent note will be devoted to the deduction of those relations. 

1. In order to show that the condition (5) is superfluous we establish 
the following lemma. 

Lemma. If 


(1) The symbols D,-ı and JI; (x) here used is connected with the symbols A; and 


i 1 1 
Az (x) in $ 6, by D--ı=Z(r-1) 7 Ay, Hr == r(r+1) Ar (x). 


(2) In the sense that this condition is a direct consequence of (4). 
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Ber D=f 1 7 20... TIER AU TEST UT ar T., |#0, 
1, T; MH LORI NATO ETC 74 
7 が Di Det ii Ty ー2 


where T is defined by (2), then 


の 。>0, (o=0, I, 2,-----4 ‚r—1): 
and the equation 
Hfa)=| 1 = e ………〆 20 
TE er TU 
TOE TE TEN PAS TEN 
ASA LE da 


will have no multiple roots(!). 


From the expression of D, we have 


D,= lim D,(n), 





where 
D(n)=| SF, I a Rn an i aes: (=) Es): | 
| 2 +1 
Hm), 2 (+) F(n,s), ……… DES: >) F(n, 8) 
n n n 


è 0 + è + € 0 0 0 è è eee de 6 È è e è + e © è è è + 0 Seer e è 0 è © 0 £ © 0 » IT 4 © è S © se è 1 TE TE 6 è 10000 


+1 2 
y (+) FQ, yas (=) Fas (=) Fans) |, 
n n 


n 


2 denoting the summation with respect to s from 0 to n. 
Now the matrix 








(1) This elementary property of an algebraic equation as well as that in $2 is. 
probably well known. But as I could not find them out in any text book within my 
reach I shall bere give a proof of them. 
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0 0 0 0 0 dè 0 è è 0 eet a nds ressens 1000000 





baal Ti keene 1 
dale eee kb 
n n n 
p p p 
0(——) (=) ae (=) 
nm / n n 
and 
Fin, 0). .t2..0 cie 0 
vv tl I 
F(n, 1) F(n, 1). 21) Fin, 1) 
n n 
a n 7 ' 
| Finn) — Finn) (=) F(n,n) |, 
| n n 
so that 
D,(n)= SE (n, à) F(n, 4)……| F(n, i,) 1 | ……… N - 
ui ve, の 
n n n 
| CR) 

n n ss AA 
where + denotes the summation about 4,,4,----.. »% for all possible sets 
of integers satisfying | 

è 
0) = HI US Cas ue <1, = Ne 


Consequently we get 


- の = 0, 
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and therefore 
N 

which, combined with the assumption の 。 主 0, gives 
A), >0. 


This proves the first part of the lemma. 
Again expanding the determinant 


el LA AP et a? | 
1 The) Te T, 


ee 





in terms ot the constituents of the first row we obtain 


F(a) = 45+ A, ©+ A, の 十 ……| + A, 2°, 
where the constants Ay, Ax» , A, satisfy 
Aj+ A, T, +A, Tite... Ane ga; \ 
A, 7,+ A, T,+ A; Tate. A Lagu 
N RE (6) 
Ho Toni + A D+ A Tat PARSO. 
AT. en, 
and 
Ana — 1)? Doce (7) 


Consequently by adding to the last column of the determinant 


CBA IO URL ee A, a?*! 
i ER a DS ANT 


rere ee em mem see... 


J 
Shee Thyrs ben し 2 2p) As Le 


the second column multiplied by Aj, the third by 4 っ the (0-+1) th 
by 4。」 we get 
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Aula) OL ea yee PU bat Urls AU 
ib dai ua ’ la 0 
15, th pee NET ) A: 0 
fs 7 nie > In (—1}2), 
IN done D VAE り La L ぅ 
‘where 
L= Ay Toy À; Tat PURE sa A; Tops 


and again by adding to the last but one column of the determinant 





4, Li, (0)= 1g + seas tb N ee 
LANTA ATE 0 
7 が で Has っ を ’ A; Ie SI 
1 dita さして 2 sli Tops L 
the first column multiplied by Ay, the second by A,,::---- , the pth by 
A,-1 we have 
AH (2)=| 1, a, +0, H@, © Hla) 
di AR SFR ’ IB 0, 0, 
a ae ere Nerd); (DD, 
Th, USER FF 2 1501; Gr L ? 


from which we obtain 
At H,,(x)=(— D. Dp. x+K) He) 一 / H,_(x), 
where が is a constant independent of x, or, by the relation (7), 
Di H.(@)=(-D,1D2+&K) H(x)-D; He) (8) 
This formula holds even for the case when p=1 if we assume that 
= 1 
Now in yirtue of the supposition 


D,+0, (o=0, I, 2," ,r—1) 
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H(z) will be a polyncmial of x of the degree 0 (9 =1, 2,:-----,r)and by 
aid of the formula just obtained we may easily conclude as follows. 
The series of the functions 


He) Hua, H@), Ha) (9) 


satisfies the following conditions :— 

(a) the last function H,(a) is positive for all values of x, 

(0) any two consecutive functions do not vanish for the same of ®, 

(c) the two functions H,,,(v7) and H,_,(v) have the contrary signs 

for any real root of H;(x)=0. 

Then it results by Sturm’s theorem that if N be the number of 
real and distinct roots of H,(x)=0, and V(») and V(—<%) denote the 
numbers of variations of signs in the series (9) when 十 の and 一 の are 
substituted for x respectively then 


r=N=|V(2)-V(-®)| 
Since the leading coefficient of IH (x) is 
(-1D,, 
we have evidently 
V(n)=r と (一 )=0 


and therefore 


|V(2)-V(-©)j=r. 
It follows that 
NE が 
so that the equation 
EL (ae) =0 


will have all its roots real and distinct. 

This proves the second part of the lemma. 

By virtue of this Iemma and by aid of the criterion (ii) we are 
now led to the conclusion : 

The conditions 


D,+0 (e=0, 1, 2,------ r—1) and D,=0 


are sufficient to ensure the occurrence of a simple determinate system of 
the first class with respect to an event haviug r points of the first class. 
And since, in this case, we have also 
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Dy = Dy ー063 ), (10) 


we may derive the following criterion :— 

In order that a system of trials may be a simple determinate system 
of the first class having r points of the first class it is necessary and suf- 
ficient that 


D, 50 conde Be), 


That the condition is necessary is evident. That the condition is 
sufficient can be shown as follows. 

If D,_,+0 and D,=0 then there will exist an integer r, (rn =r) 
such that 

D EOP=UXL ce ,,—1) and Dr, =0, 
so that the system of trials belongs to the first class having r, points of 
the first class. We have therefore, if r,<r, by (10) 
I, 
which contradicts the assumption and hence 
Yr. 

2. We now go on to the derivation of conditions which are to be 

satisfied by 
Tm; Les =o ay ’ / 

in order that a system of trials belongs to the first class. 


It is of course evident that there should exist, for a properly chosen 
integer r, a solution (+, À) satisfying 


7 
イー 2 が À (11) 
m=O, Mi, Mi. suna | 
with the conditions 
Demeter: ん 主 0, (12) 


if a system of trials be of the first class. 


(1) This follows from the fact that the simultaneous equations + 


k 
Tm= 3 x" À; (m=0,1,2,-....,2r,2r+1,....,2%) 
i=1 


are always consistent, 
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To show that the converse is also true, we make use of a lemma 
relating to an algebraic equation which runs as follows :— 


Lemma. If 
F (+) = do ta a tm at La =0 (a=) 
be a given equation of the 1" degree having all its root positive('), and 
My, 46 イー ‚m, be a given series of k+1 integers such that 
0 = M<MK<M< "#10 
then we may always construct an equation, with real coeficients, of the form 
の (?) 三 4。 Mo + À, amı + A, ama + + A, ae=0, (A,#0) 


such that it has the same positive roots as the equation f (x)=0. 
Taking an integer m, let us consider a system of m+1 equations 


f(@)=+a,® ++ +a, の 三 0, 
x f(x)=a;x + ax + ar +--+: aa =U), 
f (x)=ay+a, k (13) 


a Sie ene ele aie) in als wen Cai ele th ere a Sib ea e (e 6 es ee à se e 


HAE à (2) 30, NL maris + Ser ot + dy htm "30, 
whose coefficients of 2”, a, a”,---... a+ form the (m+1)—rowed and 
(k+m-+1)—columned matrix 11, where 


MU Ay Ag Ay 0» ER DE (Peas : 0) 


O,. yy, Ay, nue 3) Agli, Agg Ops > 9.0 
eS RUE ROME ンー bode wig Ae: : 
or putting ALI RIO —(, 
I UN ==" ate er 
UF f do A, da, ee » Anam 
Ui, Ay Ay ーー » Akem-1 
Almo Amy" > Ay ・ 


It can be shown that no determinant of order m+1 formed from the 
matrix M,, vanishes if the equation f(x)=0 have all its roots positive. 
That this holds when m=O can at once be seen, since none of q, 








(1) Some of them may of course be equal to one another. In this case they are to 
be counted as many times as the degree of their multiplicity. 
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Cig Czy ceste ‚a, vanishes if f(x) =0 have all its roots positive. Now 
assume that this holds for a certain value of m but not for m increased 
by ale 20,0, 





ai,—1l Qi,—1:- el に さり (14) 
di =F ala: Cy ニム 
di, -m-1 ee Qing2—m—1 
and 
=| Qi, Gi, …… Cine. 218) (15) 
Gi, —1 Gi, 1 ii 
di, —m—1 ss... Aims—m-—1 


AG 4, Dire , da 


the first of which at least does not vanish by the assumption, we have 
from (13) 


=D, +B, M.C + Bm Den (16) 
where } 
Bis bs = Rial (17) 
and also, by the assumption (15), 


Hi 0. (18) 


1 


The left hand side of identity (16) does not vanish identically on account 
of the relation 4,=-0, so that 


By+ B, Orr ae FD tms ii) (19) 


will be an equation but not an identity. Then it follows that the equa- 
tion (19) will have at least Æ positive roots which are the roots of the 
equation f(x)=0. But this can not be the case; for since the equation 
(19) has, in virtue of the relations (17) and (18), m+2 vanishing terms, 
it can have, by Descartes’ Rule of Signs, at most k—1 positive roots. | 
The assumptions 4,=0 and 4=0 are therefore inadmissible, i.e. if 4,+0 
then necessarily J=#0. 
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Thus it has been shown that if no determinant of order m+1 
formed from the matrix M,, vanishes then no determinant of order m+ 2 
formed from the matrix Jf,,,, also vanishes. The proposition is therefore 
proved. 

Now it is easy to show the lemma by aid of this proposition. 

Since no determinant of order m,—k+1 formed from the matrix 


Marla, Oyo , am, 
SN Un per Pan: si Uma] 
\ d-(mp—le) sy 4 4 





vanishes we may eliminate from the system of equations 


Fr) =A) +, v+ +a, ダー0, 
we げ (?) 三 の eta +... +a, の パー0, 


EE 


ak f(x) = 7 一 + BE +a, xm: =O, 


any m—k terms and therefore those terms complementary to ao, am, 
RE ME, 
The result is 
D (xv) = A, Uo + A, ami + Apa + + A, vm =0, 


where A, Ay, ……… , A, are constants expressible in the forms of deter- 
minants of order m;—k+1 consisting of 2 一 を 十 1 columns of the 
matrix Mm,—z and hence nonvanishing. This equation will have at least 
ん positive roots which are the roots of f(x«)=0 and at most % positive 
roots by Descartes’ Rule of Signs, as it has k+1 nonvanishing terms. 
The positive roots of the two equations ¢ (x)=0 and f(x)=0 will there- 
fore coincide(~ ). 

By means of this lemma we shall now show the converse theorem 
above cited, namely that if there exist a solution of the system of simul- 
taneous equations (L1) satisfying the conditions (12) then the system of trials 
belongs to the first class. 








(1) It follows that none of A, A,,----, Ax vanishes or more strictly Ay, A,,----» 
Ax have alternately positive and negative signs. It can also be shown that the equation 
ÿ(æ)=0 of such a property is uniquely determined, for if there exist two equations of the 
same property then the elimination of the term wk between them will give an equation 
having at most k nonvanishing terms and at least k positive roots which is impossible 
unless it becomes an identity. 
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First consider the case when none of 2, 4, ……… , x, vanishes where 
Lis Vo, noe , a, are, together with some properly chosen À, Ay, +... ALA, 


such as to satisfy the equations (12). 
Let 


S(a)=(e-a) (eat. (2—2,)", 
and let 
め と うー キッド + À, eum; + DMC + À,,_, UM2r-1 + YMar 


be a polynomial having the same positive zeros as f(x) so that the 
function ¢ (x) has a definite sign positive for positive values of x except 
for a=%,, Ly,» , x» Then considering the expression 


> の (=) F'(n, 8), 





77 
‘ad 1 Ss 7 . っ . . 
instead of 2 FC )7 (n,s) in $3 in the Part I, and following the 
se0 \ n 
reasoning there adopted we may show that all the points in the interval 
(0, 1) excepting 2, æ, ……… , ©, belong to the zero class. 


Again let 
Fie) =(#—2) ar) (2—2,) / (x —2), t= 月 ste pri 
and let 
dia) = ASTA amı ++ Ay, 0-24 ame 


be a polynomial having the same positive zeros as fi (x). Then taking 


n 
1 


So, (=) F(n, s), 
n 


=) 


instead of à (=) F(n,s) in $3 in the Part I, we may similarly 

s=0 \n | 
prove that the point a, belongs to the first class, having the limiting 
probability 2, 


Next consider the case when one of 2,,2,,---... ‚2%, say a, vanishes. 
In this case let 


の (?) 三 4。 am. + A, Mg His... + 4,,_, ar 1 + ar 


and 


hé mnt hs dau i 


— Se, 
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h(a) = A,’ vm, + A, am + er... + A’. @Mr-2 + の 7 かー ュ 
be two polynomials having the same positive zeros as 


(2%) (eat (x—x,), 


and | i 
(U— 2) (eo) (v—2x,) /(v—2%), (t= 2, 3, …… Th 


respectively. And considering the expressions 


N 8 
N 2( ) 7 s), 


s=0 n 


and 


7 ん 
8 
うろ の, 6 ) F (n, 8), 
s=0 N 
we see similarly that (i) ail the points in the interval (0, 1) excepting 
0, Wz, Vs, +++, ©. belong to the zero class and (il) the points x, v5, ----», 


x, belong to the first class having the limiting probabilities À, 2, ---..., 
ん respectively. 


Then it readily follows, by aid of the relation 


that the point æ—0 also belongs to the first class having the limiting 
probability ん . 

3 The result obtained in the last article may be stated as fol- 
lows :— 

In order that a system of trials may be a simple determinate system 
of the first class with respect to an event, having r points of the first class 
it is necessary and sufficient that there should exist a solution of the simulta- 
neous equations (11) with the conditions (12). 

It can however also be shown, as in § 4 in the Part I, that the 
condition (12) may be replaced by 


TANO (sai, (20) 
A0. 


And hence we may also easily arrive at the following criterion : 
In order that a system of trials may be a simple determinate system 
of the first class having 7 points of the first class it is necessary and suf- 


134 WATANABE: SYSTEM OF NON-INDEPENDENT TRIALS. 


Jicient that there should exist a unique solution of the simultaneous equa- 
tions 


ER m 
SM = À hi, 
?=1 
m=O, My Mo, sr... ner 


These results can readily be extended for a simple determinate 
system of non-independent trials of the first class with respect to a 
system of mutually exclusive events. 


Tökyö, May 1918. 


Sur Pequation +) +2)’ + Baal, 
par 
A. Fırıppov, Taganrog, Russie. 
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Suite. 


Pi te ee PO 


Les solutions entières complexes, 


% Introduction. 


Nous ne ferons pas une grande faute, sinons infirmerons que la 
théorie des nombres est enrichie des leur plusieures nouvelles théories 
grâce aux efforts, qui étaient faits par quelques mathématiciens, qui ont 
discuté le problème de Fermat. Quoique ce problème n’est pas encore 
résolu, sa discussion ne reste pas inutile pour un esprit fin. 

Parmi beaucoup de travaux nouvanx il faut marquer ceux de M. 
Agronomof, qui sont d'autant plus remarquable:, que les resultats bien 
substantiels sont obtenus par dés procédés les plus élémentaires. M. 
Agronomof discute l'équation indeterminée : 


QE inni Pia AIA 1 


En montrant les plus simples méthodes de la résolution de cette équation 
pour les valeurs de ん et の , surmontantes quelques limites, M. Agronomof 
pose le problème de leur abaissement. 

Mais la nature des solutions pendant la diminution de nombre des 
inconnus se complique. 

La question se presente par elle même, qu'on peut regarder comme 
une généralisation du probleme de Fermat: 

„ Jusqu’aux quelques limites peut on diminuer les nombres des 
inconnus dans les équations de ce type pour elles restent resolubles en 
nombres entiers.‘ 
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1. Deux categories des solutions entières. 


Considerons l’équation indeterminée 
na Hay LY? tre +%- (1) 


On peut distribuer les solutions des équations de ce type en deux 
catégories. A la première catégorie se rapportent les solutions sur zero : 


Vi = Lo — EEE me Unt ュー — ...... ==, (2) 
A cette catégorie se rapportent aussi les solutions symétriques. Si 
h=g, nous avons: 
Li — — ーー ーー . L ーーー ーーーー . . ーーー ーーーーー 9 
U=Y =; Cp = Yo Ag rr 5 KEY (3) 
Si Ag, nous avons un systeme mélé des solutions. Par exemple 
Péquation a? +23 +23=yP+y% a des solutions: 
a,=0, Wo=Y=AU, B=Y=aQ,. (4) 
Mais les autres équations de ce type ont les solutions de la seconde 
/ * = ) ノ . ” 
catégorie. Par exemple, l'équation 
ey =z (5) 


a des solntions 2-0, y= 4,220.00, = 5) y= 12, nz, 
Ainsi il est clair que, quand on parle, qwune équation de ce type 
a les solutions, on suppose celles de se:onde catégorie. Chaque solution 
P ア ’ A . VA x . i 
généra'e peut être discuté à ce point de vue. 


2. Équations du seconde, troisième et quatrième degré. 


Nous savons que dans le cas du second degré la forme fermatique 
est résoluble en nombres entiers : 


ety? =". (6) 
L’equation du 5™° degré peut être admise jusqu’au quatre membres: 
+++. (7) 
Pour trouver les solutions de cette équation eonsiderons d’abord 
l'équation : 
C++ 23+ aj +23=0. (8) 


4 


în suivant M. Agronomof, considerons l’identité : 
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(a, +%+ as) + (aj—a,— as)’ + (—a+a;— a) 
+(—a—a,+a,) =24 A, Go As. (9) 


En posant ici @=9u’, «,=b*, a;=c on obtient pour la partie 
droite de cette identité l’ex pression : 


24 a, a, ds = (6 abc). (10) 
On en conclut que l'équation a les solutions : 


x =I® ++ = -I® +b— 6; 


Uy == 9a? — bÈ — c° CT ga? — L° + cì {1 1) 





v;= — 6 abe. 
Si Pon prend a=b=d, ‘e=2d, nous avons Pidentit6 suivante : 
(18) +(—16d°)+(—2d’) +(—12d°)=0. (12) 
De là on tire, que l’équation a les solutions 
Le, lil, | a D. (13) 


Dans le cas du quatrième degré nous ne pouvons pas s’approcher si 
e . = と oN 
près de la forme fermatique. La plus simple équation du quatrième 


degré, autant que nous le savons, resoluble en nombres entiers est 
suivante : 


wit A+ = VI + yey. (14) 
Pour la résolution de cette équation prenons Tidentite : 


4 4 
a+a+ai—(a,+9)'— (a+ as) —(a+ a) + (4 +44) 
say [- (a, ++) di Cy ⑦。 。 (15) 
. . on n 
Les paramètres a;,, &, a; il faut determiner de manière, que Vex- 
pression 12 (a1+@,+a3) a, a, az soit le quatrième degré d’un nombre 
entier. 
Parce que 12 x 108=6", nous posons : 


(CO2ERO。) a Gy Gaza 0B; _ (16) 
D’un coup d’oeil nous apercevons la solution : 
(1+2+ 6) 1.2.6=108. (17) 


De là, on tire 
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all ag ICO ジーン CWCe こ DD (18) 
Par conséquent nous avons trouvé l'identité : 
a' + (2a) + (9a,=(3a) +(7a)*+(8a). (19) 
Par suite l’équation (14) a les solutions: 


ml; el Ty = 


(20) 
y=B, 


y=T, y=8 


3. Equation «/+23+----- er 


Dans son travail ,, Sar quelques équations du type ai" +a3""'+ 
ーー +2%"*'=0 resolubles en nombres entiers‘ (Izvestya Fisic. Matem. 
Obs. Kazan 1914) M. Agronomof a demontre la théorème suivante : 


», L’équation ee サ 二 のせ 圭二 7ー0 est toujours résoluble en 
nombres entiers, si k=4"+1 et n=m,“ (I) 


En posant ici m=2, on obtient une valeur minimum k=11. 

En renvoyant le lecteur, qui s’interesse des formules générales et 
leur demonstrations, du travail indiqué, il faut remarquer que pour 
l'équation 


QD Haies ar, (21) 
Nous considérons l’identité : 
(y+ + A3 4+ di + ds) —(—a +a,+4;+4,+4;) — (a — a2 + ds + +65) 
— (+, ++) — (a+a,+a,—a,+a;) — (a +a,+a3+a,—4;) 
+(—a—a,+a;+a,+a;)+(—a +a,—a34-a,+a;)Y+(-a+a, 
+ d3—A,+ a5)’ +(—a, + a,4 34+ a,—a;)° + (4 —a,—a;+a0,+0;)° 


HR. — 95! a, Az Cs の 』 Us è (22) 


Nous discutons la partie droite de cette identité. 
En posant ici 


= a, a=2%0 geo oe, a=, Der 
nous obtiendrons pour la partie droite l’expression : 


2'5! a, a a;a,a;= — (60 abcde)’ ii (24) 
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Il s’en suit, que l’équation (21) a les solutions: 


+ 5—=81a —81—625c—d + 
2,= —8la’ +80 — 625 — d + e 
= —81a°—8b°+ 6250 — A & 


t= —8ia°—8b°—625e8 +a? + & 


(25) 


CE 


e=8la° +80 + 6250+d°— e | 


æi7= 60 abcde. 


4. Equation 2+2:+...... ae), 
La méthode de M. Agronomof nous permet d’abaisser la valeur 
de た jusqu’au 11. Pour la résolution de l’équation 
do +e (26) 


M. Agronomof emploie la formule, dont il a donné la démonstration 
à son travail ,, Sur quelques classes des équations indeterminées résolubles 
en nombres entiers ‘ (Iz. F. M. Ob. Kazan 1915). 

Cette identité a l’expression : 


MI 2 2m+1 2m +2 Ber ( ) 
2m+2,2m+17 + 2m+2, 2m +1 er (— 1) 2m+2, 2m +1 一 0. 27 


Ici Tomte omsı est la somme des 2m+1 puissances des 2m+2 para- 
mètres, To onu est la somme des 2m+1 puissances des sommes, qu’on 
peut composer des paramètres Qs Mz, Ag, +» sn en les prenant par 
deux, etc. 

Dans le cas m=2, nous avons: 


ai + a;+a3 4+ apt a3+ag— (a, +a)’ — (a+ a3,°— (a, + ay)’ — (4, +45)" 
— (a, +4) — (&+4;) — (a, + a) — (a; + 4,)’— (Q5+ a) — (a3 + 4)” 
—(@;-+d5)’ —(d3+a6) — (a, +.) — (+ a) — (As + a) + (+ 4, +43) 
+(a,+a,+a,) +... Se で) — (++ as ++ a+ a) —=0. (28) 


Dans la partie gauche de cette identité il y a 63 membres et par 
conséquent elle résolut l’équation : 


5 5 5 et 
mt en me eeeees +28=0. 


En posant dans l'identité (28) a,=1,a,=2, a=3, a=4, a,=5, 
ag=6, on obtient l’identité : 
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1°4+2'48°49°410°+15° + (一 57 二 (一 67 十 (一 7 ア 十 (一 19/ 十 (一 14 アー0 


qui resolut l’équation (26). 


5. Un systeme remarquable du troisieme degre. 


Dans son travail „ Sur quelques questions d’analyse indeterminée 
(The Töhoku Math. Jour. 1916) M. Agronomof essaye encore d’abaisser 
les nombres des inconnus. 

Il essaye démontrer le théorème suivant : 


» L’équation af ++... AR = yt typ ee + y, peut être resolue en 
nombre entiers, si A_22"7}, g=2%%, n>4“ (II) 


Mais parce que M. Agronomof fait une faute caractéristique nous 
discutons cette question ici en détail. 
M. Agronomof considère le système suivant : 
4-24 25 + di = Yi + Ya + Ys+ Ys 
di HAS Di = Yi + Yi Vs + Yi | 
Ct Ut di Yi + Ye + Ya + Ya 


(29) 


qui a les solutions 


QU ーー bia 十 >) + ba, + da) 十 bs (as + (Ls) + b,(a, + 4) 
La = b, (a, + 43) + 6。(Q。 + Us) + b,(a, + A) + b,(a, + (ty) 
a3 = b,(a3+ ay) + (a+) + b3(a, + ay) + b,(a,+ 43) 
C= bi(a, に a) ce b,(a, +@)+ b,(a; +)+ b,(a; sr a4) (30) 
Y= b(ai+a)+b(u +44) +b:(a;+ Gy) +0 (a+ Gs) 
n= b,(a, + as) +6(a,+ Gy) + b,(aı ne ay) 2% b,(a3 + Cs) 
Y3— b,(4; + (ts) = b,(a» “fr 43) + b.(a, + a.) + b.(a, "+ a4) 
Ys= bia +a,) +6,(a3+ ay) + (ar + Az) + b,(a,+ a2) 
où b,, by, bs, by, 15,42, Az, d,, sont les nombres arbitrairement choisis. 

Le systeme (29) jouit de cette propriété remarquable qu’on peut 
combiner par addition, soustraction, multiplication et division, tous les 
termes au premier degré, avec une indéterminée. 

Par exemple, soit 
= 45, = ae, 9208, 
Miss 06,0 VOS Nr DUI 


Nous avons 
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454+1+24+68=66+19-+3+50, 
45° + 1°+ 24° + 68°=66°+19°+ 3° + 50°, 
45°+ 1°+ 24%+ 68° = 66*+ 19°+ 37+ 50°. 
Alors nous avons aussi Pidentite : 
(90 +2) +(2+2)+(48 +2) + (136 + z) 
— (132 +2) +(38-+2)+(6+2)+(100 +2), 
(90 +2) +(2+ 2)?+ (48 +2) + (136 +2) . 
=(132+2)’+(33+2)’+(6+2)’+(100+2)° 
(90+2)’+(2+2)’+(48+2)’+(136-+2)? 
=(132+2)°+(38+2)"+(6+2)'"+(100+2)’, 
etc. 
En multipliant les deux termes de l'identité dernière par dz et 
integrant, nous obtiendrons une nouvelle identité du quatrième degré. 
En opérant de la même manière M. Agronomof a demcntre le théorème 


suivant : 
> Le système 


es 0642 me tn = Yt tee + Yan -1 
M ー1 a ー1 ー1 ; 1 
ai + di Hesse + Dont — Less... + Yın-ı 
(III) 
on ws ner + Vy = Ye の 2 -1 | 


on peut toujours résoudre en nombres entiers, si 43.“ 
Pour n=5 ce théorème nous donne la resolution de l’&quation 


C+Lo+.... +23=0. 


Ainsi le théorème (I) donne la plus petite limite pour nombre des 
inconnus. 


6. Equation 2/4 a Hit +++ y. 


Considérons la methode de M. Agronomof et son théorème (II). 
Prenons l’équation 
wtatayta=yity~tywtyi. (31) 
no, h—4, g=4. 
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Les solutions de Péquation (31) M. Agronomof definit par des 
substitutions : 
æ = 1 + Ki, cost +, = 1 +4, = 1+ki, (32) 
n=l+kh, p=l+kk, y=l+khs, wv=1+%k 
Par suite ; 
+++ +e! +h+5+h-U-E-E-L)=0. (33) 
Pour la définition de « nous avons | 


K = a 


GE E EEE EE) 





x la . 
Le cas «=0 correspond au système symétrique 
ea ake cet Paced El 


a rn 


Puis nous proposons que X?—XP=#+0. Si 2P—2P=0, le système 
(32) est en même temps le système des solutions de (29). 
Considérons un exemple numérique 


io, ーー “ll, lu, DEN 12, BR L=2. (35) 


Dans ce cas nous calculons 


o 2 v,—= —4, v= — à, 
y=0, p=—5, y%=0, =5, 


Le système semblable est symétrique et appartient a la première 
catégorie. On peut démontrer, que la méthode de M. Agronomof 
«donne toujours pour l’équation (31) les’ solutions symétriques. 


7. Suite. 


D'abord nous avons 


uta=dbtu=h+b=h+l=(a+at+as+a) (db, +b,+b,+b,)=8. (36) 


La démonstration est évidente, Il faut additioner les formules. 


correspondentes du système (30). 
En second, nous avons: 


Ur 


u 


; 
た 
a 
1 
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> 


る 十 る る 三 ム 6 十 な な 。 (37) 


Nous obtiendrons cette relation, si nous elevons à la seconde puis- 
sance les sommes +4, u +i,,4+l,,1,-+1, et faisons toutes les transforma- 
tions nécéssaires. 

Mainte s calculer l’expressi 

Maintenant nous pouvons calculer l'expression 


n= Si 


En élevant les mêmes sommes à la quatrième puissance, nous 
obtiendrons : 


S, +44, ts (di +03) + did, (+0) Alla (TH) — Hl (+) 
+ 677 43 + 62373 — 6174 — 6152; =0 
ou 
+4 (tu ly LU) — (3+ ii —L GL) =0. (33) 


Il sen suit 


S.= 23+ ti -GB—GN). (39) 
De méme = 
S3=5(4, 4+ 43) (iti LI). (40) 
Ainsi | 
_ 56, — 2 





(41) 


| 


5; ù + 23 


Maintenant il est clair que le système (32) des solutions de l’&quation 
(31) est symétrique. 


En effet 
… À lat 
a=1+e,=—_, 
| Ut 
. 7 rs Ae 
v3 = dk + Kl > 
ti + 23 
De la suit = —-%, ニー の Y=—%Y, の ニー. Ainsi le théorème 


(II) de M. Agronomof n'est pas juste. 

Il faut remarquer ici que d’autres formules de M. Agronomof 
§4, 85, §6 „Sur quelqu. quest. etc.“ sont aussi illusoires et donnent 
les solutions de la première catégorie. 
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8. Les solutions entieres complexes. 


Ainsi nous voyons que pour léquation du cinquième degré nous 
pouvons abaisser le nombre des inconnns jusqu’an 11. C’est loin de la 


forme fermatique. 
Le problème devient beaucoup plus facile sil faut résoudre léquation 


en nombres entiers complexes. Par exemple resolvons l’équation : 


di + 25 + ai + ai + ai =0. (42) 


a 


| 
Ls 
X32 oe 2 es 
Fig. 1. 
Pour notre but considerons Videntité : 
(q 十 の 十 az) —(-a,+a0,+ a3) oa (a, + as) ape (a +a,— a3)” 
= 80(aj + a3 +5) a, a, Ay. (43) 


Posons 


Wo r 
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Ai = ze 5° — 500, Dit ぅ Ag — pers Hi: (44) 


d'où nous avons: 


Ola’ + ay + 43°) a, Ay ag = — 25T, (45) 
Ainsi nous voyons que l’équation a les solutions : 
Li =A, + do + a,—=499 — à, 
La = A, — A2 — Ga = DOI +5, 
= —a,+a,—a,= — 499 — 1, 
Vi —  — A+ a3= — 201 +1, 
rl: 


2, 6,77 
ici nous prenons une seule valeur /1=1, 


La construction de ce système donne une pentagone symétrique 
(Fig. 1). 


Reval-Taganrog, Mai-Decembre 1917. 


On Closed Curves Described by a Spherical Pendulum, 
by 
ARNOLD Emcu, Urbana, Il. U.S.A. 


I. Introduction. 


Treatises on elliptie functions and their applications(*) contain with- 
out exception a more or less extended discussion of the motion of a 
spherical pendulum. It is usually shown how 2, the distance of the 
pendulum-bob from the plane of suspension, may be represented as an 
elliptic function of the time ¢, and how the angle 9 which the horizontal 
projection of the pendulum makes with the z-axis, and the coordinates 
x and y may be expressed by Weierstrassian o-functions and elliptic 
functions of the second kind. 

Thus, from the differential equations of the motion : 

(1) d'a _ ae a d'y _ _o de 


D 
Dire = — D —“—, re ー の , 


dt / dt: IU dé / 








in which 2 is the length of the pendulum, S the reaction directed. 
towards the origin (point of suspension), the velocity v of the pendulum- 
bob is obtained as ? ニ ジル メー29z. The constant h depends upon the 
initial conditions. For z as a function of 7 there is 





‘ h 2 だ 
io e e+ w)). 
bg の 
In this Weierstrassian @-function the one halfperiod ©, is reat; 
the other, ©, is purely imaginary. Putting u=t+w, let a and b be 
the arguments for which z assumes the values —/ and +41, respectively, 








(1) See for example: 

Alfred George Greenhill: The Applications of Elliptic Functions, pp. 214-219. 

Jules Tannery et Jules Molk: Éléments de la Théorie des Fonctions Elliptiques, 
Vol. IV, 176-192. 

P. Appell et E. Lacour: Principes de la Therie des Fonctions Elliptiques, pp- 
90-102. 

Heinrich Burkhardt: Æliptische Funktionen, pp. 353-363. 

Robert Fricke: Analytisch-Funktionentheoretische Vorlesungen, pp. 315-322. 
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and # and #, the corresponding complex values of ¢. It is found that 
a=ia, where a is real and positive, and d=©,+i9, with 8 equal to a 
fraction of | ©,|. The constant of integration may be determined such 
that = nr, y=0, when 7 一 0. Under these conditions @ is defined by 


(3) eto FTN) OUTS) re erst}. 


For x and y we get 
(4) 


a To LÉ o(t+t,)o(t+t,)c Hz) +03(0.)} +a(t—t,a(t—t,)o Walls’ +62(1)} 


(DA の ((」) A(t) の (の 
(5) 


DL 








2 


20 o(t+to(t-+t,e TI _ o(¢_t,o(t—t,) dtl tlle) 
2 a(t) g(8) 02() 


These solutions for x and y may also be obtained from the following 





differential equations : 


d'a et 
(6) nm LAC 








h x 

| sn 

and a similar equation for y, which are known as particular cases of 
Lamé’s differential equation. For real value of ¢,% and y assume real 
values and are uniform functions of 7 with の as the only essential 
singularity. » 

The problem to establish serial expansions for + and y in case of a 
general periodic closed pendulum motion was solved by Professor F. R. 
Moulton, in a paper published in the Rendiconti del Circolo Matematico 
di Palermo (*). 

So far as the writer is aware the geometrical aspect of the problem 
of closed curves in a pendulum motion has never been fully discussed, 
and it is the object of this paper to establish some of the geometric 
properties of these curves 


II. General Case of Closed Curves. 


Writing for abbreviation 





(1) Vol. XXXII, pp. 338-364 (1911). 
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(a) To o(t+h)oftt ie St 1 
D at) (tz) ax (1) | 








we can write (4) and (5) in the form 
(8) c= )=fO+f U, 
(9) y=$O= ff (ti. 


Increasing ¢ by 2m, w, a multiple of the real period, we get for = and: 
y the new values 


(10) a MIO, 2s {0 (4+0)—o [(a)+6(b)1} 
I 2m, {m (a+b) = @ [EO +6 tai 
(11) Ym = — if fd) ims tla +0) ala) +61) Th 
of (Hf) 7 2 ET (UE 0) LENS 


Since a=ia, b=w,+i3 (a, real and positive) we find by well known 
formulas of elliptie functions that 
q(a+ b)—a fF (a)+ (6)} 

=20, E (ia) -Z2ia F(a) 4 


ON P’(ia) 


2 @(o) 一 (2 の) 「 








which is a purely imaginary quantity. 
It is therefore possible to determine the constants a,b, ,, or the 
constants of motion, in such a manner that 


(12) 2m, {7 (a+b)—e4[E (a) +6(0)]} =2hiz, 


where k is a positive integer. 

In this case the motion is apparently periodic, since @m,=%, ym,=Y, 
and, of course, zm,=z. If in the expression (3) defining の ¢ is increased 
by 2w,, it is easily found that の will increase by the amount 


(13) ャ ーー mar) K)+LON, 


so that, according to (12) 


2kr 


m, 


(14) D— 





From this is seen that the angle ® must be described m, times before 
the pendulum reaches its original position. During this time it will 
have described た complete revolutions about the vertical axis. From the 


pr 
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formula (2) for z it is seen that z has two zeros within the period- 
interval 2 の 」 for 2) consequently 2m, zeros within the period 2m, w, of 
the closed motion. 

The path described by the pendulum is a closed curve intersecting every 
level between lowest and highest positions in 2m, points and winding k times 
around the z-axis. 

We shall now investigate the character of the horizontal projection 
of this curve, whose parametric equations are 


(15) ター の ( り , . 9 三 ウ ( ひ 。 


Consider any straight line 
(16) ax+3y+;=0. 


The intersections of this line with the curve are evidently determined 
by the zeros of the function 


(17) F(=u-p()+8-L (+7. 


This is a uniform and simply periodie funetion of 7 with the period 
9m w,, which assumes real values for real values of #, and which has « 
as the only essential singularity. It can therefore have only a finite 
number of real zeros within the period-interval, i.c. the line (16) cuts 
the curve in a finite number of real points only. If we al:o admit 
complex values for 6 within the period strip P of width 2m, ©, parallel 
to the axis of purely imaginary #s, also the number of complex zeros 
within the finite region of P must be finite, since otherwise F(t) would 
have an essential singularity in this finite region. Hence the assumption 
of an infinite number of zeros も 3=1,2,3.------ , requires that these 
accumulate in the neighborhood of t=x, outside of the real axis, and 
in the infinite region of P. The set of complex values (+, y;) of the 
points of intersection of the line (16) with the curve, which correspond 
to the set of zeros な cannot approach a finite value (2%, %), or point, 
since in this case there would exist a infinite set of finite corresponding 
zeros 6 which would necessarily accumulate around a finite point 4, as a 
limit. This point ¢) would therefore be an essential singularity of アア (t), 
which is not possible. Hence for #==% within P both x, and y; must 
approach infinity and at the same time satisfy 


+ By +Y=V9. 


From this follows that 
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lim (2 )= RN : 
SC 
a definite real constant. 
In order to see whether this limit is possible, write ¢ in the form 
I 
t=t+2m, w,, where © is a finite point in P. Putting 
o(t+t,) o(t+h)e SME ul 
we get ‘ 
= テー ニー ROAD. 
AO+A(-#) 
For t=74+2m; ©, there is 
(18) M (t+ 2in,0,)= — 


y_Palriexp[2ing {na (+0) — [6 +(⑩]1] (一 7)exp[ 一 3m。 Insta +0) -w.[Cla) + 6073] 
Fılr)exp[ 2m; {n,(0+0)—w.[Ca)+<0)]} ]+fı(-r)exp[— 2m; {n,(4+b)—w[C() +¢0)]} > 





Forr=w, x and y both become infinite, and 方 (<) and f.(—7T) remain finite. 
There is 


2m$y(a+0)—w,[E(a)+E£ (8): 





pe. . リ . 14 ・ 

= 2m, 2, ヶ ) 一 2 N2 A VAT > i = ) + wN, 2 co, =m, K,+myri, 
A le 1a. 

di 


where X, is real. Consider now the expressions 


A,=exp[m, RK, + mzir])=(— 1)”: - exp[m.K.], 
and 
B,=exp[ -m, KR, — mit ]=(—1)™: - exp —-mXK,]. 


Suppose that ¢; approaches infinity in the neighborhood of a pole of @ 
and y, then 7%, and m=-+%. In case that K,>0 and 王寺 の ) 
Ar), y consequently lim M(t)= —èi. In case that K,>0, 
and m==— 0%, A,=-0, and B==-+o, and lim M(t)= +4. 
In case that er and m=+%, A;—0, B=+» and lim M(t)= 
+2 When R<0 and m =—an, A=+», B==0, and lim M(t)=— 
Next assume the possibility that 7 approaches one of the points 





t,t, — hs —t, and again m==+00' 
First Jet 7=t, when K,>0 and m==+o, then again lim M(t), 


For 7==t,, when £,>0 and m==—o, lim M(t)= +2. 


wo 
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For c==t,, when K,<0 and m==+0, lim W(t)= +1. 

For 7=t, when A,<0 and m==—o, lim M(t)=—i. 

In a similar manner it can be shown that also the remaining 12 
eases of this kind and all other points congruent to t,,¢,, —¢,, —t within 
#tend to lim Hit)= ti, for mo. 

Finally assume that て be any point different from those considered 
before, then for t=7+2m,o,, 方 (て ) and 方 (一 て ) are finite and not vanish- 
ing, so that for m +», lim M(t) =-+2. This shows conclusively that 


under the stated conditions lim (ati M(t)= xè cannot be equal to 
x 





O. Y > . 
, and that consequently が (⑰ has no zeros at infinity and the curve 


cannot intersect a real line in infinite points. The number of intersections 
with any- real line is therefore finite. On the other hand, for an jsotropic 
line @#iy+y=0, the above limits show, that the curve passes through 
the isotropie points. We may therefore state the 

Theorem : The horizontal projection of a closed pendulum-curve, and 
consequently the pendulum-curve itself are algebraic curves. The horizontal 
projection passes through the isotropic (circular) points. 

When the period of the closed motion is 2m, @,, the curve consists 
of m, loops. Suppose that 7, and t, (>7,) are two consecutive values 
of t, determining two points on a branch of such a loop, and 4, and 
の the corresponding polar-angles. Then from (3) we get 


(19) 27(%ー の ) 





Slog See th) En). 
G(t,—t) G(T—th) (7, +¢,) o (7, +b) 
o(t+t,) o(t+t) 
a(t—t,) の (7 一 6) 
we find for the arguments 7,’ =2m, @,—7,, で =2m, の 」 一 て 。 the correspond- 
ing angles 6,’ and の and from (3) in comparison with (19) 


0,,—0,'=6, —0,= ー( ゆ ーー) ・ 


Since is an elliptic function with the real periid 20,, 


The values of 4 and 2, for 7,’ and 7) are the same as those of z, and 


z, for r, and 7,, respectively. From this follows, as is well known, that 
each loop consists of two symmetric branches, as indicated in Fig. 1 for 
the general case, and in Fig. 2 for the special case to be discussed in 
tne next section. 

The closed algebraic curve has therefore an m,-fold axial symmetry. 
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III. Closed Curves in Greenhill’s Case. 


In Greenhill’s case(*) the pendulum-bob reaches (but does not 
eo above) the horizontal plane of suspension with a non-vanishing hori- 
zontal velocity, and the parametric expressions for the horizontal projec- 
tion may be written in the form(^ ) 


(20) w=ry[cos(A+7) v- en (2Kv)— sin (A+7)v-sn (2Kv) dn (2Kv)], 
(21) y=r, [sin (A+”)v- en (2Kv)+ cos (A+7) v - sn (2Kv) dn (2Kv)]. 
The coordinate z becomes 

(22) z=acn (2Kv), 


where a is the greatest root in the cubic equation entering the problem 
of the spherical pendulum. The next root b—0 in this case. The 
quantities a and 6 are different from those denoted by the same letters 
in the foregoing sections. 4X is the real period in the Jacobian elliptic 


funetions ; 





t りん ケア 
が ーー 6 rar D PAT 
20, my 

in a closed motion ; 

ー ゼ (の 十 @)/( ど 一 の ) . 
There is 

2 m 
A+x= 2h — 1 be Te 
Mm, 


The common period for the elliptic functions in (20), (21), (22) is 4X, 
that of the cosine and sine is m, when 2k—m, is even, 2m, when 2k— m, 
is odd. The common period of x,y,z is m. When m, is even this is 
apparent ; when m, is odd, it follows from the fact, that 

cos (u+(2k—m,) r)= — cos u, 


sin (u+(2k—m,) 7)= —sin u; 








(1) Greenhill: Les Fonctions Elliptiques et leurs Applications, nae III 

Appell: Traite de Mecanique Rationnelle, t. 1, p. 494. 

Emch: A Theorem on the Curves Described by a Spherical Pendulum, Bull. Amer. 
Math. Society, Vol. 23, pp 230-232 (1917). 

(2) Tannery and Molk, loc. cit, p. 188. Here the positive direction of the 
z-axis is downward. | 
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en (u + 2m, K)= —en u, 
sn (u+2m, K)= —sn u, 
dn (u+2m K)=—dnuw. 


It is well known that in a non- ingular spherical pendulum-motion there 
is always 


7, a Te. 


On are of the curve corresponding to an increase of の by 27 cuts a line 
through the origin, for instance the x-axis in two points only. The 
end-point of this arc must be counted as the initial point of the next 
turn through 27- As the curve consists of m, arcs of this sort, it will 
cut a real line at most in 2% points. There are clearly always lines for 
which this number is attained. 

That the curve is algebraic follows from the fact established before, 
that every closed pendulum curve is algebraic. This can also be proved 
independently as follows. 

In (20) and (21) put 


2k—m 
t=m dv, ear Liri = È OM ip 


then 


コ 
zu 


a=ro [cos (m, €) - en (m, 7) — sin (m, £) + sn (m, 7) - An (m, 7)], 





9 三 7 [sin (m, £) - en (m, 9) + pr cos (m, €) - sn (m, 7) + dn (m, n)]. 


Next, put 





BLDG COS SBn 74. Cn goa クー 
Now it is well known that sin (m, é) and cos(m,€) may be expressed as 
polynomials of x, and +, ; likewise, sn(m, 7), en(m, 7), dn(m, 7) as rational 
functions of %,2%,%. Hence, x and y may be expressed as rational 
functions of 2, %, V3, ©, % On the other hand 
Enzo cos’ Bel 
cny+sn’7=1, 
dn’7+k’snn=1. 
Moreover, as 
++ 
ry Len’ 7+° sn° 7 dn? 十 @ enty=®. 
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We have therefore six rational integral equations in the +ÿs (i=1 2. 
3,4,5) 
ki, (cy Vos Us Ta, Vo ; æ)=0 ’ 
ly (2, Vs Us Vay Uy 5 y)=0 ’ 
& +27 —1=0, 
+0 —1=0, 
kaxÿ+x/—1=0, 
ry pas ager の 2 + To +e ーー クー0, 
in the first two of which x and y enter into the coefficients. The 


resultant(') of these is a rational function of. the coefficients, so that な 
and y are connected by an algebraic equation. 


Nature of the Curve and Degree of its Equation. 
Putting again æ—6 (t), y=%(t), and 
a’ =x cos(A+7)v+ysin(A+7)v, 
(23) y=-—xsin(A+7)v+ycos(A+7)v, 


from (20) and (21) we find 
a’ =r1r, cn (2Kb), 
(24) y'=pry 8n (2Kv) dn (2Kr), 
2 =a cn’ (2K). 


From (24) follows that the locus of the point だ (2 y',2') is a quartic 
CT in space, and from (23), that the point P’ is obtained by rotating 
the point P (x,y,z) of the pendulum curve C about the z-axis through 
an angle —(A+7)v, i.e. through an angle negatively proportional to- 
the time associated with P in the motion. The curve C,*' consists of a 
single real closed branch(*), whose horizontal projection on the X Y- 
plane has the equation 


we e+ ere (1-2) ar ge mé (ユー が ) 三 0 . 


Since in Greenhill’s case 


(!) Pascal's Repertorium (I, first half) 2nd ed, p. 273. 
(=) Loc. cit, Bulletin of the American Mathematical Society. 
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kn) (Psa), v=(P+a)/(P-a), 
this equation reduces to 
(25) eet to? (P— a) (x +y)—r, P=0. 


This js a plane quartic C;' of deficiency 1, with a real finite branch 
without inflexions, and the infinite point of the y-axis as a real isolated 
point, a tacnode where two imaginary branches touch each other. It 
has clearly no finite closed imaginary branch. 

Consider next the horizontal projection C of the pendulum curve as 
parametrically represented by (20) and (21). A straight line in the 
same plane cuts it in at most 2% real points, so that its order is not less 
than 2%. Supposing the order to be greater than 2%, then the imaginary 
intersections of the curve with the y-axis, for example, must be even in 
number. If «+48 is the ordinate of such a point, then a—7? is the 
ordinate of another imaginary point of the curve on the y-axis. But the 
curve is symmetric with respect to the z-axis, so that also —(@+iß) and 
—(4—ip) are the ordinates of such points. From the form of (20) and 
(21) and the nature of the functions making up these expressions follows 
that for v= tit, y=z=te (e real and >0) and x real and >0, so that 
points of the curve on the y-axis (v=0, y= +e) are not possible. Hence 
when there are any imaginary intersection of C and the y-axis at all 
there are at least few of them, so that the order of the curve would be 
at least 24-+4. Suppose that { is a parameter for which 


r=@(h)=0,  y=g(4)=a+if 


represent an imaginary point of C on the y-axis. Then the point with 
the coordinates 


r=$(t+), y= (+0) 


describes a closed imaginary branch C, of C, when ¢ increases through 
real values from 0 to 2m, ,, while at the same time the angle の increases. 


from ーー テー to 42h z. For the values ¢,+¢ of the parameter 


between the given limits, 2’ and y' in (23) remain finite, so that by 
(23) the branch C, would be transformed into a closed imaginary branch 
of the quartic C, which is not possible. The curve C consists therefore 
of one real closed branch only, with no separate imaginary branch, and 


156 ARNOLD EMCH: 


is therefore rational( ' ), and of order 2%. Hence the 

Theorem: The projection of a closed pendulum curve upon the 
horizontal ylane of suspension in Greenhill’s case is a rational algebraie 
curve. 

If the angle corresponding to the period 20, is 2kx/m, the degree of 


the curve is 2k. 


IV. Classification of Curves of Type C. 


Let C be the projection upon the X Y-;lane of a closed pendulum 
curve of G reenhill’s type of order 2% with an m,-fold axial symmetry, 
so that the angle 中 corresponding to the period 20, is P=2hr/m. 
Now it is. known that in any pendulum motion 2z>P>r, so that, k 
and m, being relatively prime, 


M 


(26) <k<m,. 


Hence when m, is odd, k may have the values 


(27) Mt 1 m+3 m+56 n + 2(m—3)/2+1 


り 2a At OT Sa ike り 


..... 











M — 3 M — 1 


curves of the 


so that for a given odd m, there are + 1 — 


«D . 
type C. m, > and m, P are values of @ for which the curve cuts the 


x-axis of symmetry orthogonally. As there are the only values of this 
kind, these points of intersection on the a-axis are not double-points, and 
are two in number. All other intersections of C with the z-axis are 
double-points. There are therefore £—1 double points on every axis of 
symmetry. 

Hence the 

Theorem: Every curve of type C of order 2k, and m,-fold symmetry, 
has m, (を 一 1) real double-points. 

This is, of course, also true, when m, is even. In order to determine 





(1) Harnack: Ueber die Vieltheiligkeit der ebenen algebraischen Curven, Math. 


Annalen, Vol, 10, pp. 189-193. | 
Hilbert; Ueber die reellen Züge algebraischer Curven, Math. Annalen, Vol. 28, pp. 


115-138. 
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QT 
= 


nu — 1 


whether among the ニニ ーー rational curves there are curves with all 





double-puints real, let 
k = (in, + 2m + 1)/2, M = (in —3)/2, 


when m, is odd, be the degree of any of these curves. It will have 


m +2m,—1 
Melk) ee 





rcal double points. 

On the other hand, when the order cf the curve is 2%, the total 
number of double-points is (2 た 一 1) (2 を 一 2)/2. Hence when all double 
points are real we have the condition 


m, (m, +2m,—1) / 2=(m, + 2m,) (m, + 2m, —1) / 2. 


This reduces to m,(2m,+m—1)=0. Consequently the maximum 
number of real double-points is attained, when either m,=0, or i= 
(1—m,)/2. But if m>1, we would have m<1, which is not possible. 
The only possibility is therefore m,=0, so that there is only one curve 
of the set for which all double-points are real. Its degree is clearly 
2k=m,+1, and the number of double-points (m, — 1)m, /2. 

When m, is even we have for % the possibilities : 


(28) k=(m,+2)/2, (m+4)/2, (m+6)/2,--.. , {m,+2(m,—2)/2} /2, 
i.e. altogether (7 一 2) / 2 cases. For any Æ of this set we have 
k= (nu + 2m) / 2, M = (ny — 2) / 2. 
The condition for all double-points real is now 
m,(m, + 2m) /2—1 = (m, + 2m, —1) (m, + 2m, — 2) / 2, 


which reduces to 


Am,” + 2m (m 一 9) 一 7 +2=0. 
From this equation we get for m, the two values 
m=(2—m)/2, and m=1 7/2. 


As m>2, there are consequently no curves of the set when m, is 
even, for which all double-points are real. 
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The following tables contain a classification of curves C according 
to the values of k and m,, first when m, is odd (type A), secend when 
im, is even (type B). The columns contain the designation and the 
characteristic constants, the row the various curves. The table for m, 
odd has been carried as far as m,=11, that for m, even as far as m = 
12. Both may be extended indefinitely without difficulty. It will be 
proved later that the imaginary double-points are all absorbed by the 
circular points at infinity. 


A. m, odd. 





Kırmber of real Maximum num- | Number of ima- 














m, | Order=2k PER ATEN ee ber 2 Spata: gna i E 
3 4 3 3 0 
5 6 10 10 0 
5 8 15 21 6 
7 8 21 21 0 
7 10 28 36 3 
7 12 35 | 55 20 
| 9 10 36 | 36 0 
| 9 








9 14 BA | 78 24 





9 16 65 105 49 





DE 12 55 


11 14 66 18 14 








ail 18 88 136 48 


In 20 99 








i 
| 
same as | Of: 


sa 16 77 105 | 28 
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12 10 






A 10 






= 10 






Ci 10 














10 
10 
same 
14 
same 
14 
same 
18 
14 
same 
18 


same 


B. 


Number of real 





m, even. 


Maxim. number 





536 





Number of ima- 


signati =2ic x ; yinary double- 
De gratin ms MOB double-points | of double-points 1 
Ci 4 6 8 10 9 
6 6 same as (2 


12 






18 


40 





V. Equation of Curves of Type €. 


From the parametric expressions for x and y is scen that æ does 
not change its sign by replacing v by —v, while y changes sign, so that 
the curve is symmetric: with respect to the w-axis, as has been stated 
before. Consequently the polar equation f(0,9)=0 of the curve remains 
unchanged by replacing 6 by —#. The cartesian equation is of degree 
2k, and contains only even powers of y, and may be written in the 


form 
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(29) ER + agg y" + oi の の 二 ーー… +," 
2-1 23,72 2k <5, 4 9 を -2 
+. Ant Gist Yi pn + 428-170 
+ An Hay Hay +0,47 
+ey°+d=0. 


Introducing polar coordinates #=% cos0, y=psin® this equation 
assumes the form 


(30) po, (cos 6, sin の 十 0”, (cos 8, sin 6) + p*-? ©, (cos の sin の 
Hesse + 0% To, (cos の sin の 十 …… Last 

g,(cos の sin 9), 7=0, I, 2 ……・ , are homogeneous polynomials of cos の 

and sin @ of degree (?k—j), which may be expressed as polynomials of 


cos 6 only, since only even powers of y occur in (29). The curve, 
having an m,-fold symmetry, has the lines 





y=tan ( a ) Pat, abile ‚m —1, 


my 


as axes Of symmetry, so that the polar equation is invariant under the 
2 ん 


my 





substitution (4, +0+ À} The only polynomials @; of cos @ which 


remain invariant for this substitution are of the form 6;(cos°0+sin°0)n; 
F(cos m, 6), where F is a polynomial of cos m, 6. But cos m, @ is itself 
a homogeneous polynomial of cos @ and sin の of degree m,, and as m <2k 
<2m,, the degree of F can certainly not be greater than 1. の is. 
homogeneous polynomial of degree (2k—j) in cos 0 and sin 0, so that 
(cos m, 6) reduces necessarily to c;cosm, 0. The の 78 are therefore 
necessarily of the form 


(31) 2,—=c; (cos? の 二 sin? の ) 9 cos m, 6 


of degree (2n,+m,) in cos 0, with 2n;+m =2%. As the degree of @; is 
(2k—j), we find n,=(2k—j—m,)/2, and from this j=2%k—m,. For 
4=0, 6 の (cos 9, sin @)=(cos° + sin? 0)*-"1. cosm, 0. To find the inter- 
sections of the curve with the line at infinity, divide (29) through by 
x”, and solve the resulting equation for m=y/x, with a=%, y=o. 
The roots m of the equation are the slopes of the asymptotes. This 


equation is equivalent. with putting 


him 
〆 グ = の 


| C0 *P (cos 9 sin 6) 


= | = (1+ m’)*-™s sec": 6, cos m, 0=0. 
no 
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The roots of this equation are m= +), m=—j, each (2k—m,)— fold, 





and m, y,=1, 2,3,-..... . "This shows that under the as- 


sumption of e。 in the form (31) the curve would have real infinite points 
whose directions are given by the angles 6=(2»,+1) z/2m,, which is not 
possible. We have therefore necessarily n,=2%, as the degree of @,, so 
that the first term of (30) is simply qo”, and the curve has at each 
circular point % points of intersection with the line at infinity. 


Case when 2, is odd. 


From the possible forms of @; in (31) follows that in this case the 
polar equation:of the curve may be written in the form 


(32) Or + ao? + a0 eee + a;0° +0 
+ (b,0241 + 0,021: +... +6,0° +b) om: cos m, 0=0, 
Berl, 4, っ / ん と ルン ーー…・ >], and 2, +m  =2k—1. When m, is 
odd, 
cos m, 0 = cos "1 4 — ("5 )eos" À 0 sin?d+ ("3 Jeo )eos Mi sin 9 
m, —1 


pig FE ( Ea \ C0 Osin™.—1 が 


Mm 


Introducing again cartesian coordinates (32) may be written as 


(28) +++ Pt + Pr + aa £9?) + a 
Abe ty) apart) ep... + dx +) +b}. 
Mi 69 Pin yf? + (a) la m—4 yi 
m,—1 : 
SRE +(—1) 2 ym, 1h 0: 


In order to investigate the character of the singularity at the cir- 
cular points we must first make an involutory perspective of the curve, 
x=w' /(y —1), y=y/(y'—1), by which the circular points at infinity are 
transformed into the points Z’(—i, 1), J(+i, 1). Next we make the 
transformation 2 の“ トール y-1=y", which, as can easily be estab- 
lished, does not change the character of a singularity at either point I’ 
or J’, nor any other finite point, except («=0, y'=0). The product 
of the two transformations is equivalent with 
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(34) a= Va ge Ty, y=(4"+1)/y", 


where the +sign has to be taken for the circular point with the slopeo f 
its direction equal to—i, the —sign for the slope+i. As a? +y=2"/y", 
equation (33) after the transformation, and after suppressing the double- 
primes, assumes the form 


ale + Cy ak—1 Y+a, ake —2 y+ ee +a; avy2k—2 + ayak 
+ 1 の, の An。 yrk—2ar, + bah yre—2a, + res + br. yre—2 4 Hy2k } 
m, —1 


x] #7 ター ダー2y 一 1 |@ー ザ ーー1) 2 


M, 一 9 


(a) FB yt tee ma |=0. 





ak + higher terms= (2 y’—2y—1)(a+Bctyy+t )yte—2m, , 
or finally 
(35) x% + higher terms=a y#e—2m, +higher terms. 


“ Placing” this equation on the analytic triangle('), we find that 
the curve has the same singularities at the point (v=0, y=0) as the 
binomial curve ytk—2m, —a2e, 

But to 2=0, y=0, according to the +, or — sign in (34) correspond 
in the original curve (33) the circular points at infinity, The singularity 
at a circular point has therefore the same character as the binomial curve 


(36) Va ykm, = ale 


at the origin ‘This must therefore be countel for (k—1) (2k—m,—1)/2 — 
dotble points(*), so that the circular points at infinity absorb (k—1) 
x (2k—m, —1) double-points. Now the number of real double-points is 
m(k—1), so that the total number of double-point: of the curve is 


| 2 ん 一 2) (2k— 1 
m(k—1)+(k—1) (2k-m-1)= ピーク ジー サリ, 
(1) Wieleitner: Theorie der ebenen algebraischen Kurven höherer Ordnung, pp. 
83-136. 
(2) Ch Scott: On the Higher Singularities of Plage Curves, American Journal of 
Mathematics, Vol. 14, pp. 301-325. i 


ee 
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i.e. the maximum which a curve of order 2% may have. We have 
therefore verified directly from the equation of the curve, that it is 
rational, a fact established before by an entirely different method. When 
the curve has all double-points real, then its degree for m, odd is 
m-+1=2k, so that from the preceding formula the number of imaginary 
double points is clearly zero, which is another verification of previous 
results. 


Case when 2, is even. 


In this case the equation of the curve contains even powers of x 
and y only; the curve is symmetric with respect to the æ—and y—axis. 
The application of the transformation (34) to the curve is even simpler 
than in the case, where m, is odd, and leads to precisely the same results. 

A circle with the centre at the origin cuts the curve in 2m, finite 
points, so that each circular point must be counted as a (2k—m,)—fold 
point of intersection of the circle with the curve. To verify this directly, 
we find the number of intersections of the curves 


Ya.yrke-m, =k, and a=r 9, 


the latter heing the transformed by (34) of the circle 2’?+y’=7". The 
simultaneous solutions in y are given by 
y2k—m,, (Va —rkym,)=0. 
This shows clearly that there are 2%X—m, intersections at the origin, 


and no more, and consequently 24—m, intersections at each circular point 
of the circle and the original curve. 


VI. Examples. 
Te CE mi =: 


The polar equation of this curve may be written in the form 


放り ーー ント = ERO) 
4 4 4 4 4 








(x) G. de Longchamps: Journid de Mathématiques Elémentaires, 2° série, Vol. 
IV, pp. 269-277 (1885) 

Also H. Brocard: Journal de Mathématiques Spéciales, 3. series, Vol. V, pp. 56-64 
(1891). 
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It intersects the æ—axis in the two 

single points (R,0), (3R, 0), and the 
; Sh 3 

double point ( ーー Une Kor RAV 


1 ; : : 
パニ ーー , its rational parametric expres- 


sion is 
ニダー12 が +3  „_ 248-5 め ) 
ALLE) NN ONE PES 








This is a bicircular sextic with 8 real double points. The cartesian 
equation of a curve of this type may be written in the form 
SH 24a Hy) 320 y + 39(a*+ y?) —18=0. 
The polar equation is 
30° — (2 cos 49 + 22) of +39 —18=0. 
The distances of the two double points from the origin, on each 
of the æ—and y-axis, are equal to 1, 


the distance; of the single points 
equal to 1/6. On the bisectors of. the 








four quadrants the distances of the 

double points from the origin are equal SEX] 

to V 3, those of the single points J ; : [A AI 
Fig. 2. 


D. (aa; 74 = D. 


This is a sextic with 10 (all) real 
double points, Fig. 3. 


4, Co, m=6d. 


This is a curve of order 8, 
with 15 real double points and triple- 
point at each circular point at infinity, 
Fig. 4. 

The figures for the curves CE and 
C bave been drawn upon the basis of 
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their topological properties and must be 
considered merely as sketches, aud not as 
‘graphs of their algebraic equations. The 
equations of Cand C。 have been estab- 
lished upon the basis of their geometric 
properties, and not from their parametric 
representations with the time as a para- 
meter. The establishment of the cartesian 
equations of these curves from « and y as 
functions of the time is connected with 
considerable difficulties. 
Mechanical means to generate and graph spherical pendulum curves 
were devised by Professor A. G. Webster(!). ‘Thes: curves, however, 
are not closed. 





(1) The Dynamics of Particles and of Rigid, Elastic, and Fluid Bodies, pp. 48-55. 


On a Transformation Theorem relating fo Spheroidal 
Harmonics, 


by 


LA 


BIBHUTIBHUSON Darra, Calcutta, India. 


The object of this paper is to establish certain theorems by means 
of which an external spheroidal harmonics corresponding to a spheroid 
S can be expressed in terms of the spheroidal harmonics corresponding 
to another spheroid S, having its centre different from that of S. It 
is believed that the theorems (B) and (C) are new, as none of the pre- 
vious writers on the subject, including Sir W. D. Niven and Mr. G. 
B. Jeffery, seem to have noticed them. 

I take ©, y, 2, to be the rectangular cartesian coordinates of a point 
when referred to O,, the centre of S,, as origin, and 2,%,2 to be the 
coordinates of the same point when referred to O,, the centre of S,, as 
origin ; it being understood that the axes of revolution of S, and S, are 
respectively along the z, and 2, axes. 

1, Let 6} (2) denote external spheroidal harmonics referred to the 
second system of coordinates. Then if a, and c, be the semiaxes of the 
spheroid, we have 








6: (2)=(-1 PRES, CONA) 
(2n+1)! OX, OY, 02, 
ae 
where 
r=%+%+z and ki=—a;+4 cd. 
Again 





(1) Vide W. D. Niven, “On Ellipsoidal Harmonics” Phil. Trans, Vol. 182 (A); 
p. 245; Hobson, “On the evaluation of a certain surface integral and its application 
to the expansion in series of the Potential of Ellipsoids,’ Proc. Lond. Math. Soc., Vol. 
XXIV, p. 91. 
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Hi( 2 2, O) Co! Hib) ey, 



































Or, Oy, Cu) M 27 mn! ce 
and 
n ps 3 
HS (0 Ja 2)= SO rt PA (14) cos od, (*), 
where 
38 de 
Pi(f)=(1-%)" — = Pal). 
Also 
ire cos au du a de) CL) 
8 (2,4 ix, cos u+ iy, sin Ut! NM n! rer Tr eee 
Therefore 
の の CHA | (Qn)! 1 fT cosou _ 
Hz( ea ) EU TANARO, 
On,” OY, NES EE. Sauren! 2 いか È 
where È, denotes 
る 十 725 cos u+tiy, sin u. 
Hence | 
; ig ie 1 (n+1)(n+2) BB 
6G,*(2)= ee = は 2 he R lu 
( ) * Bader 1) 7 4 CRE 2(2% 二 8) WIE ar COS GUQU 
| T fol 
— 7 See LA ar 9.( Be ) cos ou du. 
ae TU ee he A oe k, 
2, Now 
1 di 1 
(2: +12, cosu+dy, sin u)"*!  (s—2,+ix, cos u+iy, sin w)"*! 
NET 1 
ak |= - X COS U+ Y, Sin U+ 72, Fo 
RT , the right hand side of this equation 














1 ik 
can be expanded in a series of Legendre’s polynomials. ‘Thus 
(1) Niven, p. 256. 


(2) Ibid, p. 261. 
(3) Whittaker and Watson, “Modern Analysis” 
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m=O 

















ah? Qs 1 (& 
er AT) OED 
where 
C/=x,cosu+y,sinu+iz, and t=s/k,. 
Therefore 
a n の 5 ci 
Gy (2)=(-1) In Im > (2m +) 一 Pa ( ik eos ou du 
[De PT ee Woy 
| Bu 2(2n+3) IG O 


where À, denotes da and p=k,/k,. Or 


an)! , 1 . el. 9, <2 os ou du 


My! hee TT 


al 2m+1) —[" Pu 
=: 1) な DI Ret ) fo ik, 


m=V 





‚=? 





eos oudu _ 
Dee ERP RN: n lt A 
x| ne) | 19 の / e 


3. We shall now express this in terms of spheroidal coordinates. 
Supposing the spheroids are prolate, we write 


1 1 

a, = k, sin 6, sinh 7, cos o, =k, (1— ur)? (27—1)? cos a, 
1 L 

y=k, sin 6, sinh 7, sin wo, =k, (1— u)” (A —1)? sin @, , 


z,=k, cos 0, cosh 7,=k, pu À. 


Then 
Ci 3 2 d 2 + 
do (i) Pat An -i(1- wi)" (A—1)’ cos (u—%,))} 
1 
1 
=P, {m + (1—p2)® (1— 22)? cos (u—w;)} 
ーー Es (141) da (À) 
qg=m 
り (mg! Pa /% (ん ) cos DI 1 

2 es À (in + q)! ni (4) Pm (A) Cos g (6 — a) 
Therefore 


(1) Todhunter, “ The Functions of Laplace, Lamé and Bessel,” p. 88. 


THEOREM ON SPHEROIDAL HARMONICS. 169 


[2 DI zer si =| cos où du=27 Avice Pi (ua) Pie (A) cos cay. 
cu ky (m+a)! 


Similarly 
is Qn(* ) cos ou du == On joan “ol ュー ア Z() の (4) coso. 
ん , 4 +0 
Substituting in (A) we get 


(r=)! PE (in) Q (2) coso, 


(2 + a)! 
“od an m, (m, n) PS) Pi(A)cosew,, (B) 
m=6 “ad 
where 
BRETT n+1 Dr- p° IRA See Ue pa が 
の 」 (m,n)=(—1) Dari an の | t nr) i je (0). 


4. When the spheroids are of the oblate or planetary form, the 
appropriate coordinates are given by 
9 I DA A 
2, = À," sin 0, cosh 7, cos w,=h,! (1— 1°)? (A? +1)” cos w, , 
1 ie 
yı=k, sin 6, cosh 7, sin oa =k! (1— 1°)? (47 填 1)? sine, , 
z=,’ così, sinh 7,=h,' À. 


Putting A'=ik, and proceeding exactly in the same way, we get, 
for oblate spheroids, 


ar PP (tz) Qe (t22) cos w, 


=(—1)° x (2m+1) is @, (m, n) Pi(p) 4) cosow,. (C) 


m=6 


5. When a=c, so that the spheroids become spheres, we have 
£,=0, and k,=0. 
Then 


Mnln! ™ cos 
LE LIRE Bad” Qn (= © ) cus au du = — Da =f te 
katt aA te k, (2n+1)! zJ & 


e 2" nl(n—o)! PS(u) 
(2n +1)! DIA 





cos Gb, 、 


=(— 
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m À MA ‚6 il 
LARA br NN COS GU ae CLR 7 Pf (f4) COS ogy. 
Wry _+ Nth, 2”-' 771 (m+0)! 
Further 
1 | .)= n 2" m! (m+n)! 1 
D," ーーー D; m ‘ RT 
nal D, Om ()= Mm+L の (= —1) (2m + 1)! S m+n+l 


Hence the equation (A) becomes 





Li Eule) cos op,=(—1)° 2, De TRES ri” 5 (m) cos og - 
ri 














ees m= ティ (% 一 a)! (m+0)! 
6. If 
s_|_|Meosu+% sin U+22, 
ki tk, 
we have the expansion 
1 
| S x, COS + y, sin on 
EE ik, 





Be ae ER Dana な a Dal 





n! man di 
for as we know if m<n, - Tre), 
\ 0 n 
Therefore | : 
‘6 È 
5,5 CAT ES | mil, IR FT E 2m + 1 =| 2 .( 7 ) cos ou dw. 
a) 25-1(2n+1)n! ce gr ik, 
x Diu PAS Dr+? Hess. | Le MS 
| MOT) 0 


and corresponding to (A) we have now 


rat ee el. 


9 
- 














alia Ta >» (2m + 1) n: Qu ( =) cos GU du 


man 


mein. 1 
2(2n +3) | i 
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Transforming to spheroidal coordinates we get for prolate spheroids 


=) 6 6 
ア *() Q,5(%) cos co, 


= ss (2m +1) の , (m, n) の 


an m+ 0)! 





Pt) Om(A:) cosaa,, (D) 
where 


Zen! 0° à 
の ,/ n, ーー = | n+1 n+t1 D* Dr? LER 122 t = 
1 (m n) ( ) nti p | mee 22n+3) (GET ts | ( ) 


and for oblate spheroids 


en Pre) Li (ed) COS の の: 


man 


=(-1% Di (2m+1) w! (m, n) Pi) QU) cos vor. (E) 


On Certain Mean Curves defined by the Series of 
Orthogonal Functions, 


by 


KINNOSUKE OGURA, Osaka. 


1. Let 


Po(t), Pi (6), Pd pat), 


be a system of orthogonal functions which are limited and integrable in 


the interval (0 =t =1) and are such that 


fo. (6) pg (00m), 


= ll men), 0s, Teas ee sE 


Let f(8) be a function which is limited and integrable in the interval 
(0 =@=1), then the series of orthogonal functions e,( の corresponding 


to f (9) is 


(1) さら の | FO (0 te 


Now consider the plane curve C defined by 
6 (2) e=a(0), y=y(9), 


where the two functions 7(@) and (9) are limited and integrable in the 
interval (0 =@=1); and denote by D the closed least convex domain 


which contains the curve C. 
If we put. 
1 
x (0) = [ x(t) K(0, t) dt, 
0 


(3) | 
% の (の = J y(t) KY (0,6) dt, 
0 


where 
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(4) KS (0,1) 





SRO n MC fes ea D eg; 
ON Rare LAU ES BESTE RE) の (の ps (1) 
set tai ー 6-18) Ens (Os 


(r+r—1l)(n+r—2)- (r+1) 
the curve C, defined by 
(5) = の (の 。 y=Y (0) 
will be called the n™ curve of the 7 の 7 mean (in Cesdro’s sense) of C. 


Prof. Fejer proved that when 


l, VW 2&os?rt, V2sin2rt--.- , V'2cos2nrt, Y2sin Qnzt,---.-- 


are taken as the system of orthogonal functions, then all the curves 
in の ) ‘of any curve C are contained in the domain D('), 

In this note I propose to find a necessary and sufficient condition that 
ail the curves CO (n=1,2,------ ) of any curve C,should be contained in 
the domain の (§ 4). Also I will give a theorem on the summability (the 
convergency of the sequence of CQ (n=1, 2,------ ) ) in $6, and lastly in 
S 7 remark that all the sum curves CM (n=1,2,--.... ) of any curves C 
Jor the series of Haar’s functions are contained in D. 


I. 


2, I will begin with the lemma: 
Let A(t) be a given function which is limited and integrable in 
the interval (0 =#=1). Then in order that the point 


vee f Re fa () Kt) di 
0 0 


may be contained in the domain D for any curve C 
v=x(t), y=y); 
it should be 
uc 
at every point of the interval (0 = =1) at which it is continuous. 
(1) Fejér, «Uber gewisse durch die Fouriersche und Laplacesche Reihe de- 
finierten Mittelkurven und Mittelflichen,’ Rend. Palermo, 38 (1914), p. 79. 


os 


174 KINNOSUKE OGURA : 


Since K(é) is limited and integrable in the interval (0 三 7 三 1, it 
must have points of continuity in any subinterval of (0O=t=1). Let 
us denote by (A) all the subintervals in which K()=0 and by (B) 
those in which K(t)<0. If we take 


Bt) = 2 when ¢ belongs to (B), 
=U when £ does not belong to (4); 
y (t)=sin 2rt throughout 0O=1=1, 
then the domain の for the curve C is enclosed in the rectangle 
0=s == 


But since 


A CIAU 
(B) (B) 
the point (X, Y) lies outside the domain D, which proves the lemma. 
Applying this lemma to (3) we have the first necessary condition : In 
order that all the curves C9? (n=1, 2,------ ) of any curve C should be 
contained in D, we must have 


(6) Ko (6, t) =0, (n=1,2,.----- ) 
at every point of the domain (0 =0=1, 0=t=1) at which they are 
continuous. 

3. Next I will prove the second lemma: 


In order that the curve Cf? of any curve C may be contained in 
D, it is necessary that 


co(t)=1 or 一 1 


at every point of the interval (0 =¢=1) at which it is continuous. 
(i) Firstly we have from (6) 
(0) ot) = 0 
at every point of the domain (0 三 9 三 1 0=#=1) at which @(6) al) 
is continuous; so that g(t) must have a definite sign at all points of the 
interval (0 =t=1) at which it is continuous. (For the sake of brevity, 


this set of points will be donoted by £). 
Next since 


[40 HET, 
0 
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Zo(t) can not vanish identically throughout Æ. So we may suppose that 
this function is non-negative throughout E. 

Also from the last identity we can infer that の (0 is neither always 
greater nor always smaller than 1 throughout E. 

(ii) Now let us denote by M the absolute maximum of gu(t) in 


E, and suppose 
%(,)=M>1, 
where 6, belongs to Æ. Since の (90 can not be equal to M identically 


throughout E, we have 


1 i! 
| M ¢,(t) dt> | ey(0 dt=1. 
0 0 


If we take the curve 
el} is til: 
y=y(t)=0 (¢ = 0), 
seen (ON が 上 


the domain D becomes the triangle having the vertices (0,0), (0, A7), 
(1, M). On the other hand, since 


1 
が の (の 三 w( の ) Il Mall dt>g,(), 
0 
we have 


WF) >p(A)=M; 


so that the domain の can not contain the whole part of the curve Cf”. 
Consequently we must have M=1, from which it follows that 
o,(t)=1 throughout E. 


This lemma leads us to the second necessary condition: In order 


that all the curves CM (n=1,2,-.... ) of any curve C should be con- 
tained in J, it must be 
(7) の ( り ニ 1 or —1 


at every point of the interval (0 =t 1) at which it is continuous(「)- 





(1) By kind information of Prof. Fujiwara we add here the following remark: It 
may be directly proved in order that the point (X, Y) for any curve C should be contained 
in D it is necessary and sufficient that 
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4. Thus we have had two necessary conditions. Here I will prove 
that these two conditions are sufficient. 
By the second condition we have 


g(t)=1 or 一 1 


at every point of the interval (0=t=1) at which it is continuous, so 
that 


1 1 
if Pn(t) dt= + | $y (t) Pn (1) の 
0 0 


ut since (4) gives 


> — 1)! 
EIER: 14 ヶ の ) (の 十 … Ay A Di n-1(t); 
CAI puis (9) g(t) ERBE. (0) Pr (の 
we obtain the identities : ‘ 
(8) / we» (6,1) di=1; (n=1,2,---.). 


Therefore equations (3) may be written 


fi (t) KR (0,4) dt 
a? (0) = +2 _____§— 
ip K (8, €) dt 


/ y(t) KS? (6, t) di 
jas | 
上 K® (6, t) dt 


But by the first condition we have 
(6) 、r の (⑫9 三 0 (n=1, 2+) 


at every point of the domain 0=9=1, 0=t=1) at which they are 


1° Eubea: » fra. .3 
0 


For the present case the condition 2° is equivalent to g,*=1; it is, however, proved in 
the text that 2° is a consequence of 1°. 
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continuous; consequently, by a theorem due to Weierstrass, all the 
curves CO (n=1,2,------ ) lie in the domain D. 

Therefore we arrive at the theorem : 

Theorem I. A necessary and sufficient condition that all the curves 


a1, 2... ) for any curve C may lie in the domain D is that the 
orthogonal functions @,(t) should satisfy 
Po(t)= +1, 


KP (8,020,  (n=2,3,--+)(7) 


at every point of the domain (0=0 =1, 0=t=1) at which g(t) and 
KSP (0, t) are continuous. 


II. 


5. As the first application of the above theorem we consider the 
relation between the curves CC? and C+”, 
By means of the formula, which is casily seen, 


ATTI (0,4) FAT Ks” (0, t) + PAM KINO, t) 
Pe A) A as 





NOIR 


where 


(r+D)(r+2)---(r+n-]1) 


AD = 
(n—1)! 


it follows that if 
K®(6,t)=0 (n=1,2,--.-- is 
then 
LR NE EAN (Media r 


Consequently we have the theorem : 


Theorem II. When all the curves CM am 1, 2,…… ) for any curve 
C lie in the domain D, all the curves CT*P (n=1, 2, ーー ) have the same 
nature. 


6. As the second application we come to the problem of sum- 
mability. 

When the function f(t) is limited and integrable in the interval 

(1) From eo。( ひ = ェ 1, it follows that 


KG? (8, t)=1>0. 
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(eis 1) and moreover there exist the n constants 6), ロー Calo 
such that 
| f(t) —e Co(t) —G @i(t) — ete — Cn=1 Pn_1 (8) | こ 9, (0 Si Im 


corresponding to any given positive number 0, f(f) is said to lie within 
the domain of the orthogonal functions @, (1). 
Now applying the method of Prof. Haar(') to the series (1), we 


can show that when there exists a fixed positive number M, independent 
of n and 9 (0O=6=1), such that 


1 
J |K©(0,t)|di<M, 


the + mean of the series (1) corresponding to any function f(t), lying 
within the domain of the orthogonal functions @,(t), converges to f(0) 
at every point of the interval (0 =0 = 1) at which it is continuous. 


But if all the curves CS? (n=1,2,------ ) for any curve C' lie in the 
domain D, then 
(6) CMA SO 1) (n=1, 2,:----- ) 


at every point of the domain 0=9=1, 0=t=1) at which tkey are 
continuous ; and 


(8) (is (9,0) di=1,  (n=1, 2-9: 
0 


so that 


iP | K (8,6) | dt=1 . 
0 


Hence we can infer the theorem : 
Theorm III. が all the curves CO (n=1, 2, ----- ) for any curve ©: 


oO), y=y(9), (Ber) 


where x(@) and 7( の ) are functions lying within the «domain of the orthogonal 
functions @,(6), lie in the domain D, then the sequence of curves CY? (n= 
1, 2 ) converges to that curve C at every point of the curve at which 
it is continuous. 

7. Lastly we will give some simple examples. 

I. If we take the system of orthogonal functions such as 





(1) Haar, “Zur Theorie der orthogonalen Funktionensysteme,” 1. Mitteilung, Math. 
Ann., 69 (1910', p. 331. 
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(I) Cn ()=V 2 sin iti 95 ) : 


> 


or 


(ii) OI | f IVI) a] >, (n=0,1,2,---..) 
0 


J being the Bessel function of the 0% order and 2, the n™ roots of 
the equation 


IVT=O0, 
then the identity 
の (りー or +1 
does not hold. 

In such cases we can choose the curve C for which the domain D 
can not contain all the curves CO (n=1,2,.----- ) however great r is 
taken (See § 3). 

II. As the second example, we consider the system of Haar’s 
functions (~ ): 


Po(t)=1 el 
の (の ) 三 0 Ot < (2k-2)2", 
=v", t = (2 を 一 9) 2", 


a (2h 2) dt (06=-1) 27" 
Er t= (2k—1) 2-”, 

Eu _y al (22—1) り -% È t = りん 。 nai 
ーー テレ ner 


=0, Diss Za SA 
(k=1, 2,------ un 
Then 
Pit) =1, ol), COM), PP), PPO, PPD, 
form a system of orthogonal functions, and it is seen, as Prof. Haar 
proved, that 
HV) M2; N: 


Bed, VS 





(1) Haar, loc. cit. 
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Hence we have the theorem: 
Theorem IV. All the sum curves CP (n=1,2,:----- ) for any curve 
C, corresponding to the series of Haar’s function, lie in the domain D. 
III. As the third example, we take the system : 


Q(H=1, (0 エビ 2.oos 27Z6 の w( り ニレ 2 sin Anz 1 
In this case from the well known inequalities 

Ko, De Ver ae ), 
we arrive at the theorem due to Prof. Fejér ($1). 

Lastly we add a remark: For the series of orthogonal functions 

y(t) in general, the inequalities 

KOC DO, (ae 
where 

(0) =+1 or 一 1 


hold good if た oe exist the inequalities of the doubly symmetric deter 
minants (*) ・ 


| 2 み (⑰ め (の — PAA) p(t) … PnP) Pn) の (の 7 の 
め ( の @.(⑦ の 2 み ( の (0 … Pn-s(O)Pn-s() Pn-:(6)Pn-a(t) 
e( の の (0 Eule 2 … Gn-s(O)Pn—(t) の (の (の 
EE XY ゲド すす すす すず ザキ ギー = 
Pn-10)Pn-2(t) Pus) Pn—a(t) (の みみ 4 ひ … 2 (のみ (の 9 
みみ -( の みみ -( の ひ (の の 0 Pn-(0)Pn-st) ANA) 2 
(n=2, 3, reer ) 


This is an immediate consequence of the two theorems of Prof. Fejér(*) — 
and Prof. Toeplitz(*). 


Tkeda near Osaka, May 1918. | 





(1) That is, symmetric with respect to the principal and second diagonals. This 
determinant is centrosymmetrie, and also orthosymmetric with respect to the second 
diagonal. 

(2) Fejer, loc. cit., p. 89 (Theorem VI). 

(3) Toeplitz, “ Uber die Fouriersche Entwickelung positiver Funktionen,” Rend. 
Palermo, 82 (1911), p. 191; Carathéodory, “Uber die Variabilititsbereich der Fourier: M 
schen Konstanten von positiven harmonischen Funktionen,” Rend. Palermo, 32 (1911), — 
p. 193. 





A Remark on the Dynamical System with Two 
Degrees of Freedom, 


by 


u 


KINNOSUKE OGURA, Osaka. 


1, In his great memoir “ Dynamical systems with two degrees of 
freedom ”(' ), Prof. G. D. Birkhoff proved that the equations of motion 
of any dynamical system with two’ deyrees of freedom can be reduced to 
the normal form : 

(1) rg Tl, ger 97, 

dx Oy 





where æ, y denote the two coordinates of the dynamical system, 2, 7 
their time derivatives, and /, 7 are real analytic functions of x and y. 
The dynamical system is reversible or irreversible according as A 
vanishes identically or not. 
The equations (1) admit the first integral 


(2) 2 (や + ず の)=7+ ん 


ん being an arbitrary constant. In tbis short note I will confine myself 
to the case in which % has a definite value. 

Now if we interpret (x, y) as the rectangular point coordinates. of a 
plane, and eliminate the four quantities 2, %, & ÿ among (1), (2) and 
tlie identities 


dy. y 2 


d'y _ ij Yä 
il FI = 2 VEE Per as 
dx À da? x 


/ 


i 





i” 


= 
Ill 


? 


we have the differential equation of the orbits 








RIS mai 
(3) y'=(Ay—B)(1+y°)+ C(1+y°)?, 
where we have put 
He. 1 ¢ log PER) pl bg UP RER ASE 
2 da 2 Oy VY 2(7+h) 








(1) Trans. Amer. Math. Soc., 18 (1917), p. 4)1. 
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This is nothing but the differential equation already treated by me, 
and the totality of its integral curves has been called the N-system( ' ). 
Consequently we have the theorem : 

The totality of the orbits of any dynamical (normal) system with two 
degrees of freedom consists of an N-system ; and conversely any N-system is 
pomposed of all the orbits of a certain normal system with two degrees of freedom. 

2. Applying the results previously obtained in this case, we see 
that the locus of the centres of curvature of all the orbits (3) at any 


: : : : 2 Jape 
point P(a,y) is the conic having P as a focus, and コー kenn as 


the parameter, and 


© log V7+/% (Genk © log” +h = 
US y)=1 
Ow , の Y 7 1) 


as the directrix corresponding to P, where (5,7) are the current coordi- 
nates ; and the converse is also true. 

But it is known that the directrix is the locus of the centres of 
curvature of all the orbits, at the point P, in the reversible system 


7 =(Ay'— BUI 


and conversely. On the other hand, Prof. Kasner(*) proved that a 
system of <° curves in a plane, one for each direction at each point of 
the plane, will constitute the totality of all the orbits for a reversible 
system (so called the natural family), when and only when, it possesses 
the two properties that (i) the osculating circles at any given point must 
form a pencil, and (ii) the two hyperosculating circles contained in such 
a pencil must be orthogonal. 

Therefore we can state the following theorem which gives the 
geometrical characterization for the normal system with two degrees of 
freedom : | 

A system of «* curves in a plane, one for each direction at each 
point of the plane, will constitute the totality for any normal system with 





(1) Ogura, “On the integral curves of ordinary differential equations of the second 
order of a certain type,” Töhoku Math. Journal, 8 (1915), p. 93. See also Mr. K. Kurosu ? 
paper of the same title, Töhoku Math. Journal, 12 (1917), p. 197; and Ogura, “On a 


certain system of doubly infinite curves on a surface,” Töhoku Math. Journal, 8 (1915) : 


p. 213. 

(2) Kasner, “ Natural families of trajectories.” Trans. Amer. Math. Soc., 10 (1909) 
p. 201, Consult with Ogura, “Trajectories in the conservative field of force,’ Part. L 
Töhoku Math. Journal, 7 (1915), p. 123. 


> 
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two degrees of freedom, when and only when, it possesses the two properties 
such that 

(i) the centre of curvature at any given point must lie on a conie 
having that point as a focus; and 

(ii) the directrix of the conie corresponding to the focus must coincide 
with the straight line which is the locus of the centres of curvature of all 
the orbits at the given point for any reversible system (characterized geome- 
trically by Kasner’s theorem). 

3. Moreover we have the analytical characterization : 

A necessary and sufficient condition that — 


y => (a, y, 7 ) 


may be the differential equation to the orbits of the normal system with two 
degrees of freedom is that the expression 


CREA 
97 14y° 





should be the exact differential quotient of a function of + and y with respec 
to x. When the condition is satisfied, we have 


| Op _ Spy 
+h=k | 2 ( ) dal, 
rth exp | VERE da 





k being an arbitrary constant. 
Lastly we remark that Prof. Ph. Frark(') and Prof. Whit- 


> 


taker(*) mentioned erroneously the above as tha necessar yand sufleiest 
condition for the reversible system. 


Ikeda near Osaka, May 1918. 


» 





(1) Frank, “Uber die Bahnkurven der Mechanik,” Crelle’s Journal, 134 (1908), 
p, 156. 


(2) Whittaker, Treatise on the analytical dynamics (2. ed., 1917), p. 407. 


A Contribution to the Question of Linear Dependence 
in Linear Integral Equations, 


by 


Louis J. ROUSE, Ann Arbor, Mich., U.S. A. 


A set of m linear algebraic functions in n variables 


n 
(a) Zig Ds, i=1,2, 3, ....- ‚m 
7=1 
is said to be linearly dependent if there exists a set of m constants c, not 
all zero such that 


m 


> &y=0. 
i=l 


If each function %, of (a) be multiplied through by the corresponding 


e, and the sum of the products taken, the above definition is easily seen 
to be equivalent to | 
Theorem I. A necessary and suffieient condition that the set (a) be 


linearly dependent is that there exist a sets of m constants c, not all zero 
such that 
nt 


(b) 2 ca;=0, ナー 2 ogres Gute 


t=1 


Again if (b) be regarded as a homogencous system of n equations in 


the c;, we know it can have a non-zero solution, c,, の CRUE 
only if the rank of the matrix 


[la |] i=1,2,3,...... ‚m; ィ ー1。 2.8, n 


is less than m. Hence our definition of linear dependence is also equivalent to 
Theorem II. A necessary and sufficient condition that the set (a) 
be linearly dependent is that the rank of the system of m equations 


n 
(e) | Zad); a=1, 2, Op „m 
gal 
be less than m. 
Suppose m<n. Then from Theorem II it follows that if the fune 
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5 
tions %,, i=1, 2, 3,:----- , m be linearly dependent the determinant of the 
set 

it 

peer トー DES te ts ・ は Mm, 
) ; 
ER h=m +1, mt2,---+- sm 
pen 


where the a,, are entirely arbitrary, is zero and there exists a non-zero 
solution for the system 


n 


> aj; a) =), 2, 28 os... 3 m 
j=l 
(e) n 
> 0,%=0 A=m+1,m+2,-... , n 
gel に 


for the a; arbitrary. The converse is also true. For suppose there exists 
a non-zero solution of the system (e) whatever be the last n— m cquations. 
Then we must have 





Ayla ere di n 
ni AU,n9 a sims s See te Ci 
LR 三 0 
Am +1,1 Cm 41,2 OK An+ın 
Ani dy ® er 0 0 è 00 0000 Can 
DU =m+1, m+ 2,-:---- held Se , n 
If we denote by Gi, iz----im the minor of order m formed by taking 
the elements of the first m rows and the #°,4",......2%% columns of A, 


and by Ai,i,----in the co-factor Of Gi,i, ---im, the expansion of A accord- 
ing to minors of the first m rows can be written 


n» 


A > Git, + im 4 i: im = 0 
も 2 = im=1 
<<< < im 
From this it follows, since the Ai,i,---.in are not identically zero, that 
‘1 
to 
の ee! > N bg By ...... ‚R. 


bn 
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i.e. the rank of the first m cquations of (e) must be less than m, and 
we thus have 

Theorem III. A necessary and sufficient condition that the set (a) 
for m<n shall be linearly dependent is that for any arbitrary set of 
の the system of equations (e) have a non-zero solution X, の が "の 
i.e. the determinant of the set (d) be identically zero in the a,;. 

We propose in this paper to consider linear dependence relative to. 
linear integral expressions involving two or more functions @; (x), È; (2), 
ーー ®, (2), i.e. expressions of the type 


n b 
(⑲ー と | Me の の 9 の = の 121,2 Br, m 
da 


We shall give as our definition of linear dependence for a set of 
such linear integral expressions the analogue to Theorem III above, viz: 
Definition. A set of m linear integral expressions 


(1) gi(&)— È fie o(y)dy=f(@) i=1, 2, Bee, 


is said to be lincarly mu if n functions ¢, (x), g:(x),.-... > Pn(&)> 
not all zero, exist which satisfy the system of equations 


Gi(x) 一 fe (る 7) の (y)dy= 0, adr „m. 
(2) 
Ent == [ri v 34) 2; (y) dy = 0, h=m+1,m+ 2, Na Hey js 


for kn; (x, y) ane arbitrary, i.e. if the Fredholm determinant of (2) 
is identically zero for all %,; (x, y). 

In Part I we study the consequences of this definition with respect 
to a single linear integral expression in two functions 


3) ¢(2)— if hey (x,y) 9 (y) dy — Î (の の) (y) dy=f,(a), 


in which, for convenience, 9, (x), @: (x) and 方 (2) are assumed to be 
continuous on the interval a=x==b and ky (x, y), ky (x, y), continuous in 
the squares MED, 0 4 ert ae 





(1) Throughout this paper we shall limit ourselves to functions g(x) and f(x). 
continuous in aSx=b and functions / (x,y) continuous in the square a=%=b, 
a=%y=b. For other possible conditions cf. Bôcher, An Introduction to the Study of 
Integral Equation, p. 3. We shall also assume that our integrations are extended over the- 
interval a = x= b. 
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We develop first in $ 1, some interesting expansions of Fredholm 
determinants, of certain combinations of kernels from which we deduce, 
in $2, some necessary and sufficient conditions for linear dependence 
relative to equation (3). In $3 we establish for (3) a theorem analogous 
to Theorem I above. 

In Part II we consider a set of m linear integral expressions in n 
functions | 


(4) pv) — 2 Il ん 人 (あり) o(y)dy=f{(€), 1=1, 2, 8, …… ‚m, 
Heal 
to the form of which the more general set 


(4) 2 ale) el) LE rules) の (9 の = 


can always be reduced provided there exists an m-rowed determinant 
A(æ)—=| a (a) | I IPB Jes ‚m 


which does not vanish on the interval a=v=)('). ; 

Since the determinartal formulae developed in Part I become very 
complicated in the gencral case, we give only a treatment of this case 
analogous to that of Part I, § 3. 





(1) If we suppose for convenience that the determinant | aj. (x) |, (i,J=1, 2,----m) 
does not vanish on the interval a=x==, then by solving the equations (4/) for ©, (x), 
ーー っ の (の 0。 we get a system of the form 


PR m ーー m ーー 2% 
gi()+ = din(0) en(x)— = / en (や y) cr y)dy—2 ti Kein(&, y) on(y)dy=filx) 

h=m+1 t= h=m-+1 
41, 2, 3). .--, mM 


Tf now we set 


77 
Qi(2)+ Z bin(r) gn (t)=b (x) i=1,2,3,....,m 
1 


h=M+ 
En (x)=®n (x) h=m+1, m4+2,----,n. 


Then these can be reduced to 
P;(x) — 2 fr y) P;(Y)dy =fi (x) 11) 2, 95 #90, 


where the k, j(æ, y) are easily expressible in terms of the e; (x,y) and so in terms of the 
key, y). 
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PART J, 


き 1. Fredholm(!) has suggested a method for finding the Fred- 
holm determinant for a system of n integral equations 


PAT) È [ro y) の (7)@》 三 (や) ur 1, 2, 3, NT <a ’ n 
j= 


which is equivalent to the formula 


①) -F, [kgJ=1+ 2 arate = L=f Ur 
m=1 m! Let 


NAO N eve (om ad 


vy Li "et m 


Im=1 I I: Im 
where 

) kg 5, (2, Yi) kg, j, (ti の ) PARI er. kg im (2, Ym) | 

kg, (0,2 1) Kg, je (や Ya) a Dia Kg, jm (2, Yin) 

KII2 "Im eo ra RE a “lu Side 
J1J2' "Im \Y1Y2 * Ym | 
ん Imi, (Cm Yi) Kgun j 4 (Th Y2) AR DER Em im (Zn Y, a | 

In the case of the system of two equations 


g(a) — | (あの) g.(y)dy— Î Hat, y) gA(y)du = f(x), 
(2) 
et) — ti Ien (x,y) (の 9ー Î Ent, y) g(M)dy=f(2) 


{1) becomes 


(3) FE, Pas] — 1 14+ x Ci UM day Je NI Fe 
À RE os q ‚„=i „el 


> cha Im (a n) de, dey--den=1— | [En(@®) 


In=1 I192 "Im \ Gite: Un 


+ Kx(2,%,)] dnt [ f (wn) +2 
UE TT: 
ha (a) | ender fff |B Goes) 


(1) Acta Math. Vol. 27 (1903), p. 378. See also Platrier, Journal de Mathématiques, 
series 6, Vol. 9 (1913), p. 261. 


kart) Kyo( 2) 
Ken, (XX) hyo ( a2) 














LINEAR DEPENDENCE IN LINEAR INTEGRAL EQUATIONS. 189 


kı(®,2,) Eat) Fio(0,03) kate) (2 の 5) (6) 
+3 ky (222) kl) ん 5(25265) +3 Kal) ん (2 の 。) ka %Ts) 
Fn (0301) (5 の ) Keo2( 25003) heyy (250) (の) な (Zs) 


+ (2 上 リ da, de, dus + sf il Sf | Ir( „(er 0 
Vitale DIT TU, 


Etc) Heyy (42,92) Ki (0103) hair) 
Rate) le (€02) (2 の 5) (tx) 
kate) heyy (ogee) hey, (cess) Key o( args) 
ん (の) ey (arty) Kult) fea) | 


ん (Ci) Kult.) 大 (の, の 。) (2%) 
(の ) ke) Ras) ki(0,0,)) 
ん (2 の) Kal tt,) (の ys) Kalt.) 
(2 の 」) (の) kits) ん 。(zp。) 


ん (の) (ei) (の) Hfrivs) 
kate) (2 の) Kx(0,03) Hot) 
(250) (ee) Kao(0303) (aw) 
Ken (41) ん (2 の) Kal) (2) 





+6 





+4 


+Ka( EN ‘) de da, de, deje... 


Via 


By expanding still further according to the rows containing %,, and 
k and properly collecting terms, it is easily seen that after placing . 


Ln41s Umse29 °°° os Vim Vis Ya," > Un and om +1 3 rm +2 9 MT Pa Dinar 


(3) becomes 


Flee |=r0 rta CI 


i Ks meal m! 


. Uf, reece 1 ん | 
A BAIE JL ce eal p m 
x fr il à we pio os Er nt (3 a TA Er ; だ ‘000900 dt dy; ss. Ty 
m 2 Um 2: 


F Kin Im x が ER Abi DOS TEE um 3 (— IE 
m 2 k 2 12/17, > 
Yı に Ym 11 ya es Ym ar n! 
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ka (ate Yu) 2s To Yn) its) ツイ nA 


Selena aa BRETT an rer 0 0 de 


se ses 06 00 È 0 0 0» a secs eeooe eo oe る で や oe の 


ef ko (Un Yi) ag ky, te OP) ki (da 81): oe ky ES Sn) ds, ds, .ds,, 
ki (8, Yı) kin (8, Ym) ky (8, 8 ) ku (Si 8, 


nn Tr rn een mn se 


kis (8, Yı) bui; ky» (8, 7 ba: ku (8, 8): La, ka (8, Ss) 


? ...o 00» 7 た ん 6 un 
and 7 G i Im, n) is similarly expressed. 


a Tn "re 
If we expand this last expression according to minors of the first m 
columns and again collect terms properly, we obtain another expression 








ur Ar Um , ka pas 
HOT in (; ar 5p js viz: 
Yı “Un 11 
Ch ‘0060 Ce fo Kn È 46; eevee m 
Fal 6 his 3 た dE F (ku) K,s ( - ") 
Yi esois Ym Ky Yı Lele alp Ym 
で x DE ov 8 
428 (が è (st) Ki ( L Aan is Uj" 0 ds, +. 
の に ーーー・ Y; Or Ufo 
x m È 
a Ti 00,0 4b; 
5 v da. À 
er [5 a F,( 1 ku) 
(の) a Ual SI se ee ae Sq 
Ti _1 S1 Xi SI PARTO O 
x ICH fe t1—1 OL 2141 (7ー1 Sg Vla+l ds, RENT ds,+ pee 
Yı ss... Yi, reo ee Yig ececcecccr ? RS, 
1 F vy ...... Im o I: se SÌ .... Sn Is d 
i Sy m 201 12 a8 AS» 
m ! S」 Be Yi SE Ym 


JE N & (i) Ke (% Yi-181 un) ds, + 


の %; TM 


he gi x F (9% res a Tua) 
Me DI ig=1 e Sy +... Sy Ag 


x Ky (RE Sì Yi, +1" Yig—1 Sa Yiat+1l'° JA de)... ds,+ ose 


vy, eeeee DATI AO 





ーー 


| 
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| suli if F, IC coerce Ym 2 ka) I fe reso Sm ds, RAS ds,,. 
VIREN a ee NGO TE eRe Sie が 


Sn 





If now we substitute these values for 


am. ん ee Um いん と 
し ( L M' è >) al 1 F Yı Ym 1 "21 ; = 
PE. pay aye in (4) we get another 
Yı a LS Ym f ku a sf) n Um i ka ( ) S 


Li し ん Ù * . 
formula for F, ft: via: 


» » 
v7] 7 うう 


CI ko 
di; = F (ku) F, (kx) — {| / Le (kn) La (201 4) 
x À 22 
il ran ku) Kia (* n) da [Po da) Moni 4) 
Si Yı Nar 
+[ (Fr 2) K 2 (0°) ds, da, dy, 
SI D: 
Ent R (ln) K (© % 
Cr o Cu) Ko DA 
Yı の 2 
+ > R(“; ka) Ka (2%) as, 
i 8] Yi Ya 











3 (a da, . Is, JER & 回 ds, des | [Fa (Ky) N (& +) 
! (È x Yi の IRE 
3 I x ne Yi a ds 
た TE の 2 a 
+ Pi SS di (È V2 ; ks) ea “ 5 ds, ds de, dx, dy, dy, + ーーー・ 
2! RER Vira 
— 1)” の ・ 
cr a) 
re bi 1 1} Le o( 1) » C eve ta Yon 
+ jar 3 (ft) Karma) ge 
Yı .o or 1.0.0. Yi ....0.r. Ym 
da a ne NA 4 sik. ky) 
Tuer VE A —1 $21 S| nr da) 
も à eee er Opts CT Din Sy Lern a) ds, ar LS ds, + Taste na 
alata stare Yi, are a sins as Magi Gas ore À 


af: rat (© rad + A) fre Br de den | 
en Yi: Ym 
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ate (ん 。) it © NÉ m) 2 


I re Um 
' l 4 7 ーー 
SALI à x ( = (25 ke) He (A ・ の 2 一 1 8」 7 十 1…・ a de Free 
2 Pe Uy: Host es et Ca 
E Se \ FAT x ie de gr Ya J ks 
a (gi? j = ig=1 Si ve Sq 
x Ke Yor Yi, —1 Si Yi, +1 Yig—1 Sa Yigt+ 1: De) dsj …… ds, + den SS 
Brrr Ben) 200000000000 Vig ・・・・ Un 





Macs 
x K,.( 1 i) ds, aan don | da, swe dam dy, ue Ym + a wide sa E 


xi in ste Ca 


By expanding (3) according to the columns containing /,, (x,y) and 
ky, (2, y) we obtain in a similar manner the formula 


er) Bayt 3 CE 


m=1 (m Wa 


— / の に ・・・・・ 7 k, N x ん 
x È JF ( si Pa ; a) 1 ( È x 5 >) da, SITE dm dy, ESA di Mm 
4 RE Du k 1 MEER Yn 22 


4) F, 





し ん hep 


1 
where 
Rt : È A = 7 
An ne) (en) 5 ff LE 
m 2 Tr mg リン 
Miro. up ん 。 の に いい u n=1 IE, n! 


fe (2, Yi) à .….….k, (x, Ym) Kis (2, 8) oki (X, Sn) 


© è è e 0 eee è è e è e 8 0 è e è è © è è è è e mm mn SS è e e mme men 


© è 0 0 0 4 + 0 eee eee © è ® eee è è S © e ® è e 0 + è + + è eee eee ee 


ki (Da Yi) Rae ko (Ca Ym) hs (Ca Si) ali 57 ‘Kis (om Sn) 
Key (Si Yi) +++ Ras (81 Ym) Fas (81 81) Äh (81 84) 


nn en mm mm mm mn memes 


ee) 


Un i ku 


Aa Pe tal ooh è I 
and Zn és Uma, =) is similariy expressed. 
Cara 


= 


nr EEE EEE e—.,_—_re—="= ww", 


| 
| 
| 
| 
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If in (4) we place k„=k, and k,=k, we obtain an interesting for- 
mula for the Fredholm determinant of the sum of two kernels( ' ), viz: 


1 Mm 
(6) Folin + has) = Pin) Folk) + È DT 


m=1 (ml) 


x fe fl ) Fig (Ye Un; a) de din ・ du 
vu Yı' / 


3 Uan LU Vn 
This last formula bas here been deduced from an expression for 


F, pe = . It can in turn be used to obtain another formula for 
v2] 22 


F iR “| . To do this let us replace k.(y,x) by 4 f his (4; 8) Ra (8, ©) ds in 
21 Kg 
(6). We then have 


Po (Ra + À f heyy Ra) = PE) Po (A Sar ka) + on 


xf u‘ [F. Ge a ; Lx) By (? | i 人 ん ) の da m dy, i Ay a 


Ye = “Un 


By expanding this expression still further, making frequent use of 
the reduction formula( ?) 


| if K' (a, 8,) K' (8%) ds, 


È I AAT, 
-—f- a SM do ds, NT 1, 2, 3,---n, 
Yur Yn emi 1,2, 925 


n 





and collecting terms ie to powers of À we obtain a formula for 


Folk +4 Ski ka), viz: 
(7) Follet io ha) = FE) 


; 
a J [Pr ha + [FG ree ) Kul "an | Eis, 2.) de, ds, 


1 


at a a, n 
aol fff 2 (kn) Kl er m2) 4 x F( = ; ku ) Ki} n) dy 
ray 8, 8 at ay 8, 8 


+5] He (E J: 3 ki) Kf LE = dy, duel AG に si +) da, da, ds, ds, 
21 Ly Ya STR, Mio 


(1) Goursat, Ann. de la Faculté des Sciences de Toulouse, Series 2. Vol. 10 (1908), 
p. 27, has obtained a special case of this formula viz: where k, (x,y) and 7, ‘x,y) are 
orthogonal kernels, in which case it reduces to F,(k, +k,)=F 0 Folk). 

(2) C.f. Schur, Mathematische Annalen, vol. 67 (1909) p. 319; also Landsberg, 
ibid, vol 69 (1910) p. 221. 
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role) 


; 7 TT 
alt 5 Fi & LO Ups Yılızı a dy + WP 
Y, 8. se... 8; slo Tone os ve 
で m “Li 
V F big, I. 
of idea) 
(9 9 ig = il Yı UT 
= y UE Col Yo Cio +1... Un 
(1 i-ı Yi &,+1 一 1 Ya Vig+1 =) dy,---dy, オキ ・…… 
eeeeeseeee Si, た ナッ ナブ 
PRESA YA), 
at JO "2 hs) Kf i 2) Ay Lm 
mn "Ra “Um °°° Sn 
x Re : “à zi CIS, de, ds, ere ds, Hs... 2 : 
Um | 
_ 
Suppose Æ(kx)+0 and place | 


ん (る) ニ ( a n+ fe (41 81) kalsı 2.) ds, 


where >» (y, 8,) is the reciprocal of %,, (y, 8), i. e. 


F, & ) ky ) 
Co りー : - 








(ん な 。) 
If we make use of a second reduction formula(* ) 
F(%; hee | E(%; km) 
# 1900001001096 Sa 
Folk) Fkn) 
ACI ln) 

9 Sir ag 22 RCE a a ka ーー 
ADS le... Se 

FR) Fk) 

and also the formula for | f K' K''| given above, K, (Ca a) can be re- 
81°°" 89 


duced to 





(+) c.f. Plemelj, Monatshefte für Mathematik und Physik, Vol. 15 (1904) p. 101. 
See also Platrier, loc. eit. p. 249. 
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F, (e a) 
A. mee) \' Ter K as Si a FT 
21 ーー FE ND 21 AS] eee 
Diet PA i=1 F u(k22) Ur の ーー・ Le 
Yi Yi 
FE ( I 7° . た 
mM m 7 9 22 
7 “Yi Si Yi Vi, 1 Sy Vi es・・・7/. 1 
GK, Coa yess UE ER Yb eb. Yir-ı Sa Yin +1 =) ds: ds, aire 
Urn Vi, os ces esse, e Ti ss. 


En A 3 ん ) 
ale lo mu Sus Im Ja. Hr es) ds,---ds,, . 
m! u UE. 2) Le Un 


Substituting this expression for ZUG) in (7) and comparing the 
NES eg 


result with formula (5) we see that 


rl Zu 
P Fly ko] 
En + SE (En + BES k,))= Tr 
MUSE 


Hence we have the formula 


(8) F iR “|= Filler +S balla +) Kia Ba) Filles) 。 


2] /V22 


where K,(+, y) is the reciprocal of ky(z, y). 
Again, if we apply the first reduction formula above to 


00 LIST PES ーー ui fis Ki! | ed 


m=1l 


we obtain 


(9) FSE k!’) = LES \ es Mara 


m=1 (m!)? 


se K' Ei AGS (a =) da da の 7 の の ° 
Yn * "Um “Un 


Suppose £4(k,,)==0 and ÆK(k:)#+0. Then from (9) it follows that 
for 


K' (a, y)=hy(w, y) + Î Ky (2, 8) kıs(s, y) ds 


and 
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K (x, y)=hy (a, y) + / Koo(a, 8) ky (8, の ds 


where Aj, (x, y) and K,, (x, y) are the reciprocals of ky, (x, y) and fy, ゆ y) 
respectively i. e. 








Kl, 7) = 


and 


- F je 5 ) 
K(x, y ne 
o( “22 


2 


we have after applying the second reduction formula above and com- 
paring the result with (5) | 


Flick: 


Fy (Sue EP A he UN RON Re 
0(S Ce + S Ku kis) (hon +S ))= EM) 


2 


‘ 
1 
0 


6 も STE ‘ 
i.e. we have still another formula for | Sent ea 


” た ん 
Val ん 22 


(10) Br |= RU +f Kia ko) (Ra +S Bos lex))- Fulku)- Folk). 


vo] 7 シ う う 


We have then the following formulae for the developments of the 
Fredholm determinants of the various combinations of kernels which we 
have considered. 


EEE A: > edle 
mar (ml) 


x fr (rm JR QU Ve: Te) desig de Ai 
の に の Li”: 


Un 


I. Fi(k tisk k= F(h)1 il / の (es) 
+ fF C Ki, ) de | ka (8 2) da, ds, 
Yı Si 
À” - x ra [U 
ene Fy(k な ( + )+[2# K, Gor 
(2 ll jt & 8, IM \8 n) 
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+ fel F, E da ae ) E” +) dy, dy, | K,(* a) da, da» ds, ds, 
9 ! Yi Ya S」 S2 Li の > 
I fe IL | F;(k,) K, (09 9) 
(m!) 8 Sin 
HE x PF iG ; h) K, = “Loi Yı Viet “i dyj +... 
el Yi i Si Ree aft) olate 8, ss. 8 ‘ 


t 


n giri 
Tie): ie > Sn De 
Te De i, =1 es VV 


Fe iR, Ge Vi, —1 Yı vi, I 1° til Va Ti, +1*° 


Si ドー Si cece cere cece ences Sig ーー Di 


1 ff B fr Un t,) K, bess . So) dy: .. u 
m! Yi" Ym Sie Sm c 


Si…・8 
2 を ( 9 9 dx, ---da„ ds ds, 
“U . 


1°" Im 





leg ke 3 co Sn 
3 T: ne ーー F % di boo > ーーーーーー ーーーーー — 
mr E = Eu) Fille) + À CE 


x f + BET A ‘Um > pat) F (ue Im, e ん da: # Tm dy: dyn 
Yi Um ” kn Vi Um ” Kiss 


and similar one, 





m. 高生 Fa) VA Si 
the, ws1 (m!)” 





x | ee En a Bk ) a) Pm (7 (i; ; 1e) da ; ‘dm, dy: i ‘Tm . 
Ur My A Yi Ym Kar 
7 en kis 71 た à N LE Le Uys Un 
NE, = (hn) Fo(kz)+ 2 ai sf | Fu) Ko >) 
Tiny kn m=1 (ml) YY 
| Se x pe és ; hu) A =] ざ 」 Ur’ ・ ds, By DEN 
| 1=L Yı ‘00000000 Yi ‘0000. Um 
| Y a F (7 Ci, 22 la, sk ) 
| re 1) mil ルル ae =1 Si "89 È 
| x K,.( 7 U, 1 81 Vi +1°°*Vig-1 Sa Viga 1’ °° a ds,‘ 
の に ーー Yemen Yig esse o 





IE A: 
| ua. ra A (i m ih) Kl Li 
| mM: So) Pes "Um 
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- の 7 
x | 10 (ke) Ka? DE He x tali G 17) 1e CE Yi- 1 91 Mier’ a) ds, 
Um Dye REEL u 
x worn Yi," Yi 
ーー or... + o sa 12, oe 86 DI He y 1 y 1 : lesa 
(a!) M ats A RCE 
a dr n «Yi —1 8, Yi, +10 Yig—1 Sa Yig+1°° va) ds: è -ds,+ BER 
RE III RIZZI Vig ER Cn | 


fe am du Ne ala dd dati 
mn; ml Lie NN 


dm の の の » 


VEE, k “| = Fy (ky + in (Ky, + J Ka k;ı)) Fy (Keo). 


Kooy 
WIE, Bi = = (J (io Sf Ku Aye) (Bin + SK ts) Fh) F (lino). | 
Vo] Woo 


§ 2. Consider the linear integral expression 
ALT CES J hile, y) g:(y) dy — f his (14) 92 (4) dy = fila). 


We have defined linear dependence as follows: The linear integral 
expression (1) is said to be linearly dependent if there exists a set of © 


functions (2), @(x), not both zero, which satisfies the system. of 


equations : 
sa il ly (a, y) Ply) dy— J ん (の y) iv) dy=0 | 
(2) 
gr (0) — il En la, y) ily) dy— | k(x, y) (7) de=0 3 
for every (x, y) and 4,(x, y), i.e. if the Fredholm determinant of the | 
system of ma (2) is zero ies all ky(a, y) and ky(a, y). { 
We then have I 


Theorem I. A necessary and sufficient condition that (1) be linearly 
dependent is that k;(x,7) and ku(®, y) be such that 


Fr (ku) = 0 


and 


ぐぅ >・*・ 


fie [B® fia a) LAS =) ds, des E | 
Yi の 71 Ym I 
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for m=1, 2, 35------ x 


For, from formula IV of the preeding section it follows at once 
that if these conditions are fulfilled, then we must have 


P, far its SÒ 
Ky Ko 
for every k,(v,y) and k(x, y), ie. our condition is sufficient. 
To show that the condition is also necessary let us set 


lin (0, y) = 2 ka (x, y). 


HAN : NE : 
Then Formula IV gives us A ihn 4 as a power series in À which 
VII v7 


by hypothesis would be zero for every value of Z. Hence the coefficient 
of each power of 4 will be equal to zero, i.e. 


Fo (kn) F (hy) うり 


[TEA (En) Fo (a ys) +fn(® hu) Bal jdn | 
Yi 


x | Filles) Ka ( RK ( = ) TALE ka jh Ruf © ) | dx, dy,=0, 
UL 


© > d è è 0 a © è 0 GS è ees Sd + 1 È è è è e a è è È etes è 0 è è è 0 SÒ è è è e serres een è Zur Zr Ze Zr Zu Zu Zu Zr 


1 
IE ME (Rn) Kult“ JE yy ドン ROY 
es 5 Ym (9!) 
m m - 8 
u : Ci. Vi, 
J uses | > alae à le ( by ly : bs.) 
i,=1 ig=1 Spree 8, 
I ETS Ti Tem di © 
x Hi (7: DST SN eC, 1 Sit da の LE 
7 80839000» Yi, essences. Via NI Ym 
; Tr デー / Si: 
a Il pu m 3 Kr Eu 1 +) ds; ds | 
Si°**Sn rts “Um 
m 
n A, .N T 7 by Yi T, 
X | Folk) Ka (i si キー I, ・ ろ E (ee 1; hop 
3 Meta (9 ) ig=1 Sperren Sy 
DE He ce ざ 」 LR RE Sigel Sa Yigqrt ad PET 
ーー Ti, RM a tetas ai a%e Vig creer ee 124 
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‘alk EAN 5° "; a) LI ig) si・… ds | 
m! CARLI DE | 


IE dx C&C いつ Am dy, wes ernia が 





ee 0 $ è e # è è 0 ee THEE ee 0 ep ee eo oO ee eo ee ee eo eee と し で 


If in these equations we set ky (y,v)=Ky (x,y) and ky (w, y)=hu (€, y), 
then since fron fi [e(x) | de=0 it follows that g(a)=0 we get 


nn nement. 


EE 


REA ‘Un. ; n )Ru| 770 "ds, ash dsn=0, 
Nea Yır'"Ym 


EE 


CE 


which are the conditions of our theorem. From Formula V of the 
preceding section we obtain a second condition for linear dependence 


VIZ 
Theorem II. A necessary and sufficient condition that (1) be 
linearly dependent is that: k (x,y) and Ky (x,y) be such that 
Fylkut Ski a) =0 
for every ka (x, y). 
For we must have 
a [hi hy 5 
F, | i "| = Akut Shi (ha + SL L:)) (En) =0 
val Rn 
for every kn (a, y) and ky (x, y). 


Choose ky (x,y) such that (ん) 主 0. Then we must have 


Ft S$ hf +f Ky kn)) =0 


i.e. if we determine k, (x, y) s) that ky+ i) K,, ky, =k, which is possible 
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since A(£,,) #0, then we must have Fulku+Shrk)=0 for every ka, y). 
Hence our condition is necessary. 

On the other hand, suppose Fulkutfkrk)=0 for every k,(x, y). 
Then if /)(£,»)=#0 and we set 


ku(z, y= h(x, y) + | K(a, 8) ky (s, y) ds 


TER is = Oe 
ky ky 


| is continuous when considered as a function of 


we shall have 


Since J) is x 
2IIVV2y 

ka(@,y) it follows that it will be zero for every value of た (> y). 
Hence our condition is also sufficient. 

From Formula III’ of $1, it is easy to deduce a simple necessary 
condition for linear dependence in (1) which is not sufficient. We have 

Theorem III. A necessary condition that (1) be Jinearly dependent 
is that A(kn+4%,)=0 for all values of A. 

For we must have 


Kon v7) 


[HE i a = Fy (hy) Py (haz) + 3 ie 
6=1 (m!) 


x fr FC HP ges) “pa Cane: i) dry: dry dy: dy =O 
QUE 1 HU Im 


for every kn(x,y) and ん (の Choose kyla,y)=/kıla,y) and ん (あの 
=Ak,,(v7, y). Then we must have 


F ka Kol Fk.) FUE ala 
Sali, x ーー 011) AC En)+ スー in 


Um Vi Un 


=H,(k1+4k,)=0 


which shows that our condition is necessary(! ). 





(1) This theorem can be easily proved directly. For choose k,,(x, y) =Ak, (x, y) 
and %,,(æ,y)=Ak,,(x,y). Then the existence of a non-zero solution of the system (2) is 
‘equivalent to the existence of a non-zero solution of the single equation 


9 (x) fe. 1(% Y)+A key, (%, mie (y) dy=0 


i.e. we must have F,(/,,+A/2,)=0 for all values of À. 
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On the other hand it is possible to obtain a simple condition for 
linear dependence which is sufficient without being necessary. 
pres Fy(k,)=0 and that M es ky | is the first non-zero 
Yır E Ym 


minor of the. Fredholm determinant of ka(x, 9). Then any solution 


み ,(s) of the integral equation 


(3) To if &(y) En(y, 8) dy =0 
will be of the form(* ) 
m NE no OO) 
I 2: y ae TESTO 2 の) CA : ) 
di (dio er 上 87-81 8 Sig "i dl 


Assume now that we have 


ff ee CE ki ) Ki Si ) de 
DE Yi 


Sm 


for all values of a(i=1,2,:---«-m); 9.(7 三 2 9, …… m); and y. 


It follows then that 


iP fe CE 63 nie kn ) Ki (Ar Sn) ds; «din =0 
2) Uys: ‘Um 


Mm 


Sree 8 
for all values of x, and y, (i=1,2,---, m). This is obvious if Bald, 33 a 
Yi-*Ym 
be expanded according to the minors of the elements of the first column. 
Also if we multiply the formula( ? ) 


, の PC PR CITE 
Fa | "x hs ) = find , 8) Fu ( / er ku )g 


BR Pike 5" Sm 


. Let TA Dee DC の で の 
= hu (0,8) Fru( 775 ba, \— Sn (08) Fa (SOTA, e) 
i 


SI" Sm So Sm 


through by Ka (0: en) ds,---ds, and integrate it follows that 
°°" Ym 


[fra ne ku )Ka( 8° n) dar ds 
SS Sm Ye Um 
[hu (t, 8) LE [Fal m+1 fi 1 on ka ) Kal * rd | alt= 0 
bs Sm Yi Un 


(1) C.f. for instance, Heywood and Fréchet, Équation de Fredholm, p. 71. 
(2) Cf. Heywood and Fréchet loc. cit. p. 70. 
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DAN 
x VI FRE LICH a SARE 8 
IC fr ( : m 3 Hi .) HE o) ds,-.....ds, 
...,... wee Yi core “Um 


SS; 


is a solution of (3). Hence after placing 


DR sed Pen ON RTS use 8 
JE en m+1 a Um に m5 tn) Ke 9 (E A) ds, pint ke a ds, 
S Yı ss. se 1 ie 


EEE Sn 
So hr (È 1・ UV: Dal Ar LE Um+1 È た K. の っ Ce Sm d. i / 5 

m+l PRESTI ‘12 op aan CE ( Sm 

M lee Sm+1 LI pl ial Ym+ı 
we hav 
F Li as °°°" > Tnt SC Ta 7 ea Sm+1 a 
f CHER. ( ku) Ko Gao eda) 
ts 8 っ > 3 Sm > rein Ym 41 
m 
ina i by ECS mot x UM. Df 

Ne 7 1 i m. Ja 
そう Fu ( ) ku) 
(SI S」 8,108; "Sn 


5, do not contain the variable t.. Multiplying this 


i 


where the functions 
. Pai t . る 
equality through by A), fi dt and integrating we get 


(" Lo FOOT CRE eee Te 
IE [ra ( m+1 ; È F4 2 ky) 
7 Sg; ec» > SmEt 
af Gruss 8 of t 
C > we) I 12 ( ) ds, "ae doe Sin dt = () 
し Ym4i 7 1 


in Ds To EE CE Um+15 Yi , Yo HR ES Ym+ı n 


From this it follows that 


(a age Wane ni 1 Si ざっ ses joe Ss 1 x と ーー 
li fat ( RE Un+ shy.) 1e ( m+ ) dg; ou. den = 0 
Yi Ye > Ym 


Ss So e 0000 Si 
Yzı, Which is obvious if K( 0 af 
Yı の > a ae Ym+1 


oe eee 


TD の 6 ーー っ Cotto Yrs Ya 


be expanded according to the clements of the first column. 


By continued repetition of the above proeess we can show that 
1 


sitter a dh x Sı +8 9 
|: js Aa: ;kn) Ki ( ne) ds d8n43=0 
Si loss ioies à +2 Yı she vet Ymt? 
Vd ku fera 
in æ and y, i.e. we shall have from Formula IV FE PU =0 
Vol 22 
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for all values of ky (x, y) and ね 。 (x, y). 

We then have proved 

Theorem IV. A sufficient condition for linear dependence in (1) is 
that ky (©, 2 and A, (x,y) be such that 7, (ku)=0 and 


A YY ses 8 0 DEICICILIZIOI UV, h . 
il F, ( 3 Um. Je 1) K..( 1) ds, =0 where al : + ku) is the 
Se Sn Yı S」 ーー En 


first minor of the Fredholm determinant of k,, (x, y) which ts not identi- 
ally zero. 
83. At the end of $2 we found that if J, (4,)=0 and 


ee te ANS fe; kn) is the first minor of tlıe Fredholm determinant of 
Yi nenn! Ym 

ky, (x,y) which is not identically zero, then £,(kn)=0 and 
u ...... 4 6 

fe : me kn) lo (81%) ds; = 0 for every x, ……… sm} Bees gu 
S」 8m | 

and y, are sufficient conditions for linear o in (1): LE 

ob. 9 o o o 

recall that for any set of values æ°,------ De Ye ae Yi Yrs nm ine 
FAI ETS CT. 1 は 

© eps ( a At ku) is a solution of the homogeneous equation 
Vers dr Ye 


(の = fs (2) h(a, y) de=0 


this result suggests the question whether the cx'stence of a solution of 
the two equations 


Aa) [41 (y) En (4, +) dy=0 
(4) 
Joi (y) ka (4,0) dy=0 


is not a sufficient and even a necessary condition for linear dependence 
in (1). It turns out that it is both necessary and sufficient, i.e. we have 
a theorem analogous to Theorm I of the introduction, viz : 

Theorem I. A necessary and sufficient condition that (1) be linearly 
dependent is that there exists a function ¢, (x) not zero such that the 
relations (4) are satisfied. 

Let us assume that の (a)=%, (x) is a common solution of the equa- 
tions (4). Then if we choose this %,° (x) together with %,(x)=0 we 
shall have for every ん (9) and &,, (x, y) a non-zero solution of the 
system 
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bo 
=: 
(Da | 


di (a) — Id (y) ka (y, &) dy— の (y) ka (y, +) dy=0, 


(5) 
D (2) — [hy (y) kyo (y, x) dy fs: (y) ka (y, 2) dy=0, 


which is the homogeneous adjoint system of (2). But the existence of a 
non-zero solution of (5) implies the existence of a non-zero solution of 
(2). The expression (1) is then linearly dependent and we have shown 
that the condition stated in our theorem is sufficient. 

On the other hand, the condition is also necessary, i. e. there exists 
a solution of the system of equations (4) which is not identically zero. 

Let us first show that we must have Æ(k:)=0. Since ky (x, y) 
and ky»(v,y) are arbitrary let us choose k, (x, y)=0. Now if the 
system (2) has a solution other than 9, (x) =, (x)==0, it is also true of 
the system (5). Then the first equation of (5) gives 


(6) J, (e) [di (の Eu (y, +) dy=0. 
There are now two cases to be considered : 


_@ (00 た さり 
(b) Lee (ie) == 0. 


Suppose that (a) is true. Then the only possible solution of the 
equation (6) would be % (@)=0 and the second equation of (5) would 


give 
by (x) — f Pa (4) ka (y, 0) dy=0. 


Consequently, since by hypothesis there exists a non-zero solution of 
(5), it would be necessary to have J’, (k:)=0, for every 4, (x,y), which 
is impossible, i.e. k, (2, y) must be such that J, (k,)=0 and there exist 
solutions of the equation (6). 

Now let us show that some solution of equation (6) satisfies also the 
second of the equations (4). 

Suppose that the m functions ZI (2), BI? (a), +... > I (a) constitute 
a complete system of linearly independent solutions of the equation (6) 
and let us substitute there ¢{? (y), (¢=1, 2, ------ ‚m) for (y) in the 
second equation of (4) and place 


JO (x)= [OS (y) Be (y, à) dy 41, 2, …… が. 
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Then either 
(a) the 95° (x) are linearly independent, 


Or 

(b) the gS? (x) are linearly dependent. 

If the @ (x) are linearly independent, there exists an equivalen- 
set of functions £ (x), 2” (x), +, £% (2), which are normed and ort 


= 


x 5 3 > A; 
thogonal and such that the £° (x) are lincar combinations of the 65° (=) 
and conversely, the の の? (x) are linear combinations of the 5°? (2). 

If now the m normed and orthogonal functions の 7 (x), @5 (x), ーー È 


on” (x), constitute a complete system of linear independent solutions of 


the equation 


(7) ga (0)~ [hu (@ 9) #1 (9) dy=0, 


let us choose( ' ) 
m ‘ 5 
N) 
and 


m LE: 
lim (の ニダ 80 (a) EO). 
t= 


Then obviously the 5” (x) will constitute a complete linearly 
independent set of solutions of the equation 


(8) Ga (x) — [kao (a, の Ga (y) dy =0. 


Then, if the system 


d, (x) — | On (y) hr (ys 0) dy — fi (の < #9 (y) A (x) dy=0, 

(5) sn 
の (w)— f 1 (4) Mis (y, x) dy— f $2 (y) 2 5 (y) £° (x) dy =0 

i=1 


js to have a solution not identically zero, it must be possible to solve 
the first equation for み (x) in terms of 4%, (x) and then substitute this 
value of 4, (x) in the second equation and solve for 4, (x). 

Since F,(kı)=0, it is possible to find a solution of the first equation 
of (5) only if 


[[fe ode coer ea] の @ ar=0 
ba ee 。 Me 





(1) C£ Schmidt, Mathematische Annalen, vol. 63 (1907) p. 449. 
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But since the gf (x) are normed and orthogonal functions we must 


have 
(9) fs: (4) 59 (y) dy=0 
The solution of the first equation of (5) is then 
by (w)= [oe 3 è NEL Dat | [oe 2) OSE 2 (2) の 2 (4) de] 
x L (y, & 3 kn) dy +X a, fy (2) 


where ZL(y,x;k,;) is the pseudo-reciprocal kernel of 4; (x,y) and the 
{9 (x) are the solutions of (6). 
Taking (9) into consideration, this value of 4, (x) becomes 


J, (x)=S a; gf? (1). 


Substituting then, this value of %, (x) in the second equation of (5) 
we have 


by (a) — Il SaS (y) Ba (y, v) dy — f Un (y) kes (y, a) dy=0. 
i=1 


Since the Fredholm determinant of %,, (x, y) is evidently zero, the 
condition that this equation have a solution is that the relation 


10. J | JE x (y) (の 2) dy | Opa a) dies 0 


shall be satisfied, the g$? (x) being the non-zero solutions of (8). 
But 


Ps (+) = Io (y) ん (y, a) dy Bl, 2, 222 ‚Mm. 


Multiplying (10) through by a, and summing as to { we get 


EC gs? | |È CIAO] de= [| 3 > の 9 (a り | =0 


M 
and hence 2 a; g® (x)=0, i.e., the e (x) being linearly independent, we 
j=l 


must have a,=0 and consequently d, (x)=0. 
The second equation of (5), then, becomes 
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(a) —[ ¥ [9 (9) E°) dl 9 の =0 


and hence by (9), we must have 4%» @)=0, 

If then the @ の 2 (x) are linearly independent, the only possible solution 
of the system (5) is 9, (v)=¢, (v)=0 which is contrary to the hypothesis. 
Hence the condition (b) must be fulfilled, i.e. there exists a set of 
constants a; not all zero such that 


La? (= Lauf? Wh) dy= JE a 9 (9) be (y 2) ay=0. 
= j=l 


m 
But since 2 a, $0 (x) is a solution of (6) we have shown that in 
t=1 


order that (1) be linearly dependent it is necessary that the equations 
(4) have a common solution. 

Finally with the aid of the theorem just proved, we shall prove the 
following 

Theorem II. A necessary and sufficient condition that (1) be linear- 
ly dependent is that there exists a function の (x) such that f 9 (x) fi, (2) das 
=O for every み (x) and 4, (x). 

Sappose (1) is linearly dependent. ‘Then by Theorem I there exists 
a function 9, (x) which satisfies the relations (4). Multiplying (1) 
through by this 4, (x) and integrating we get 


JU Aa [a (2) 91) de | one (y) dy de 
L Il if d (2) keys (2) 9) G2 (y) dy da 
= È (2) — [ts 9) Ba 2) の gi (a) de 


\ = J | Il di (4) Ris (Y, +) の | 9, (x) de. 


But by (4) the right hand member of this last identity is zero. Hence 
the left hand member must also be zero, i.e. we must have 


i b, (⑦ () de =0 


and we have shown that the condition of our theorem is necessary. 
To prove that the condition is also sufficient let us assume the 
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existence of a function @, (x) such that fv: (x) fi (vw) de=0 for every 


9, (x) and ©, (x). Then if we multiply (1) through by this ¢, (x) and 
integrate, we shall have fe (x) fe (y) ku æ) dy | の 」 (€) de 


-[[ pw bn (v2) dy] e2 (0 de=0 for every (2) and gs (x) 
For 
g(a) =a (@)— [vs (a) bu 0,2) dy md ge (2) =— [fs hen 
this identity becomes | 
[T4 6 fr où mwa dy| a+ [ fo %@» dy] =0 


i. e. the function の 」 (+) must satisfy the relations 
da ()— [ths (y) hs (2) dy=0, 


fv: (y) ka (y, +) dy= 0. 


But by Theorem I this condition is sufficient for linear dependence in (1). 
It will be noticed that the condition contained in the theorem just 
proved is analogous to the condition for linear dependence which one 
finds in connection with the theory of algebraic equations. 


FART II, 


Consider now the system of linear integral expressions 


G① gi) À (lx (0,9) 9, (y) dy=F. 0) 


This system is said to be linearly dependent if there exists à non- 
zero solution of the system, 


| ZIONE. j k (2, 9) 9, (y) dy=0 
| (2) in Fa ‚m 
| On (w) —% f lens (æ, 9) の (4) dy=0 


h=m+1, m+2, :----: A} 
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whatever be the functions k,,(x, y) in the last n—m equations. 

It is possible to obtain a condition for linear dependence in (1) in 
terms of the Fredholm determinants and their minors for the system, 
but the results are rather complicated. However, the theorems of Part 
I, 83 generalize themselves very readily and the demonstrations are 
closely analogous, so we shall confine ourselves to these in this section. 

We have then relative to the system (1) 

Theorem I. A necessary and sufficient condition that (1) be linearly 
dependent is that there exists a set of m functions ¢, (X), Pr (æ), +" ; 
Un (x), not all zero which satisfy the relations 


#8 fi (9) ka (1,2) dy=0 


(8) n 
2 SI J (y) Tn (y, ©) dy==0 


h=m+1l,m-+2, «+++: ‚N. 


Suppose there exists a set of functions 3” (2), LO (x), …… > LL? (ER 
not all of which are identically zero which satisfy the relations (3). 
Then these 4° (x) together with 4° (x)=0 (A=m+1, m+2, ------ , n) 
would obviously constitute a non-zero solution of the system 


di (= À | (y) Ex (y, a) dy =0 
(4) | i=1,2, m, 


da) Ÿ [5 0) En (ys 2) dy=0 
h=m+1,m-+2, ------ 5 


which is the homogeneous adjoint system of (2). 

But the existence of a non-zero solution of (4) implies the existence 
of a non-zero solution of (2). The expressions (1) are then linearly 
dependent and we have shown that the condition of our Ku is 
sufficient. 

To show that the condition is also necessary, i. e. there exists a 
solntion of the equations (3), let us assume that for every Mp; (x, 9 
(h=m+1, m+2, ……・ ‚nel ,) there exists a set of functions 
Pi (や ), Pz (a), …… ) の ,(②), not all of which are zero, which satisfies the 
system (2). Then for every &,, (x, y) there will also exist a set of fune- 
tions (x), J, (a), ++... の n(x), not all zero, which satisfies the rie (4). 

First let us show that we must ae 
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SAN EE Pet it ‚m 


where F[%,] denotes the Fredholm determinant of the system of equa- 
tions whose functions are the &, (x, y) (/,i,=1, 2, ------ m). 

Since the %,,(2,%) are arbitrary let us choose h,; (x, y)=0 (h= 
m+1l,m+2, ------ 30 A La rer ,m). ‘Then from the first m equations 
of (4) we have 


(5) di (a) — fe Reel 721) 2, ‚m. 
Be 
There are now two cases to be considered : 
(2) アア [k:]=#0, 
VF 1, 6=1, 2, ……) 
(b) F, [ki]=0. 


If (a) is true the only possible solutions of (5) would be ¢, (x) =; (x) 
=; =m (x)=0 and the last n—m equations of (4) would give 


On (x) — eat の (4) kon (y; ©) dy=0 


人 や 


h=m+1,m-+2, ------ ‚N. 


Then in order to have a non-zero solution of (4) it would be 
necessary to have F_[k,.]=0 for all ky (x, y), (p,h=m+1,m+2, ----- ‚n) 
which is impossible. We then must have FM [k,]=0 (4, i—1, 2, ------ Ri: 
i.e. (b) must be true, and there exist solutions of the system (5) and 
also solutions of the system 


(6) の : @)=2[ ka (x, の の (の dy=0 1=1, 2, …… ‚m. 
t=] 


Now let us show that some solution of the first m of the equations 
(3) satisfies also the last n—m. 
Suppose the 7 normed and orthogonal sets of functions の の (x), の 7 (x), 


ーー > の (2)。 =1,2, ……,7) constitute a complete linearly inde- 
pendent set of solutions of the system (6). Suppose also the 7 sets of 
functions IP (x), YS? (a), «+++ ens (2) 0 (aly aye ‚r) constitute a com- 


plete linearly independent set of solutions of the system (5). Let us 
substitute these の の 2 (x) for d,(x) in the last n—m equations of (4) and 
place 


h=m+1, m+2, …… n, 


gi (a) =» f DD (4) kn (9, ©) dy 
11 =}; 2, ose ‚Me 
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Suppose, if possible, that these 7 sets of functions of (x), (q=1, 2, 


ーー ‚r) are linearly independent. Then there exist r equivalent sets of 
functions 52 (2), Es (€), ++... 5 (x) such that 
4 0 for 8 
COGI eo 
p=MH1 1 for q=s 


and such that 
ED (= 2 Kl RO (x) h=m+1,m+2, ……・ ) 2。 


Conversely, the の 9 (x) are linear combinations of the 5? (x). 


Let us then choose kn; (2, の (a a VA “i such that 


00000 
2 


qua 2 
Tim = #29 0) 
q= 


and £,, (© y) (A p=m+1,m+2,..... , n) such that 
bay (の ニタ 6 (2) & () 
h,p=m-+1,m-+2, ------ ‚N: 


The Fredholm determinant of the system ky, (a, y) (4 p=m+1, 
m+2, ……… ‚n) will then evidently be zero, and the functions @f° (x) will 
constitute a complete linearly independent set of solutions of the system 


(7) Ex) À, [Fao (0,9) Go (0) dy=0 
h=m+1,m-+2, ------ ‚N. 


If then the system 


A @)— È JE dy, ( 0) ku (9%) dia 3 al dn (9) À En? (y) GP (x) dy=0 


(4) à | =]; 2, 228: „m 
VOR MOLE TOLTI ER 8 @) dy= 
p=m+1,m+2, state stele 5 Thy 


is to have a solution not identically zero, it must be possible to solve 
the first m equations for ¢; (2) (i=1, 2, ……・ ‚m) in terms of the ¢, (x) 
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n) and then substitute these values of ©; (x) in 


(h=m+1, m-+2, ------ A 
the last (n—m) equations and solve for 4, (x) 
Since FE, [ん | テ 0 
it is possible to find a solution of the first m equations of (#) only if 


SELE je の Eco (y) oS (x) | DD (2) dx =0 
2 h=m+1 


ーー 


= 
CES we ..... ‚Tr. 


But since the g& (x) are normed and orthogonal sets of functions 


we must have 


(8) 3 [rw À & way=0. 
h=m-+l 9=1 


The solution of the first m equations of ( ギ ) is then 
= LS 2, suce, Mm, 


I (@)=28 a, 9 (0) 


where the ¢ (x) are the solutions of the system (5). 
Substituting these values of %; (x) in the last (n—m) equations of 


(4) we get 
DAL (y) Kin (y, à) dy 


(9) n (€) at Za fone (の En ( ( め x) dy= ri に 


h=m+1,m+2, +--+ ‚N. 


Since the Fredholm determinant of &,, (x,y) (,p=m+1,m+2, 
“ (x) are the solutions of the 


ーー ‚n) is obviously zero and since the 
homogeneous system adjoint to the system (9), the condition for a solution 
of (9) is 

RE Te 


=m+1 


(10) [ > BE の の 9】 y (x) de=0 s=1,2, 
h q=1 


Multiplying (10) through by a, and summing as to s we get 


DI a, | DI B di の CO @) |e Dr IE). de =. (E a, PIO @)| dx 


1 h=m+l 


| DIE È Oy | dx=0 


の 
Il 


| h=m+1 





| and hence 
3 der (2)=0 = ml; m+ 2, 
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i. e., ain: CP (2) being linearly independent sets of NT we must 
have a,=0 (q=1, 2, …… ‚r) and consequently d, (x) =0 (i=1, 2, ------ ‚m). 
The last (n—m) equations of (4) then become 


み ⑲- À fs の. À EP (y) 9 (w)tdy=0 


and hence by (8) we must have d,(@)=0 (p=m+1,m-+2, ……… sn) 

If then, the sets of functions 95° (x) are linearly independent the 
only possible solution of the system (4) is みみ (w)=------=¢, (@)=0 
which is contrary to the hypothesis. Hence the g{ (x) must be linearly 
dependent, i. e. there exists a set of constants a such that 


> a, の の (a リータ “al DD (x) En (4, ©) dy 


g=1 


= タ 2 a, 上 の の (2) Ky, (4,2) dy=0. 


dei 


; 
But since 2 a, d (2) (i=14,2,-: ,m) is a solution of (5) we 
9=1 


have shown that for the expressions (1) to be linearly dependent it is 
necessary that there exists a non-zero solution of the equations (3). 
Relative to the system (1) we have also the following : 
Theorem Il. A necessary and sufficient condition that the linear integral 
expressions (1) be linearly dependent is that there exists a set of funetions 


の (x), Da (@), ……… » の 。 (€) not all zero such that | み (x) f; (x) de=0: 
i= 
for every gi (2), @ (æ), ……… 0,129); 
This Theorem is easily proved by the method adopted in proving 
its analogue in the case of a single linear integral expression, i. e. 
Theorem II of Part I, $3. For, suppose the expressions (1) are linearly 
pear Then by Theorem I there exists a set of functions ¢, (x), 
Jy (D), ++... ‚m (2), which satisfy the relations (3). If we multiply the 
ene (1) then by these み (x), integrate, and add, we get 


KC 


(6 の - さ 人 の 上 99) ee) de— À [TZ [#0 
x ku (の &) dy | On (x) dy = s f み , (a) f, (x) de. 
1 


But the left hand member of this identity is zero, hence the right 
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» 
A mv 

hand member must also be zero i. e. we must have 2 | de (x) fi (の ) da=0 
i=1 


and we have shown that our condition is necessary. 
On the other hand, the condition is sufficient. For if there exists 


a set of functions ¢, (x), (x), +... ‚dm (€) such that 2 」 み , (x) f. (€) dx 
dal 


=0, and if we multiply the expressions (1) then by these %, (x), integrate 
and add we shall have 


LCA (2) > Ze (y) ku (4,9) dy) g; (2) de 


= [, 3 (si Co mn du) peo 
=i h=m+1 


for every @ (x), の > (2), ……… 3 の (2). Then for 
gi = AI | $e YU 
ーー 2,9, 2% , M, 
Pi (0)= — 4 il Qi (&) Ein (y, ©) dy 
h=m+1, m+2, ……… a 


the above identity becomes 


= @}= 2 à fy di (0) Eu (y, 2) ay] da 


3 


+ > E fe (2) kn (y, 2) dy) dy=0 


カテ 77 十 * 


i.e we must have 


% (a) À | dh (y) ku 0 2) dy=0 


12,0, 2 Bun, 
na 
| di (9) kan (4,0) dy=0 
t= 
h=m+1,m+2, …… ‚N 


But by Theorem I, this is a sufficient condition for linear dependence 
in (1). 

We have thus shown that in the definition of linear dependence for 
a system of linear integral expressions : 
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gi (e)— À | oo の (9 de=fi (2) 121,2, em, 


we can proceed in three equivalent ways analogous to the situation for 
algebraic equations viz: 

(a) for every k,;(x,%), (k=m+1l, m+2, ・……・ ns j= 1,2) 000 n) 
the Fredholm determinant of the system 


ei (e)— 2 il ki; (©, y) の (y) dy=0 


eu (e)— À [hy (0,9) gi QD dy=0 
h=m+1,m-+2, ……… jis 


is identically zero ; 
(b) there exists at least one solution of the adjoint system, 


de (I ( di (0) ku(u 2) dy=0 


i= 1, 2, Sat m 
m 
[8 (y) ky, (y ©) dy=0 
vel È 
h=m+1,m+2,...... Pai? 
and 
(c) there exists a set of functions (x), (i=1, 2, 9 ……・ ‚m) such that 
m APE 
> fr (x) J; (x) dx =0 
v=1 
for every function ¢; (x) (j=1, 2, 3, -----. N): 


Finally we might note that the above theory is easily extensible in 
the sense of E. H. Moore’s general integral equation theory( * ). 


Ann Arbor, Mich, June 10th, 1918. 





(1) Bulletin of American Mathematical Society, vol. 18 (1911-12), pp. 334-362. 
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Note on Laguerre Transformations, 
by 
TADAHIKO KUBOTA, Sendai. 


Mr. R. Lachlan(') gives the following definition for the circular 
reciprocation: “Let S denote a fixed circle and P, P’ be a pair of 
inverse points with respect to S. Then there can be found one circle, 
which cuts S orthogonally and is coaxal with the system {S, P, P'}. ‘This 
circle we shall call the reciprocal with regard to S of the point-pair P, 
P'; or simply the reciprocal of the point P. The circle 8 will be called 
the circle of reciprocation. The reciprocal cirele of a point will evidently 
be a real circle only when the circle of reciprocation is imaginary.------ 
when the locus of a point P is a circle, the reciprocal of the point P 
will envelope two circles, constituting a pair of inverse circles witl 
respect to the circle of reciprocation. These circles will be called th’ 
reciprocal of the circle which is the locus of P.” 

If we observe this transformation more minutely, then it may be 
looked upon as a contact transformation of oriented circles. In this note 
I should like to show a close relation between the circular reciprocation 
and the Laguerre transformation and that a circular reciprocation can 
always be factored into dilatations and an inversion. The Laguerre 
transformation is to be defined as equilong contact transformation by which 
oriented circles are transformed into oriented circles. If we consider, as 
usual, an oriented circle on the z plane as the minimal projection of a 
point in space, then the Laguerre transformation corresponds to a motion 
or a motion composed with a reflexion with regard to a plane in space. 
The Laguerre transformation is said to be direct or indirect according 
as the corresponding space transformation is a motion or a motion com- 
posed with a reflexion with regard to a plane. 

It was proved by Mr. W. Blaschke(^) that every direct Laguerre 
transformation can be factored into four Laguerre inversions. To a 
similar transformation (a motion is a special case of it when nothing else 


(1) Lachlan, Modern pure geometry, 1893. 
Larmor, Proc. London Math. Soc. 23. 1887. 
K. Ogura, Proc. Tôkyô Math. Phys. Soc. 1909. 
(2) W. Blaschke, Monatshefte für Math. u. Phys. 1910, Grünwald, Monatsheft” 
für Math. u. Phys. 1906. 
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is stated) or to a similar transformation composed with a reflexion in space 
there corresponds a contact transformation of oriented circles on the 2 
plane by which the length of the common tangent of any two oriented 
circles will be multiplied by a constant. Such a transformation is nothing 
but a Laguerre transformation composed with a similar (similarly 
situated figures) transformation. We shall first show the following 

Theorem I. Every contact transformation on a plane, by which 
oriented circles are transformed into oriented circles, can be factored into 
Laguerre transformations, similar transformations and circular reciprocations. 

If we let correspond a point in space into an oriented circle in the 
z plane by the minimal projection, then every contact transformation of 
oriented circles in the z plane may be obtained by the minimal projection 
of a certain conformal point transformation in space, which has been 
proved by Lie('). In proving theorem I it will be convenient to define 
the circular reciprocation in the following way. Consider the sphere 
whose equation in rectangular coordinates is 


etyte+R=0 (1) 


Project the plane figure in the z plane stereographically from the 
point (0, 0, Ri) upon the sphere (1). Then project the figure thus ob- 
tained upon the z plane by the minimal (projection. In this manner 
every point on the z plane will be transformed into an oriented circle on 
the same plane. ‘This transformation must necessarily, by Lie’s theorem, 
be a contact transformation of oriented circles. We shall prove that this 
transfurmation is nothing but the circular reciprocation with respect to 
the fundamental circle 


+ y+R=0, (2) 


expressed only in a more precise form. 

If we take two inverse points P and P’ with respect to the circle 
(2), then the stereographic projections p, p' of the points P and P' on the 
sphere (1) are symmetrical with respect to the z plane. These points 
P,p' give by the minimal projection one and the same circle oriented in 
opposite senses. If we take an oriented circle C' on the 2 plane, there 
corresponds on the sphere (1) by the stereographic projection an oriented 
circle K. If we project this circle by the minimal projection on the z 
plane then an oriented circle will be obtained which is the envelope of 
the minimal projections of points on K. 





(!) Lie-Scheffers, Geometrie der Berührungstransformationen, p. 426, 
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More minutely we may proceed as follows. If the point Q repre- 
senting the oriented circle C on the z plane be inverted into the point q 
with respect to the sphere 


etyt+e—2 Riz+R’=0, (3) 


then the minimal projection of the point 9 gives an oriented circle which 
is an envelope of the minimal projections of points of the oriented circle 
K. Let (x, y) be a point on the z p'ane, then the stereographic projec- 
tion is 








( —2a だ | —2yR iR a ty +R ) 

ey N us ea x ph? 

Its minimal projection is the oriented circle | 

4 KR (®S+yn) 
a +y — È 


mM 


"エグ — R=0, 





‘ whose radius is equal to 


R vigile 
a + y? — Fe? 





From this fact follows the equivalence of our transformation with the 
circular reciprocation. Next consider the oriented circle 


E-aV+(M_y)=r, (4) 
whose radius is equal to 7; this oriented circle corresponds evidently to 
the point (x, y, ir), whose inverse point with respect to the sphere (3) 
is readily shown to be 

( —2h eo ー2 だ の iR @+y+R’—r’ ) 
+a? —(R—r)? ? Rp). 2 +? —(R—r) 





The corresponding oriented circle is 


Rt ) ( 2 By ) 
CE LR 
Hop) tao 
-(R a) (5) 
e+y—(h—r) i 
and has the radius equal to 


++ Rr 
〆 エ ゲー( ア ー7) i 
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The fundamental property of the circular reciprocation that when 
the point P describes a circle the reciprocal of the point P envelopes two 
circles etc. is thus opportunely proved from an entirely different point of 
view. After this preparation we now go on to prove theorem I; since 
any contact transformation of oriented circles can be obtained by the 
minimal projection of a certain conformal point transformation in space, 
‘ which can be factored into similar transformations (*) and inversions, 
any contact transformation of oriented circles can be factored into similar 
transformations (of similar situations), Laguerre transformations and 
circular reciprocations. Hence theorem I is proved. 

Theorem II. very circular reciprocation can be factored into dilata- 
tions and an inversion. 

If we represent the translation along the z axis 

22+ hi 
by T and the inversion with respect to 
ey? +2+2 R°=0 


by 7 then the inversion’ with respect to the sphere (3) can be put in the 
form 


Toi 


consequently any circular reciprocation can be factored into 2 dilatations 
and an inversion. Hence theorem II is proved. To verify the result 
we take the oriented circle 


CE Cr 


whose radius is 7. Apply the dilatation of distance — À then the oriented 
circle is transformed into the oriented circle of radius r—R: 


E 2) + (9-0) = (2) 
Next apply the inversion with respect to the cirele 
P4742 R=0 


then we get the oriented circle 


2 が 2 の 9 PR? 2 
キー 
( GR) V 、g+ の ーー が 


=( 2 R(R-r) ) 
ee lee Ng 


(1) Motions are included in similar transformations. 
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e 


whose radius is 


2 R(R-r) 
+y’—(r—R)’ i 





Apply again the dilatation of distance R; then we get the oriented 


9 + \2 の Ra 9 
Hr) ++ ie 
6 rg Re) (rh) 


=(R ay? pier ) 
が 上 ゲー( が 一 2) 
SA 
a+ — (r— RY 
It will be almost unnecessary to remark here that the method admits of 


circle 











whose radius is equal to R This is the same as (5). 


extensions to the higher spaces. 

Combining theorems I and II we get Lie and Scheffers’(') 
theorem that every contact transformation of oriented circles can be 
factored into Laguerre transformations, similar transformations and in- 
versions, dilatations being included in Laguerre transformations. 


(!) G. Scheffers, Synthetische Bestimmung aller Berührungstransformationen des 
Kreises in der Ebene, Leipziger Berichte, 1899. | 


On Steiner’s Problem of Closure, 
by 
KITIZI YANAGIHARA, Sendai. 


In elementary geometry we find the following proposition. 
(1) Let F,I; D, G; E, H be six points taken respectively on the sides 
BC, CA, AB of the triangle ABC, so that 


DE || BC, EF || CA, FG|| AB 
GH || BC, HI|| CA, 
then ID is also parallel to AB. 


This suggests the following theorem. 
(2) If six points D, E, F, G, H, I be so taken on a plane cubic curve 
I’ having three asymptotes u, v and w, that 
DE ||u, EF||v, FG || w, 
GH ||u, HI||o, 


then ID is also parallel to w. 
More generally we have: 
(3) Let a cubic curve 7 be cut by a straight line u, in three points 
I, II, III, and let six points A,, Ay, As, …… , As be so taken on J, 
that 
OAI EE 
A,, As; リッ Ar, As; di 
are all collinear, then 4;, A, and ZI will also be collinear. 
This can be put in a more general form as follows. 
(4) Let J, IT, III be.three points arbitrarily taken on J, and let 
ANA er. , Ag be six points on J’, such that 
Ai, Ay, AUS RA US AL AT ee 
Ag, AT USN SE 
are all collinear, then 4。, A, and ZI are also collinear. 
It can be easily seen that the last is another form of enunciation of 


the following well known theorem. 
(5) If each two pairs of opposite sides of hexagon, inscribed in a 
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cubic J, have points on 7 in common respectively, then the remaining 
pair of opposite sides will also have a point on J’ in common. 

Hence the validity of (1), (2), (3) and (4) is obvious. 

Next, we will try to extend (4) in the following direction. 
(6) Let two ‘straight lines u, v cut I’ in I, IT, III; I, IT, II! re- 
spectively, and let A,, A,, 43, Bi, B,, B; be taken on 7 so that 


AA RA Rd Dae FTL 
IGE NON Sr TEL 


are collinear, then B,, A,, III’ are also collinear. 

It can be casily verified that the last can be stated in a modified 
form as follows. 
(6’) If two triangles A, A, A; and B, B, B, be inscribed in a cubic I’, and 


A, A,, B,B,; A, 43, BB; 


respectively meet in a point on /, then A; B,, B; A, meet in a point 
any Le 

This is also another form of enunciation of theorem (5). 

Next we will proceed to the following theorem. 
(7) Let two quadrilaterals A, A, A; A,, B, B, B; Bj be inscribed in a 


cubic J} in such a way that 
A, Aj, Bi By; Az Ag, BB; Az Ag, B,B, 


respectively meet in a point on I, then A, A, and B, B, also meet in a 
point on /. 

For since À, A,, 6, B,; A, 43, B, b; respectively. meet in a point 
on I’, by (6) A; B, and B, A, meet in a point on J. Then since 


A, B;, Pi A; ; B; Ag, A; B, 


respectively meet in a point on /, by (6) A, 4,, B, B, also meet in a 
point on J. 

Then by mathematical induction, we arrive at the following theorem. 
(8) Let two polygons of n sides A, A, 4。……・ A, and B, B, B,...... Be 
be inscribed in a cubic /) in such a way that 


Ae A BA, GT 


respectively meet in a point on /, then A, A,, B, B, or A, B,, A, Bn 
meet in a point on /, according as n is even or odd. 


If n be odd, A, A, Az +... Abi bebe PB, forms a closed poly- 
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gon of 2n sides inscribed in 7, and therefore (8) can be regarded as an 

extension of (5) ('). 
If n be even, it is nothing but an extension of Steiner’s problem 

of closure (?). us 

(9) Next, we will try to extend (6) as follows: Let % be an even 

integer which is not divisible by 3, and let the points of intersection of 

the straight line Z; with a cubic / be denoted by 


Ai; Bi, GC, も 2, 3, hl 2 k. 
On I’, take 3k-+1 points 
kgk Ps dis Ur TC. @;, Er Ry e. Vers R 
in such a way that for k=3n+1, 7 
Las A, lie Ls, B;, tas 
Ps, Cs, Vir La el: ar 
P;, B;, Ps; Ps; Cs» LA 
Un) し ag Don Ass 9; 


の 」, Dre Q: > @, C,, Os 3 
ds, Az; di; Os, sony O; : 


っ 


Wan Ay り Osn41 > の ’ Dar ’ R, ; 
UE > . 
が, Ci; It, ; fy, A;, fs ’ 
9° 
Bon ’ Bai 2 ‘Homes ; Len +19 Canti ’ È 
are all collinear, and for X=3 m+2, 

. う 
ua, A, eee 1 De Ps; 
Les C3, ts dat A, Pi; 
Ps B;, tate La) Cs; アッ : 


mens Menti; Lai ; Pass Hire, Qi 3 
Qi ’ D; O, ; Q: ) C3, Q; ; 





(") (2) Sehréter’s Theorie der ebenen Kurven dritter Ordnung, 2 31, 
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Osm+1 i . Oris ; Una; Contri R, ; 
の Ci, Rz; PR, Az, È, > 
R;, B;, DS Ps Cr Ps; 
ra Car, ara: ッッ Ara È 


are all collinear, then R coincides with P,. 

This can at once be recognized by supposing these letters as repre- 
senting, at the same time, the corresponding values of the parameter when 
the coordinates of these points are expressed by elliptic functions, and 
subtracting the sum of the values in the right column from that of the 
values in the left column. 

We have here 4% lines, 3% of which are those mentioned above in 
two columns, and % of which are L,, L,, ------ spe ee Aron. DS 
«actual examination, we find that these 4% lines can be separated into two 
classes, each forming a polygon inscribed in /) whose sides two by two 
meet in succession in points on J} so that these special cases are the same 
as the extension of Steiner’s problem of closure in (8). This leads us 
to imagine that (9) can in general be reduced to (8) by suitable separa- 
tion of these 4% lines into two classes. But as to how this separation 
can be effected, I have not yet reached to any definite rule. 





On Curves with Monotonous Curvature, 
by 
TsuruicHi HAYASHI, Sendai. 


When the directions and curvatures at the end points of a curve 
with monotonously increasing (or decreasing) curvature are given, some 
conditions about the relative position of the two end points must exist. 
Profs. A. Kneser(') and W. Vogt(?) have obtained a necessary 
condition respectively, and Mr. S. Kakeya(*) has proved by applying 
his elegant theorem on certain integral equations, that the two condi- 
tions combined are sufficient for the existence of an analytic curve join- 
ing the two points given according to the two conditions. The question 
is thus already completely solved. To increase the number of papers on 
this que:tion is now quite unnecessary and is even superfluous, when no 
more knowledge is added and when only a looser condition is dealt 
with. From this point of view this paper is wortbless at all. But I 
believe there are occasions pressed to show the existence of the restrictions 
about the relative position of the two end points in calculus courses for 
beginners. This is the reason why I will publish this paper. Moreover 
I will add that this paper contains only an immediate consequence of the 
following theorem due to Mr. J. F. Steffensen, the enunciation and 
proof of which are reproduced here after a very slight modification, since 
his work (*) is not easily accessible for us. 

Besides the said problem I will treat a problem on the area included 
between a curve and its involute. 

Theorem. If the functions f (0) and o( の ) are integrable in their de- 
‚Finition-interval a<0<b, and the function f(6) never increases, and the 
function の (6) satisfies the condition 


0 = ver icona 


then the inequalities 


(1) Festschrift H Weber, 1912, S. 170. 

(?) Crelle Journal, Vol 144, 1914, S. 239. 

(*) This Journal, Vol. 6, 1915, p. 130. 

(4) On certain inequalities between mean values, and their applications to actuarial: 


problems, Skandinavisk Aktuarietidskrift, 1918, pp. 82-97. 
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| 7 の 9 £f 7 の (の 99 三 [soo 


exist, where 


] b 
Mn の (0) dé. 
1: a 


For, 
[| 7 の %- ro 22 a6 


ーー ロータ ウー げ の a | FIGA, 
=/@f {1-22 ef sO) の 


off" ES f (0) us 


a 


=] [Oa fel ca a f (6) 2 a 


a 


ic サー ro 2 ae 


=[ {56-10} #04 


= 0, 


where & lies between a and a+4. 

The second part of the required inequalities is thus proved. For 
the first part a similar reasoning is sufficient. 

Now draw a curve with monotonously increasing curvature between 
two points A and JS, the radii of curvature at these points being 9, and 
P, respectively, and take the point A as origin and the tangent to the curve 
at the point A as the x-axis, and denote the angle which the tangent at 
a point M on the curve between A and B makes with the z-axis by 6, 


so that d=a=0 at A and 0—b == at 5. Then by applying the 


_radius of curvature and cos? or sin® for the functions げ ( の and g (0) 
respectively in the above inequalities, we get the following: 


の sind Xp BIND, 


238: - TSURUICHI HAYASHI: 


Po (1—cosb) = YZ pa (1--cos の ), 
where X and y stand for the rectangular coordinates of the cui point 
B. | 
Taking advantage of this opportunity I will record here the bo 


between which lies the area enclosed by a curve with monotonous curv- 
ature, its involute and the radii of curvature at its two end points. - This 


1 ひ 
* の 
Rt 


according to the above adopted axes of coordinates and the notations. 
Taking p for the both functions f(@) and @(6) in the general formula, 
we have 


area is expressed by 


se | 
D = P = Pa 


and hence we have 





pr. pdf ats ? d0 = 
りー 


a+ 
i of o dé, 


where 





3 D / 
AS 1 / dh => À 
Pa a Pa 


7 being the length of the given curve between the end points A and B. 
Therefore if we denote the length along the given curve from A to 
the point M on the curve by [6], so that 


[0] =U, [0] =, 


we arrive at 


Lal に 3 | S the anne — | 
= Pa 2 L Pa 


This ei will give us sharper bounds than the more readilly 
attainable formula 


pr !=Zthe area = —p, |. 





The area here treated is equal to that of the associate curve of the 
given one and its two radii vectores, which was defined by me as the 
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curve derived from the given one by lengthening or shortening the per- 
pendicular let fall from the origin of coordinates on the tangent of the 
given curve so as to make it equal to the radius of curvature p at the 
point of contact, in the Science Reports of the Tôhoku Imp. Univ., Vol. 


5, 1916, p. 307, and in the Töhoku Math. Journal, Vol. 12, 1917, p. 
218. 


July 1918. 


Note on Determinants whose Matrix is that of an 
Orthogonant increased or diminished by 


Matrix Unity, 
by 


LA 


Tuomas Murr, Rondebosch, near Cape Town, S.A. 


1. Cayley’s orthogonant, it will be remembered, is 








2h, la... 
A A 

2 In 27 ぁ _1.... 
At A 


where | Ly; Lo ++ Lan | is the adjugate of any unit-axial skew determinant 
|Z.| or A. Now, if unity ke added to each of its diagonal elements, the 
resulting determinant is seen to have elements proportional to the 
elements of 


| Ly Ly Ra: FESS | 


Consequently, by an old theorem of Cauchy's (1812), the adjugate 
of the said resulting determinant has its elements proportional to the 
elements of 


Ila Lo dy aes 


and therefore, like this last determinant, must be skew. We thus learn 
that if the diagonal elements of a Cayley’s orthogonant be increased by 
unity the adjugate of the resulting determinant is skew. 

2. Whether with the help of this as a suggestion or not, the passage 
from a Cayley’s orthogonant to orthogonants in general has been made, 
the first draft of the wider theorem being due to Siacei (1872) (*). In 
its latest and fullest form it stands thus: The determinant, A say, formed 
by adding 1 to each element of the main diagonal of an orthogonant has its | 


(!) Teorema sui determinanti ed alcune sue applicazioni, Atli....Accad....di 
Torino VII, pp. 772-783. 
Intorno ad alcune trasformazioni di determinanti, Annali di Mat. (2) V, pp. 296-304. 
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adjugate skew or axisymmetric according as the orthogonant is positive or 
negative, each diagonal element of the adjugate in the former case being 
1 


N, 
2 


For a number of years this has been fully established: it is still 
worth while, however by means of an example to draw attention to an 
exceedingly simple way of proving the first part of it, the essential fact 
used being that the multiplication of any primary minor of the deter- 
minant in question by the associated orthogonant produces the conjugate 
minor. Taking the case of the fourth order, the orthogonant being 
| a, b, gd |, we write the cofactor of a, in 


a,— l (ly 4 dy 
b, b,-1 bd by 
Cy Cy C3 FR 1 C4 


d, d, d, d,—1 
in the form 


1 : i dda at 
bh, b-1 6 b, TE ET 
Gi CG G—l & 
Der Os d, d—1 ie de. aie le 


Ge eee CRC! 


with the result 


{cof a). | a, 6, ¢; di |= ay 6。 6。 d, 
be Io 


—a, —Ù4 一 @。 1-d 


(N, 6 a dy MI a @ ら à 


e ーー 1 ° ° Cs C3 = 中 ds 
az byc—1ds a; =? CT 
Oo Gt 


=(—1). (cof di); 
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so that cof a, and cof ム differ only in sign or are identical according 
as | a,b,e,d,| equals +1 or 一 1. 

In addition to this it is well to know the actual expanded form 
which the elements (cof. a,, cof. di, +... ) of the adjugate take, as there is 
thence derived additional conviction and even the elements of another 
proof of the skewness and symmetry referred to. Freed from binomial 
elements 


cof a,= —|b, sd, | +|d, 6 | + |b, di | —d,, 
and cof b,= —a,+| a, dy| +] a © |—-| a; 6; d; |, 


the second expression being written in reverse order from the first so as 
to have each term of it under the term of equal magnitude in the first. 
As for the diagonal elements in the case of the skew adjugate, they are 
all equal to 


1—(a,4+-6,+¢,+d,)+| a,b.|+|ae¢]+|adé], 
the double of this, namely 
1-2 a +2 | a, by | < | ay db, Cz [+ | A) b cs dy | 


being the expansion of A. 

3. It will be observed that the theorem only refers to the diagonal 
elements in the case where the adjugate is skew. In the other case the 
diagonal elements are not all equal, but what is more important to note 
is the fact that the adjugate is then equal to 0, since A itself is then 0; 
for example, when |a, 6, 6; | is a negative orthogonant the vanishing ad- 


jugate is 


ーqi 十 6 十 十 1 —a,—b, ーー 一 
—b,—a, a,—b,+e¢+1 —b,— 6, 
Greeti. Os —¢,—b; 4+6,—e¢4+1 


4, It is next to be noted that the group of results forming this 
theorem is not unique, there being a companion theorem which may be 
formulated in a similar fashion, namely, the determinant, A, say, formed 
by subtracting 1 from each element of the main diagonal of an orthogonant 
2, has its adjugate skew or axisymmetric according as (—1)" 2, is positive 


A,, and 





or negative, each diagonal element of the former case being — 


the adjugate in the latter case being equal to 0. 
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As for demonstration it suffices to note that all modes of verification 
and proof used in*connection with the former theorem apply equally here. 

5. A further link of connection between the two determinants,— 
the one got from an orthogonant by annexing positive units to the dia- 
gonal elements and the ‘other by annexing negative units,—is found in 
the fact that their product is a zero-awial skew determinant, and consequent- 
ly is a square when the order of the determinants is even. For example, 





we have 
a, +1 a, Az a, al a, Cs, en 
br. 64-1 6 db, Dre in Gee ag OG Dy 
À Ci Ge CIN の Ci ce Lelio; 
d, の ds d,+1 d, d, da - d,—1 
=| a.—b, og 一 6」 a—d, 2 
db i by = d, 
4—d; 


That the product vanishes when the order is odd is in accordance 
with the fact that every odd-ordered orthogonant | a, |, positive or negative, 
has | a,,| for a latent root. 

6. An interesting alternative for the Pfaffian is 


|a, 6, [—| d |+| a3 d [+ | 4 の [+ | b,¢,|—[ ad, |, 
this being composed of the two-line minors that do not contain a diagonal 


element. As it is separable into three minors and their complementaries, 


namely, into | 
| de, |—| a; by |-+] be, and [à ds |—]| eq dy [+ | a ds | 


it follows that when |a, b,¢;d,| is a positive orthogonant the Pfaffian is 


equal to 
2{| aye, |—| a,b, [+] dc [f, 


and when |a, b,e;d,| is a negative orthogonant the Pfaffian vanishes, 
this last being in agreement with the fact that every even-ordered negative 
orthogonant | a, | has both | a. | and | a. | for latent roots. 

7. The product considered in the foregoing paragraph is not only 
expressible as a square but as the difference of two squares. For. the 


expansion of 
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a eal T da (Az Ad; 

b, b, DIM bs b, 

| GG C-% & 


being 
ax Za+a°S|a b,|—2 S| a, b © | +] @ be di |, 
it is evident that when x°=1 the determinant is equal to 
1 キダ] a; 0 |+]a0;0 1 ー ル (2 a> arti 
and that therefore the said product of § 6 is equal to 
{1+ 2 | a, b,|+] ai bz ce; dy |}?— {XY a, +2" |a, b,c, |}? 


8. The equatement of the two expressions thus obtained for our 
product gives the interesting equality 


ab, gー ad, P+ {Sa+2|a b,¢; |}? 
b,—c, ムー の —={1+2]ab,|+]ab,cd]|}, 
G4—d; 


> 





the next case of which clearly is 


Q,—b, ag +: af, P+i{Yat+> | a b,¢;,|+2'| a 6,03 de |}? 





—={1+2 | a, db, |+Z2 la be, dy |+] a, 0,63 def |}. 


It is important, however, to note that the validity of this for nega- 
tive orthogonants is of no value, because both members then vanish : and 
that for the other class of orthogonants some simplification is possible. 
In fact each of the three expressions that are squared then contains the 
factor 2, and this being removed the first example becomes 


i ee | as bi al ò, Cs [}?+ (a, +634 3+ di) 
={1+]ab,|+|a¢|+| ad, |}? 


CL dis ae = る er 
に u 


6 
en 
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and the others as readily follow with the help of the general theorem 
used above at the beginning of $ 6. (See Transac. R. Soc. of Edinburgh 
XLV (1906) pp. 311-321). | 


Rondebosch, S.A., 21st May 1918. 


On the Sign and Magnitude of the Coefficients in the 
Fourier Series, the Sine Series and fhe 
Cosine Series, 


by 


KINNOSUKE OGURA, Osaka. 


On the Fourier series. 


1. Prof. Fejér(') proved the following theorem : 
Let y=F(x) (0<x<27x) be a single analytic are joining the two 
points [0, #(+0)] and [27, が (2 ァ ー0)], and let 


da x (a, sin ne +b, cos nx) 
2 n=1 

be the Fourier series corresponding to Fir). If F(+0)+F(2x—0), 

then for sufficiently large values of n all a,=+0 and have the same sign 

and their absolute values decrease monotonously. If アア ( 二 0) キ ア (2 ァ ー0) 

(の) being the derivative of F(x), a similar result holds for the co- 

efficients d,. 

Here I will deal with such a problem more deeply. 

Let f(x) and all its derivatives be continuous and have limited total 
fluctuation in the interval (0<x<27) and have limits on the right and 
on the left at =O and at @=27 respectively. Then the Fourier con- 
stants corresponding to the function f(x) are 


== ! [ro sin nt dt, Fee ve (t) cos nt dt. 
T Jo: à T Jo 
Hence 

A A,=/ "9 ( ひ cos (n+ 3) t dt, 

2 0 2 

where we have put 
| 1 DINE 

An=0n:17 Ans 9 (t) =f (t) S111 Cw 


Integrating by parts we get 





(1) Fejér, Uber die Fouriersche Reihe, Math. Ann., 64 (1997), p. 285 
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LA 


ale 1 
| 2 
/ di 
ae el o"' (t) cos(n+ 3 Jr 
na 
But by the fundamental lemma of Riemann-Lebesgue 


lim pe ( ひ cos (n+—)tdt=0 5 
0 ad 


22 つ の 


ae | 7@z-0 プ ( は 0)| 





so that for sufficiently large values of n 
A。 三 0 according as げ (2 ァ ー0) ZE f(+ 0). 


Since lim a,=0, it follows from the last inequalities that for suf- 
ficiently large valnes of n 


an 20 according as f(27—0) =f(+0). 
Also after a short calculation we can prove the inequalities (*): 
A,Z A, according as f(27-0) =f(+0)(*?). 
If f(2x—0)=f(+0), then integrating by parts we have 


ZA,= n; | ア @z-0 プ "は 0| 
9 


人 gO cos(n-+ 3 )tdt; 
(n+ +) | 3 


so that 
= 0, an 0 according as が ' (2 ァ ー0) 三 げ が (+0). 


ARE 





(1) In what follows the phrase “ for sufficiently large values of n” will be omitted. 
(2) Our inequalities for the Fourier constants have certain similarities with those 


for the Lebesgne constants 


a 





T 


0 sin as 





in which 


An = Pn+1Pn =0; An Ans 
See Gronwall, Uber die Lebesgueschen Konstanten bei den lonrierschen Rei- 
‚hen Math .Ann., 72 (19.2), p. 244. 
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2. In general, when 
fom 2 r—0)=f®® (+0), (m=0, 1, 2, -::, p), 


we have 


gor” (27 —0)= — APEX fano 9 ァ ー0) 


g@ Pt) (+0) “= 2p+3 pn1 の 7 20); 
Fra ・ 
and 
EN Pia 


7 1 
re 
nt) 


op p+2) (2 ァ ー0) ー7 p+2) (+0)] 


+(—1)? 1 ーー {ls の の 2 の cos (n + テリ dt. 


(n+) 9 
Therefore we arrive at the theorem: 
Theorem I. 
(i) が f(27-0)=f(+0), then a,=0, A,=0, „An 
(ii) If Sem (2x—0)=f CE" (40), (m=0,1,2,---,p) 
and | 
FOr 2 ァ ー0) > の の (+0) 
then (a, 20, ArZ0 ASTA ee A 
fer? (22-0) < fOr (+0), 
then (0,350, A,=0, A= Ana, eee 
From this theorem we can infer at once: 


Theorem II. For sufficiently large values of n, all the constants a, 
have a constant sign and their absolute values decrease monotonously, unless 


fe» (22-0) =f (+0), (p=0, 1,2, +. 0). 


In the particular case where f(x) is analytic in the interval (OS 
=2 7), we can choose a fixed positive number p such that 





F=f OLS 0) +f" OF-+/"0) 


a} = 
31 + ee 5 BER. 
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7@+2 の =72947 Qa) i +f" On) te 


|x| Sp. 


Whence 
Fe+2n)—F@=Z [rem |. lel Se 


Therefore, in order that however great n may be, the constants a,, 
corresponding to an analytic function f(x) in the interval (0=x S27), 
have no constant sign (or, become zero), f(x+272)—f(x) should be neces- 
sarily an odd function of x (or identically zero) (' ). 

3. Now we come to consider the coefficients 0,. If we put 


N 
On= り gr On 
we have 


7 


Be ARE (t) sin (nt) t dt. 
4 2 


bo 


Integrating by parts we get 


I n 
np 
2 


(esi 
(1 + +) 


2 
27 D 
== p® (の cos (n+—) tdt; 
Gers i 
so that 


è, 0, b,20, &,=0,,., according as .f"(27-0)=f (+0). 
If f’ (2x —-0)=f' (+0), then integrating by parts 


22 ER S ) ai (2 ァ -0- ア "(+0)| 


OF 
(5) 1 
の (cos (n+-5- ) tt 
Gis) 


s@n-0)-S (+0)| 


+ 
Se 


T 
ua 





(1) The converse of this theorem (or Theorem II) is not necessarily true. fee Ex- 
ample IV in $4. 
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In general, when 
fon» (2 7—0)=f "D (+0), (m=1, 2, … p), 
we have | 
ger? (2m —0)= = (p+ 1) FED (27-0) 
gen (+0)=(p+1)f 829 (+0) 


and then 





8 0 =(—1)"* (2+ 8 | 2 p+3 | が 2 (2 z — 0) ー プ で oe (+9)| 
(n+) [ 


+(—1)° oli pl Pt) (4) cos (n+ =) t dt. 
(n+) 0 2 


ーー 


Therefore we arrive at the theorems : 
Theorem I’. 


(i)  f'@rx-0)Zf' (+0), then. b,20, 0,50, dn dna 
Gi) が fom (27-0)=f@# (40), (m=0, 1, 2, … ら の 
and 
(fer? (27—0)>f 029 (40), 
| then 6,0, 0,20, dE du a Be, 
Fe p+3) (2 ァ ー0) ご げ “ p+3) (+0), 
then’ {b,2205 Ons 0,10, Ons: Ge 


Theorem Il’. For sufficiently large values of n, all the constants b, 
have a constant sign and their absolute values decrease monotonously, unless 


FAV (2 x +0)=f et ( 40), (p=0, 1,52; 2,09 


Particularly, in order that however great n may be, the constants b,, 


corresponding to. an analytie function f(x) in the interval (0=x=2 7x), 


have no constant sign (or, become zero), f(x +2) —-f (x) should be neces- 
sarily an even function (or a constant) (* ). 

Consequently we can infer the theorem immediately: In order that 
however great n may be, both a, and b,, corresponding to an analytic 
function f(x) in the interval (0=xZ=27x), have no constant signs (or, 
become zero), the function f(x) should have the period 2 x (*). 


1), (2) The converse of these (and Theorem II’) is not necessarily true. See 
Example IV in §4. 


PD BO a, 


—_ -— 


ER 
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4, Lastly we add some simple examples: 
IR fa)=e. 
In this case“ | 


S(27)>f(0), S'(27)>/f (0); 

















so that | 
md deb: 
In fact 
Ri I 1 : り 
@ ツーーーーー 一 | — 一 ーーーーー- sn CH — COS の — ー Sin 2 % 
TT 2 Leb. tela Vai 
= に ; cos 20 — — Bene sin n e+ ー CONT 6 
1+2° i+n? +n? 
Le (の | 三 の BI か: 


In this case 


f2m=f(0), f'(27)>f (0), S" (27)>f" (0); 





so that 
Oe, (0,0; 
In fact 
e*—] 1 È 
= D et 
i 2 x | 1+(n—1)? 14(n+1) | I 
テー 1 n+1 n+1 
b,= << = —- > agio 807 
2 x | 1+(n—1) 1+(n+1)° F 
III. f(a)= 7. 


2 
In this case 


(2Z)< げ (0 7" の (2 2)= 了 が.(0)。 (p=0, 1,2, +, ©); 


so that a,>0 and 6, have no constant sign (or, become zero). In fact 





- : oy 
> 5 SIN À + sin rg NN a er 8 


IV. Each of the following four functions has the period 2 7. 
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GOS % = if 1 
@ cos (sin æ)v1 + le cos 2 @ + ar COS det... : 
ーCOS x * 1 1 
€ San) lm Tot 3) cos 2a — COS 3 +... ; 
RE 上 % > Lo 
e "8? sin (sin +) + sin & + x sin 22 + si sin9e +... A 
ーGOS 2.41 1 1 = 1 * di . 
e sin (sin æ)+ sin ® + sin 2 x + Sie Um sever > 
Also we have 
1 na 
cosh (cos x) cos (sin z)1+ Sr cos 2 x + cos4dat. 3 


. à . . si LI 
e°%? cos (sin ©) +e”°®* sin (sin @2)»1+ sin x — 





A wes 
sin 2% 








1! 
RE 
+ > cos の + + sin 22 
+ 008 3 eee 3 





etc. 


On the sine series. 


5. Let f(x) and all its derivatives be continuous and have limited 
total fluctuation in the interval (0<x<7) and have limits on the right 
and on the left at «=0 and at a=7 respectively. If 


œ 
RI » 
2 a, sin na 
n=1 


be the sine series corresponding to the function f(x), then 
の n 
| (0 sin nt dt ; 
T Jo 
so that 


A =| の (t) cos (n+) t dt, 


sn 
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where 


A,= 4:14, , à (1) =f (の sin = 


Integrating by parts we get 


I A,=(=1)"—*,—f (#-0)- 4 m in の (t) sin (n+ > Jtd; 
Nr 9 auge 2 | 
whence 


Aa 0, Agi == 


If f(a—0)=0, then 


according as 7( ケ ー0) 0. 


et 0-7 | 0 COS (n+ 3 )tdt “ 
3 ? (nt) Bo ; 


so that 


A,=0 (and consequently a,20) according as f(+0)=0. 


Again if f(x —-0)=0, f(+0)=0, then 


7 n+ 1 
à -A,=(—1) 1 


4 3 0) 


(nt) 


aa go (7) sin (n+) t dt ; 
(n+ >) 7 


whence 


Aon=0, Arm: 20 according as f" (7-0) 20. 


Further if f(7—0)=f(+0)=0, f" (ケー0) ニ 0, then 
$ 7 : 


li a: 1 
r= ee の (0 cos(n+-5-)tdt; 
4 2 (n+3) (n+ 1 ) 5 2 


2 


A,Z0, a, <0 according as f'(+0)Z0, 


and so on. Thus we arrive at the theorem : 
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Theorem TII. 
1) Ar 0) 0 en AU ee 

7 パパ ァ アー0) 三 077o70m/( キ 0) 三 0) Hhen A, SOMME 
(i) IF FO (x-0) =f (+0)=0, (=0,1,2,--,p); 


„a tt, 


DE p+2) (ケー0)>0, then ‘a =0, Amr DI 5 


Uil 


0,2 
1, 3, Sia 
and f 0.2 
vie 2 (T—-0)<0, then Anl Ad, For ESE 3, te 
vii pe (x —0)=f“” (0 )-=0, (v=0, bi 2, の 
fer (x—0)=0, 
29 が 120,2 
En URN rel! er na 3... 
FPE (EO) On tenes a, ni Lai n まる 
6. Next we procced to discuss the expression A,+A,,1. Since 
An+An41=0n42 In 
4 Tr 
=-—| (ti) cos(n+1) tdi, 
T Jo 
where 


0 ニナ (⑳ sint, 
integrating by parts we have 


TT Le 2 sai n» sr = 


il pu 
ce '’ (t) cos (n +1) t dt. 
i i | 


Hence 
Am =@2m+2,3 (and consequently a» =0), according as = 
f(x -9) (+0) 9; 
の ュー の 5 (and consequently an, 20), according as 
f (x +0)+f(+0)20 
esta | 
J.(x —0)—f(+0)=0, 


then 
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(am) — © If | (7—0)—f" (4 0)| 


de DD (t) cos (2 m+ l)tdt; 


so that 
ln nt), according as f"(7—0)—f"(+0)=0. 
Again if 
(アー0) 三 ル 十 0), S"(7—-0)=f"(+0), 


then 
(Ge am) =, | FC 0) プ %(+0)| 
Senn fi Lt) cos (Qm-+ 1) t dt ; 
so that 


Am = rm Cm =0 according as f(a —0)—fY( + NEE 
and so on. 
II. Similarly if 
fir —0)-+/(+0)=0 


then 


oot fe se Ot" +0] 
4 (am +3 Cal Sm uu ) Sa ) 


E: oli A(t) cos (2m+ 2) t dt; 
ZM + 0 a 


so that 
\ ・ 11 11 = 
De mit rl according as gi (7-0) +f (+0)=0 
and so on. 


Therefore we can state the theorem : 
Theorem IV. 
I. 


(i) If f(a--0)-/(+0)Z0, then Gom 30, rm = Amar: 
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Gi) Zh. f Oe —0) Hf P40) 0, 。( ッ 0 277; 
fer —0) —f C*?(+0)>0, 
for p=), 2, .., 


then nt; Cam = Lim +29 for p=1, 3, ・・ 


a “5( ァ ケー0) 一 7Gz45( 二 0) ご 0 
then on SO, Om Zn fo ee 
II. 
(i) が f(x—0)4+f(40)=0, then Ayn, mr Amss. 
(ii) が SEX7-0)+f®(+0)=0, (=0, 1, 2, --.p); 
Fr — 0) + fr 0)>0, 
da ihen in a Os dela ce ae he sn 3 : 


PS D+2)(77 4 0) +f (2 ont + 0) sé 0, 
| =0, 2, Lù: 
then Sonat Sa Com +1 = Aym+3 he Fa 3, ・ 2 


It is apparent that this theorem contains some parts of Theorem III. 
Also from Theorem IV we can infer the following theorem immediately : 

Theorem V. For sufficiently large values of m, all the coefficients 
Aim の even terms (the coefficients dim. of odd terms) have a constant sign 
and their absolute values decrease monotonously, unless 


が め ( ァ ー0) 一 7 の (上 0)= ニ 0, {f(x —0) +f°? (4+ 0)=0}, (p=0,1,2,--, 0). 


Therefore, in order that however great m may be, the coefficients a 
(or Gms), corresponding to an analytic function f(x) in the interval 
(OSa=7), have no constant sign or become zero, f(a+7)-f() {or 
J(@-+m)+f(x)} should be necessarily an odd function of x or identically 
zero ('). 

Also, in order that however great im may be, both am and Ay +415 
corresponding to an analytic function f(x) in the interval (0=a=7), have 
no constant signs or become zero, both f(x) and f(@+7) should be neces- 
sarily odd functions of x. 

Lastly suppose that 


7z-0>0, fr —0)—f(+0)>0. 
Then 


(1) The converse of this theorem (or Theorem V) is not necessarily true. See 
Example VII in $7. 
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| Aom +1 | TA dom | > Amy — Arm 
= Ayn om +2 
10 


In similar ways we can prove the theorem : 
Theorem VI. For sufficiently large values of n, there exist the 
following inequalities between the absolute values of A, and A,,1: 





ケー0)>0, 7( ァ ー0) ぐ 0, 
f(x —0)—f(+0)Z0, | Dom | = | Doms I» | Aom | = | AA し 
パパ ァ ー0) +f(+0)=0, | A | = | Ye | Ans | = | À om +2 | ; 


and so on. 


7. Here we add some examples : 


ik f@)= = 





In this case 


Sr)=0, f0)>0; 


so that 
a,>0. 
In fact 
ムン sin の 十 - ; -sin2a+- n sin i tree, 
IE U FAN 
79= っ 


In this case 





Im)=— 70=0, の ー70>0, Am)+0)>®; 


so that 
Qin <9, A2m +1 il; | の | > | AT >, | A ins? |. 
In fact: 


258 ‘©; KINNOSUKE OGURA: 
ST ur sin? rato sin Za RAS Lo FA 


III. ‘The following example belongs to the same case as II. 


Li 











Be aes I ee ek 8 sin 4a 
4 2 3 3 15 
1 : 4m ie 
vee sin (2m—1) 一 sin 2mtc+:-: ッ 
+... + De sin ( ) sata in +... 


in which we see that 


| Cm 1 | <q | Com È; | aye | > | Doms | > | Army? |. 
RUS リル た = + # COS ©. 
In this case 


fa=-4, f= 








7, 7( ァ ヶ ) 一 用 0) く 0 fr)+f0)>0; 


so that 


の ぁ ジ 0, Can, | Am | > | Ni | | Diet | < | Àym+2 |. 





In fact 
a+ cos a sin + sin2x+ _ sin 3 の キー…… 
sin (2 一 1) Pe U sin2ma+-, 

2n—1 Am’ — 1 

where | 
|| am |. 

Wp ees 
f(x) : 


In this case 
Kr) +f(0) >0, Jen) —f °9(0) =0, (p= 0, L 2, s+, CO); 


so that am >O and a, have no constant sign. In fact 


sin e+ sin 32 + sin 5 a esse, | 
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IN f.x)=cos (cos x) sinh (sin x). 
In this case f(x) and f(x+7) are odd functions of 2 And 
i ak nus gi VE Ihe. 
cos (cos x) sinh (sin +) TUE sin © Eu sin 3 2 det SIN り タ ダー………・。 
VII. Ka)=e* * sin (sin 2). 
In this case {x +r)-+f(x) is an odd function, but 


が 


AU bye TE BTS 
e ® sin (sin +) ~ Tm sin ua sin 2x reg sin3ct È 


On the cosine series. 


8. Let f(x) be any function which satisfies the conditions in §5, and let 


4 Co 
ーー + > a, C08 n x 
2 eye 


be the cosine series corresponding to that function. 


Then we can treat 


this series in similar ways as in the sine series; and tlıe following are 
some typical results : 


and 


I. 
(i) If f(r-0)Z0, then BimS0, Ama 20. 
が f(x—0)=0, f(+0)>0, then A,20, a, <0. 
(ii) が Fr —-0)=f+(+0)=0, (v=0, 1,2, ---, p); 
70730, then A ZO, Arn iO)” In Br. 
fer (m-0)<0, then {AmS0, Ama20, fr Haren. 
が fer r(r—O0)= fer +0)=0, (v=0, 1,2, ---, p); 
fer —0) =0, 
020, then {A,=0, 0, Wovens 2 
BO, then {A,=0, a,=0, va ae 
II. 


(i) が f(e-0)-f(+0) 20, then cm 20, Amz Gomer 
Gi) が fED(7-0)—fe?*(+0)=0, =, 1,2, ++, p); 
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fer» —0)— fer +0) >0, 


0 
then { Ham S 0, Com = Com +29 % 


を ここ 
» 3, ・・ 


and Ex 0) fer?(+0)<0, 
then jamZ0, Am Coms29 Be ei 
Ill. 

(i) が Plr-O)+f(+0)=>0, then ann 0, Am omnes 
(i) が fOM(w—O)+fE%M(4+0)=0, (v=0, 1, 2, ++, p); 
fern 0) + FC + 0)>0, 

and then {ami ZO Am Ze D Po 3 
FEPN7-0)+fE+0)<0, 
| then Ga 0, Gm Ge UNS 


Ikeda near Osaka, June 1918. 


ry p=0,2,..% 
orüp=1,9,8. 


Trajectories in the Irreversible Field of Force on 
a Surface, 


by 
KINNOSUKE OGURA, Osaka. 


Consider a dynamical system with two degrees of freedom which is 
reduced to the normal form (!): 


(1) pti =, 
2 
an é ©; 
le 
7 の = , 


where p and q denote the two coordinates of the dynamical system, ÿ 
and の their time derivatives, and A, 7 are functions of p and q. Then 
equations (1) admit the first integral 


(2) + =7+h, 


h being an arbitrary constant. 

Throughout this paper I will consider the motion of a particle on a 
surface and confine myself to the case in. which h has a definite value. 
A few properties of the trajectories have been obtained in my previous 
paper (*); but in the present I will deal with certain properties of a 
different nature, some of which may be considered as generalizations of 
those for the conservative field (that is, for the reversible field) (°). 


,? 


(1) Birkhoff, “Dynamical systems with two degrees of freedom,’ Trans. Amer. 
Math. Soc, 18 (1917), p. 204. 

(2) Ogura, “On a certain system of doubly infinite curves on a surface,” Töhoku 
Math. Journal, 8 (1915), p. 213; “ A remark on the dynamical system with two degrees of 
freedom,” Tôhoku Math. Journal, 15 (1919), p. 181. Hereafter these papers will be referred 
to as O, and O, respectively. 

(3) Ogura, “Trajectories in the conservative field of force,’ Part I, Tohoku Math. 
Journal, 7 (1915), p. 123; Part II, Töhoku Math. Journal, 9 (1916), p. 134; “ On the striped 
net of curves without ambages in dynamics,” Proc. Tôkyô Math.-Phys. Soc, II 9 (1918), 
p. 284; “ Note Supplementary to the paper ‘on the striped net of curves without ambages 
in dynamics’,” Proc, Tökyö Math.-Phys. Soc., IT 9 (1918), p. 409. Hereafter these papers 
will be referred to as O,, O,, O,, O, respectively. 


262 KINNOSUKE OGURA: 


PART I. General Theorems. 


The condition for c given orbits. 
1. Let the linear element of a surface S be 
(3) ds = (dp'+dg‘), 


where isothermic parameters p and q are taken for parametrics. Then 
the differential equation of the orbits is (.' ) 


(4) N © log Vy+ h di O log Vy+h 7 ) (1 +9?) 
Og op 


À 


3 
時 1 12\3 


where we have put 








DE 9 ; vis g sa 
dp dp? 
Since y+h and p are positive, we may put 
Lang À 
p+ |, ーー ss i に ーー ヵ ・ 
li Ren ー リ ザル の 
so that (4) becomes 
(5) a'=( の ue の め ) LV の ) 7 ) (149) 


+Vpg. (149. 
The integral curves of this differential equation (?) will be called the 
orbits in the field (¢, の ). 
Now suppose that 
ftp, 9) 三 const。 
form a family of o orbits in the field (の , 4%). Since 


BCD) 


ee 





(1) See O,. 
(2) For some properties of the integral curves, see O,. 
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we must have | 


[( 5 ) Ce Lae OPINION 
pi Op Op gg cena (Bel oe 
+ 1 log x NL 9 の log Of 


D era eos ue 


en] 
sas [2422] 


But since the expression of the geodesic curvature 














: of f=const. : 





1 


gem ante prior WM Fall ) 
Mu DIO: Di の 


(27)27_s97 DI OF (BY OS 
dq/ Op ap Oq dpdq Opi dg 


+1( O log u IAA: 9 log a 2) 
Ao ワカ aus od 


“al oyna? | it 


(6) Ses hee KO Jans O log の Sf) 
MMS CENCI A 


EHE 


Now consider the differential parameters of the differential quadratic 
form 


gives 














whence we have 





E du? +2 F du do+ G dv’: 


namely 








GN CAC oU (Si 

/ HN Re + G 

(ラー) du do ) 
Hai? 
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a if lo) CURE I 
À ee et His — G eg fh 1, La 2 
à za du dv )/ EG P| 
lo) ( oU 
hen. カス ーー アニー ) 2 
Sel Ov )/ レ 9ー 巡 r|}, 
pou ME an GHOST cala oV 
P( ひ の = Ov Ov Ou Ov Ov Ou du Qu | 
del EG — F? 
If we put 
4 一 7 v=q; 


== {2 リー ()) L'EST 
equation (6) may be written 


(7) ーー 


1 
AAA (かみ log g)+4=0, 
di 1 





or, by Beltrami’s formula, 


(8) suli : 


wig ar テル Wd a 


This is the necessary and sufficient condition that f(p, q)=const. should 
be orbits in the field (9, の ) on the surface having the linear element 


ds’ = u (dp’+ dq’). 
Let us now apply the transformation 
ターク (ww の, 9 三 9(% の 
and let 
p (dp +dg)=EdwW+2 Fdu dv+ G dv. 
Putting 
げ (の 9 ニナ (6 9 の, と (の の の (6 の , の (の の ニニ め (6 の) 


and remembering the invariantive property of the differential parameters, 


(8) becomes 


Tr OI 1 + 
ーー ラニ ニー ニニ o —(, 











Zu - 
に 
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Therefore we have the theorem : 
In order that o' curves 


J (u, v)=const. 


may be orbits in the field (の (6 v), Y (u, v)) on the surface having the linear 
element 
ds°= E du* +2 F du dv+ G dv’, 


it is necessary and sufficient that f (u,v) should satisfy 


4, f 
(8) vr var)* age (hls g の ) 十 の 0. 


2, Let the two surfaces S, S having the linear elements 
d?=Edw+2 F du dv+ G dv’, 
ds°= E du? +2 F du dv+ G dev’ 


be related by the conformal representation such that 


Then the differential parameters corresponding to the surface S have the 


expressions : 


e Di 1 
> rs 4 プー ニー イア 
re) g 








(57) ia) 
= AS, アタ アルナ Zu あの 


"i r(i レオ eV Af 


so that (8) may be written 





———r (f, log ¢) ; 


AJ pe 
9 ar 5+ ( ; wat Riel 
(9) ンス 7 7 IF 
Consequently if be the geodesic curvature of f=const. on the surface 
Pr 


S, we have 
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/ 
(10) Er, 
Pr 4 


Thus we arrive at the theorem : 
By the conformal representation 
Uni ds”, 
the orbits f=const. in the fied (の , の ) on the surface S are transformed into 


the curves having the geodesic curvature 


a 
Rey 
on the surface S; and conversely. 


In the particular case where g=const., we Have from (7) 


Ly 
Pr 
On the other hand, in the reversible field (that is, the case where fs 


identically), we have from (10) 


1 
—=0; 
Pr 
so that f=const. are geodesics on the surface S, which is a well known: 
result (' ). 


The condition for 2 の given orbits. 


3. Now we can infer from (8) the theorem immediately : 
The necessary and sufficient condition that the 2 の" curves u=const., 
v=const. may be orbits in the field (の , の ) on the surface S is given by 


(11) FRE REP VV GV EGP 4, 


Ov G 
(12) | plese ig Ploeg _ EG— O VE VEGZ. Pol Ni 
ou Ov E 2 








(1) Darboux, Théorie des surfaces, 2 2 (L éd., 1889), p. 453; See also O,, p. 178. 
(2) In the reversible field ゅ vanishes identically; so (11) and (12) become 





È 9 log w _F 9 log w A EG—F? (ot | 
du dv G SS 
y 9 log wv ig 9 log w 0 EG-F? Pe 
9 4 Ov E 2 


respectively. Compare with O, p. 179. 
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where HE ‘at denote Christoffel’s symbols, that is, 

















ー の Sy On +97 AAC 
pe ou dv du 
2 2(EG-F) i 
Ba ,oG 1900 
IA Ov du dv | 
x 2 (LG— Lf’) 


In order to interpret this condition geometrically, let us apply the 
-conformal representation such that 


aa = ds. 


Then (11) and (12) are equivalent to 














sen We 
Pu da / Po の 

respectively (82); from which we find 

(13) Sa 
Pu Pv 

‘Conversely, consider the parametric curves w, v on a surface S, such that 
1 1 
— = __ (=? (u, »), say). 
Pu. Pr 


Take any function g (u,v) and put の ニーe 中 . Then u, v will be orbits 
in the field (e, の ) on the surface S, which is obtained from S by the 
conformal transformation 


: de 08: 
の ^ 
Thus we have the theorem : 

In order that 2! curves u, v may Le orbits on a surface S in an 
irreversible field of force, it is necessary and sufficient that the corresponding 
curves on the surface S, obtained from S by a certain conformal transfor- 
mation, should have the property 


1 1 


Pu p v | 
4, Since (11), (12) may be written 
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1 = O log の F | 1 
14 ーーーーーーーーーーーーーーーー FA re kr = send 
oe, V rl du VG dv Pu 14 
I F dlosg a7 の log の 1 
15 U ES TA D ee 
0 Aer] VE du dv | PER 
respectively, if we put | 
RL RN e, 
CA ALT ME 
| ZEN アー アー の の 
Pu Pv 


we can derive the two equations : 


の ES RU) の dro, 
16) FCO anne ee I 
U 9 U り Vv 9 9 
NO の TANTO, N の 
(17) 7 sin ニーー7 cos —- = — MH, an ニー ドル ルル COS 
2 2 2 2 


の being the angle between u=const. and v=const.. 
Now denote by è, the vector having /, as its magnitude and the 


(positive) direction of the curve w=const. as its direction, and by à, the 
vector having F,, as its magnitude and the direction to the centre of 


geodesic curvature of u=const. as its direction ; also define %, and %, in 


similar ways with respect to v=const.. Then it follows from (16) and 
(17) that the projections of the resultant of è, and 3, upon the two. 


bisectors of the angles (internal and external) between w=const., v=const. 
are equal to those for %, and %, upon the same bisectors respectively. 

Consequently we arrive at the dynamical interpretation of the condi- 
tions (11) and (12): 

A necessary and sufficient condition that w=const. and v=const. may 
be orbits in the field (の 4) is that the resultant of the two vectors Fn, and 
® is equal to the resultant of %, and Fu"). 

In the reversible field (S=0), if Fw (du) and Tuo (oo) be the 


components of force tangential and normal to the orbit u=const. (v=const.): 


respectively, we have the well known relations : 








〆 の low oa 
アー ci ED アー en. 
EP INNEN 





(1) Compare with O,, p. 140. 
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[> 


9 
2 : の 
Pr x Fo = i 


Pu fv 








5. In this paragraph I will give three pairs of the formulae con- 
cerning the geodesic curvatures of 2 o' orbits u=const., v=const. and 


their related curve:. 
I. Let ds(w) and ds(v,) be the arc elements of the curves u,=const. 


and v,=const. which are the bisectors of the angles, external, between 


u=const. and v=const. respectively. Then 








ne 1 È 
sin 9 aS ‘ ーー デ 5 — (lo ルコ lee eci © (log 2), 
(18) 


Diss, LA 
Lier CA 08 =e (lo a 


i 


2 (log ¢) 
Ov 


Therefore by means of (18) we find ou (14) and (15) the following 
formulae of importance : 


cos 一 . ao: s9=3(- 5 ) 








(19) sa si i 
IO eee ne ug 
sin I. a (log の = ar) ; 


II. Next suppose that w=const., v’—=const. are the orthogonal tra- 
jectories of u=const., v=const. respectively. Then we have 





Pl Den 
(TE 1 Di VEG-PS Du 
Een] eu E © の (*). 
E G oy VEG-F Ov 
Now from (11), (12) and (20) we get | 
ie © log o MAI VG Ow _VEG+F の 
VG dv Pu VEG-F du VEG-F° 
LA e RA I I E EY 





PB NOUN py VEGF 92 VEG=F 
Applying (18) to these two equations we find the formulae : 





(1) For an application of these formulae, see Ogura, “On a generalization of the 
Bonnet-Darboux theorem concerning the line of striction,’ Proc. Tôkyô Math.-Phys., 
Soc., II, 9 (1918), p. 304; where these formulae have been printed incorrectly. 
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sin -© (lo )— ise — De =-( sn ) 
i i dali MINA jo 2\pw Pel 
i 0) LO Pe) ae a ) 
(21)008 > +z Seales の ee tooO TE 
の 
—cot—. の . 
co 5 Ma 


III. Lastly applying the following formulae of Prof. Lilienthal(*) 


9 。 の 1 ー )+o が 0 es 1 = 
sin, + ーーー 
2 









































p (w) Pu の 。 
2 の ( 1h 1 „ lu の 1 1 ) 
Ze og ロニ ーーー +sin— . _ 
p (01) 2 Pu Pov 2 Pw Pv 
to (19) and (21), we obtain the formulae: 
©) 1 の Oo Ji 
palatial a | — —cot—. ーー ; 
55 © I. 8 の 2 i 2 Ou) L(0;) 
( ) t ow © (U N 
E の i or TI の . 
9 8( 2 Oslo) p(u) 2 


PART II. Some Particular Cases. 


2 © orbits comprising a constant angle. 


6. Hereafter we will consider some system of 2 «' orbits in the 
field (9, 9), which are of geometrical interest. 
We begin with the case where the angle w between w=const., v=const. 


is constant. 
In this case (19), (21) and (22) give 


cos 2 (lo = nee ) 

















d n NE 
sin, ーー (log w)— ORI SE ー ) 
2 Ou) = 6 2 DIR ie 6 
RAR: 
9 su to の 0 2) ì 


so that we find 








E 1 LATE MENU ai über Din eee Liss _ (1913), pp. 240-241. 
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2 cos 
(23) RR -( =) 
P Ca 
2 sin 
(24) に IO Tr, 
Feo (vi) Pu Pr! 
Similarly 
2 sin © 
(95 Baal. 
p (a) Pu Pr 
2 cos 1 ; 
(26) OO 


p (4) Pun Pr 
Since the product of the right hand sides of (23) and (25) is equal 


to that for (24) and (26), we have 


RA a 2 + dra 


» 


p u ? uw Pv p vr 
Adding the squares of (23), (24), (25) and (26), 








1 
: (+ 7 Ft santi fs 
? (us) pu) Pu Pr Our Pr 


4 
From the last two equations we obtain 


IL EC 

















2 ee 2 FREU 2 
piu) PW) Pu Pu Pr Py 

7. As a simple application, let us consider the 2 o' curves u, v 
which make a constant angle and may be orbits in the irreversible field 
determined by 





(!) These four formulae have certain similarities with the following four concerning 
a net of curves without ambages ü=const., v=const. : 











40055 1 ii 2 cos の Et 1 1 
ne dae) 
end 

2 1 1 2 cos の の 1 1 
at ce alt) 


の being the angle between x and v. See Lilienthal, loc. cit, pp 244-245. 
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トゥ 
I 
bo 


ーー const., pz const.. 


From (19) we have 





WERE BIN onen (=%, say); 
Pu Pv 
so that from (23) and (25) 
3 =0 i SAR EURE 





p (%) 0 (u) = 


. の 
SIN — 
2 


Consequently by well known theorems the surface must be a pseudospheri- 
cal surface of revolution of the parabolic type or a surface applicable to 


it, and w=const., v=const. make constant angles (SE and Mr Le 


tively) with the geodesic parallels u, =const.. Conversely if a surface have 
the linear element 
2u, 


ds’ =du"+cee * dv, 





a, c being constants, we have 
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p (vi) i p(w) @ 








Hence equations (22) are satisfied by 


w=const., g=const., Y=const., where cosee— . の ーー-. 

2 a 
Therefore in order that the 2 の | curves u=const., v=const. which 
make a constant angle and may be orbits in an ürreversible field of the form 
(p=con:t., "’=const.), it is necessary and sufficient that the surface should 
be a pseudospherical surface of revolution of the parabolic type or a surface 
applicable to it, and moreover the bisectors of the external angles of u, v 

should be geodesie parallels. 


The isothermal system as orbits. 


8. For the reversible field of force (i. e. ¢=0 identically), I have 
proved the theorem (*): A necessary and sufficient condition that 2 co' 
curves belonging to an orthogonal system may be orbits in a reversible 
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field of force is that these curves form an isothermal system. Now I 
proceed to establish the following theorem concerning the irreversible 
field of force (の , の ) : 

Consider an orthogonal system u=const., v=const.. If any three of 
the four propositions be true : 

(i) that u, v form an isothermal system ; 

(ii) that u, v form a net of curves without ambages ; 

(iii) that の is constant along each bisector u,=const. of the external 
angles of u, v; 

(iv) that u, v may be orbits in the field of the form (の , 4); then 
the fourth is true also. 

In virtue of アー0, the necessary and sufficient conditions for (i), (ii), 
(ii), (iv) are given by 
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respectively. 
Firstly suppose that (i), (ii), (iii) are true. Then we have 








ID Cal dv 
UE o log E |, ,OVG var 
2 Oudv ee ou i Ou’ 


which shows us that 


1 OlogG 7 1 Olog.E 
dò Ve. ja +(4 IMG . の) 
(5 a sone di MORI 





(1) See, for example, R. Rothe: us Dee über die Ve (Kurvennetze 
ohne Umwege) auf einer Fläche,” Jahresb. Deuts. Math. Ver., 17 (1903), p. 325. 
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is an exact differential. Hence if we define the function @ by 
log © = mil Set fs +VE. ) du+( > n SE +VG. ) dv, 


equations (iv) are satisfied ; that i u, may be orbits in the field (¢, ¢). 
Next suppose that (i), (iii), (iv) are true. Then (iv) gives the con- 
dition of integrability 








1 Oo roh VE od 
2 Ouov ti Ov ni dv 
pr APRO dA Di 
from which we find, by means of (i) and (iii) 
OVE _ VE 
dv Qu 


In similar ways we can prove other two cases. 


| The striped net of curves without ambages as orbits. 


9. It is well known that 2 o! geodesics u, v may be orbits in a 
reversible field when and only when @ is constant ('). A generalization 
of this can be obtained from (19) immediately : 

If 2 ©! curves u=const., v=const. such that 


1 1 


Ps RD: 


may be orbits in an irreversible field, the function の must be constant along 
u,=const.. When the condition is fulfilled, 4 is determined by 





ne a og の 
where we have put 
el 
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Already I have dealt with the condition that a striped net of curves 





(1) Our pa 1339, 481, 
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without ambages should be orbits in a reversible field ('). Now we can 
prove the theorem : 

Let u=const., v=const. be a striped net of curves without ambages, 
If any two of the three propositions be true : 

(i) that each of w=const. has a constant geodesic curvature ; 

(ii) that ¢ is constant along u,==const. ; 

(iii) that u, v may be orbits in the field of the form (9,4); 
then the third is true also; and の is constant along u,= const. 

s I. Hirstly we will deduce (iii) from (i) and (ii). Since «, v form 

a striped net of curves without ambages, we may take 


Ou, N° Ou, du du 
27 B=( -) RE 1 REA “) 
2 Ou Qu dv ner Ov 





where © is a function of uw, alone and w,—const. are the bisectors of the 
external angles between u and v(*). Moreover we have 


(28) Pu= Po (=p, say) (°). 
But I have proved the following lemma (*): When u, v form a striped 
net of curves without ambages, each of u,=const. has a constant geodesic 





curvature when and only when p is constant along u, =const. 


. piu) 
Hence it follows from (i) that / is a function of u, only. More- 
over we see from (ii) that is also a function of u, only. If we define 
the function o by 


then 


Ologe _ よら の ou, 
a り ・ の Ou” 


の log の の ( 1 9 
SI into l'en 
Ov ir 2 ni Ov. 


Consequently we have from (27), (28) and the last two equations 





1 — の log の F の loge 
14 re We lf DE i eee ae Ze 
(14) VEG—F? | Ou YG dv | Pu si 
(:1) O,, pp. 284-286 ; ‘consult with O, also. 
(?),(*) Rothe, loc. cit. 
(*) See 0。 
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| MIA pee a 

(15) viel VE Ou a dv | Po Li 
Thus the proposition (iii) has been obtained. 

II. Next we will deduce (ii) from (i) and (iii). Since u, v form a 
striped net of curves without ambages, (28) must hold. Hence in order 
that (ili) is true, by the first theorem in this paragraph, の must be a 
function of u, only. But from (27) and (iii) we have 


SE 7g Er I) der? i o(m) 9 の 
VG | Ou VG Ov 5 ) 2 du, log © (w) 


1 
ーーーーー — の 。 
? 


Moreover we see from (i) and the lemma above mentioned that p is a 
function of w only ; so that の must be a function of u, only. 
III. Lastly we will deduce (i) from (ii) and (ii). From (iii) we 
get 
DI (u,) ESS 
2 du, 


But by (ii) の is a function of u, only; so that © must be a function of 


1 
log piuma 
p 


u, alone. Therefore by the above lemma, each of u,=const. has a constant 
geodesic curvature. 

10. Now we see, from the last theorem, that if a striped net of 
curves without ambages u=const., v=const. may be orbits in the field 
(0, (u,)), then each of w,=const. should have a constant geodesic cur- 
vature. On the other hand, since u, v form a striped net of curves 
without ambages, w —=const. are geodesic parallels(*). Hence it follows 
that the linear element must take the form 


ds" = du” + U, (u,) dv, 
U, (u,) being a function of 4 alone; and the surface should be applicable 
to a surface of revolution. 
Conversely, if a surface be applicable to a surface of revolution and 
u, v form a striped net of curves without ambages, then we must have 


ds®’—=sec’” du? + 2 sin? dv? 
2 2 
=’ du? +f (ui) fo (vi) dv, 


(1) Rothe, lac. cit. 
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where w and fi (w) are functions of u, alone and f,(v) of e alone; so 
that / takes the form Æ (u) F,(v). But in virtue of the formula 
2 : 
= =sinw, 


le( y sn) () 
だ (u) の Uy 2 > 


p(w) should be a function of u, alone. Therefore, by the last theorem, u, v 
may be orbits in the field of the form (¢,¢(w,)). Thus we have 
theorem : | 

In order that a surface may have a striped net of curves without ambages 
u, v which can be orbits in the field (の , の (u,)), it is necessary and sufficient 
that the surface should be applicable to a surface of revolution. 

Moreover we can state the following theorem (?): 

In order that u, の constitute a striped net of curves without ambages 
which can be orbits in the field of the form (の の (w)), it is necessary and 
sufficient that the linear element should take the form 








d’—E(u+ of av +2 7 (u+v) dudv+ dé 


where È and 7 are functions of u+v only. 

Lastly we add the theorem: 

If a striped net of curves without ambages u, v be orbits in the rever- 
sible field (0, 0), then the net may be orbits in the irreversible field of the 
form (の d (w)) also. 


Ikeda near Osaka, June 1918. 
(2) Rothe, loc. cit. 
(?) For the method of proof, see O,, pp. 287-288. 








A Theorem on Power Series, 
by 
YOSHITOMO OKADA, Ösaka. 


Dr. G. Pölya(') has proved the theorem: If all the segments of 
a power series of « which is formally written have real roots only, then 
the power series converges for every « and represents a transcen- 
dental integral function of æ whose class is at most unity. 

Modifying this slightly, we will prove the following 

Theorem: If the roots of all the segments of a power series of の 
which is formally written do not lie on the origin side of a straight line 
not passing through the origin, then the power series represents a transcen- 
dental integral function of x whose class is at most unity. 

Proof. Let a power series which is formally written be 


F(x) Say +++ +10 + Ay "+ € 
then by the assumption, the roots of all the segments 
S,(@) Hay + Q, +4, の 十 ……… +4,18" + 0,0" 
na i 


do not le on the origin side of a straight line not passing through the 
origin. Therefore, by Gauss’s theorem, the root of 


びり at の 


PE =(n—-1)!(a,_1+a, x) 


does not lie on the origin side of the straight line. Let the distance of 
the straight line from the origin be p (=0). 


Then it must be 5 


An-1 


ly に |- =p, 





n An 
i.e. 


last P| aa |. 





(1) Rendiconti del Circolo Matematico di Palermo, t. 36, 1913, pp. 279-295. See also 
the theorem JI in E. Lindwart and G. Pölya’s paper in the same Journal t. 37, 1914, 
p. 299. 
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Putting n—1, n—2, ……… ‚2, 1 instead of n, and multiplying up the 
results 


jr! Pa, 


1.6. | 
la,|= (Po) [ao | 
AS n! 
Therefore | Az) Robes pay pan hae 


This inequality shows that F(x) is a transcendental integral 
function of æ whose class is at most unity. 


A Theorem on Limits, 
by 
YOSHITOMO OKADA, Osaka. 


The following theorem was proved by some mathematicians ('). 


If the sequence 2, &, Us) ++... > Ung cree be of such a nature that 
Pi の + dai +2 
lim (x, + gt te | =), 
nIL n 
then 


lim a= 0; 
22 づ つの 


provided that 1 十 9 is positive; but when 1+q is not positive, this 
theorem is, in general, untrue. 

Recently Messrs. T. Kojima(?) and S. Narumi(*) obtained some 
extended theorems respectively. 

In this paper, I will prove, after the method of Prof. W. 
Sierpifiski, another extended theorem : 

Theorem. Let 


Sb 7 (kit lat. a) (1) 
n>2 
be a divergent series of positive terms, and if the complex sequence 2X, 25) %, 
ーー „dm be of such a nature that 
lim („ra Ra ee at an )=1 (2) 
NIJ% ん 十 ん , 十 hou +k, 


l being finite, then 
lim #, =l/(1+4q) 
2 つの 
provided that 1+ q is positive ; but when 
lim (Te, cu ky+ N +En-1) / kn > —(1+9)=0, (4) 


NI DN 


(1) I. Schur, Math. Ann, Bd. 74, pp. 447-458. 

Knopp, Math. Ann., Bd. 74, pp. 459-461. 

W. Sierpihski, Töhoku Math. Jour., Vol. 11, pp. 1-4. 
) Töhoku Math. Jour., Vol. 12, pp. 177-180, and pp. 323-326. 
) 


(2 
(3) Töhoku Math. Jour, Vol. 12, pp. 275-290. 
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the result is, in general, untrue. 


Proof. Put 


ka + kr + SAG +knCn=Èn a 1, 2, 3, red ip 
and 
ki + Re + OO bla ML, 2, 3, icaro ie 
then we can rewrite (2) in the form 
En 一 と È 
lim (reso = )=I, (5) 
BIN NN Qn 
or | 
En Enr + gen —=ite,, (n=2, 3,4 …… ) (6) 
Nn Qn-1 Qn 
where 


lim ¢,=0. 


2 つの 
Put 
nee Un Wh 2 3, to... ) sl (7) 
then from (6) and (7) we have 
(1 = は の a (n= 2, 3, 4, …… ) (8) 
In n-1 An Yn-1 


If we put again 


ESE MIT (I ARONA +) In (n=2, 3,4, vee y 
’ NM Pn-ı 
then (8) becomes 
(1 +g9+U.-ı) Un = Un 1Yn-1 +b En (n=2, Oy Ay vere: ). (9) 
Consider the sequence {{,} defined by 
&=(1+ 1+9 \a+ eg ) Eu (14 Lag ) (n= 1; 2, 3, OO Je 
U U; Un 


then by the assumptions that 1+q>0 and that (1) is a divergent series 
of positive terms, we see that the sequence increases without limit 
monotonously, and A 


232 YOSHITOMO OKADA; | 








fart — ATO En pnd! ty ete et NS I 
tn—2 Un-ı Un-1 
By substituting these values in (9) Ù 
/ l „amt 
thal n° Lal ni JH matt, n=3,4 5, ra i 


From these relations, we can prove in a way analogous to Sierpin- 
ski’s that 





at (9 153 た 
that is, 
lim „=lım &,/7,=1/(1+¢'. 
うる みう の 
Accordingly by (5) 


= =r . / 
lim InZen-1 — Jim = 


n>% Nn—Nn-ı A 1+9 ; 





If (4) be assumed, however, we can find a sequence {x,} which 


satisfies (2), but not (3). 
For, by (4) there exists a fixed integer m, such that 


(hi, +h, ++ + ky1)/kn > —(1+9)=0, for nm, 


or 
nt gkm>0, for nm, (10) 
and 
9 三 一 1. RALE 
Take the sequence {x,}, such that 
ya in =O, CSA (Jat Im); (12) 
and 
u Fan TN | ae E 
2 十 9 Im  Nmsı tg Enr ni tgQkm- Ynt dn 


for n>m; (13) 


then we see that Pi 
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Un n° in — =, sn | 
An kit+ki too +k, rr n>m, 


which shows that the sequence fx,} satisfies (2). From (10) and (11), 
however, we have the inequalities 


OK mt Mann for nZm. 
Hence by (13) we have 


x > kin Om y Nm+1 \ t グ x-1 nq er ー9 ん 。 


ee rin ina. 7 
7m +Qhm 2 が In-3 ni mt QE 
which shows that the sequence fx,} does not satisfy (3). 

Thus our theorem is completely proved. 


If we put 
k,=1 and (++... +k, =a,, (n=2, 3, 4, ……| ) 
‘the above theorem is transformed into the following 
Corollay. Let 


x 


\' 
An 


nl 


be a divergent series of positive terms, and if the complex sequence 2%, % 
rien be of such a nature that 


ee... 


Jim (s+ q Uy + A,X, + G。(1 Fa) + u + An-1(1 +a,)(1 + Qs) "MRO (1 Me) 
NIN (1+a,)(1+a,) tates (1-+ An-ı) 


LA 
I being finite, then 
lim a,=//(1+9), 


24 つの 
provided that 1+q is possilive ; but when 


lim ugo — (1 + PED 


WII 


the result is, in genera!, untrue. 


An Extension of a Theorem of Scheeffer’s, 
by 
YOoSHIMICHI UcHIDA, Sendai. 


Scheeffer has proved(*) the following theorem: If G be a per- 
fect set, nowhere dense, and A a countable set, both lying on the same 
straight line, then for any given two numbers c’ and e”, there is at least 
one number €, lying between e and ce”, both inclusive, such that if the 
set A be translatel by the distance €, no point of A will coincide with 
a point of G. 

This theorem can, by slightly modifying Scheeffer's proo” be 
extended to that in any dimensional space. I will next treat only the 
case for a plane set of points. | 

Let A, A,» be the points of a given countable set and G be a 
given perfect, nowhere dense set, both lying on the same plane. 

Take any point A, and draw a small circle with centre A, within 
which we can determine a square の So that in it no point of G falls. 
Let the distances of the sides of this square from A, be a;', a,”, b;', 6,” 
(ara, 7 っ る 7 

Next take the square p,’, the distances of whose sides from A, are 
a, a,', b;', 6), direction being taken into account. Then in this square 
p,’ we can take the second square p, having the same properties as 7). 


Let the distances of the sides of this square from A, be ay, a)’, b,', 


BA 0g Add); and soso: 


Since the points A, Ay + are countable, we have thus two sequences- 


OL As <— Gs ee (a) ei ole OO Oe eee 


and By yl く が くく ……( の …… く 67 く 6 ぐう 
from which at least two numbers a, f can be determined so that 
1, 00, pe. (r=1, Zah ). 


The two numbers & and # may lie between any two assigned num- 


bers respectively. 

If we now transfer the set A by w=a, y=ß, then the two sets A 
and G have no common point clearly. 

In the same way we can prove Scheeffer's theorem for more 


general cases. 








(2) W. H. Young and G. C. Young, Theory of sets of points, 1906, p. 52. 





s 
Über eine Ungleichung für bestimmte Integrale, 
von 
MATSUSABURO FUJIWARA in Sendai. 


In meiner Arbeit: Ein von Brunn vermuteter Satz über konvexe 
Flächen und eine Verallgemeinerung der Schwarzschen und der Tcheby- 
cheffschen Ungleichungen für bestimmte Integrale, in diesem Journal, 
14, habe ich einige Ungleichungen von der Form 


fi gi de Agde] fi e.def ta: 


behandelt. Neulich bin ich darauf aufmerksam geworden, dass Herr 
Brunn(') selbst auch sich mit der Tchebycheffschen Ungleichung 


0-g/ re dE fda © da 


(nicht aber mit meiner Ungleichung) beschäftigt hatte. Seine Bedingung 
unter welcher die Ungleichung gültig bleibt, ist viel allgemeiner als die- 
jenige von Herrn Franklin (?); damit hat Herr Brunn den Vorteil 
seiner Methode, in Vergleich mit der Franklinsche, wenn auch etwas 
umständlicher ist, überzeugt. Ich möchte aber bemerken, dass der 
Franklinsche Kunstgriff, d. h. die Integraldarstellung 


af fe de] far 9 な = ニテ fu —Fly)) (¢ (e)—¢ ly) dedy 


auch zur Herleitung des Brunnschen Resultat hinreicht, ja sogar einen 
Schritt weiter gehen kann. 
Ich gehe wie Franklin von der folgenden Relation aus: 


の d の b 
[# o, da A o, da all od の ©, dx 




















f (x) Ji (y) TA il 
all AAAY) |) ge 
AN. Ji (+) WAR _ ey) da dy. 
al Senn eng lac ie i 


È i) FISSE Neue Mittelwertss: ätze db ee le Münchener Ber. 1902 ; 
und Nachtrag dazu, Münchener Ber. 1903. 

(2) Franklin: Proof of a theorem of Tchebycheff’s on definite integrals, Amer. 
Math. Journ. 7, 1885. 
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Ich transformiere dieses Doppelintegral J in die Form 


Taf [ren »{( Ges A) Con 
x ee dy, 
wo F(x, y)=fr (x) fr (y) の (x) の (4) und A, B zwei Konstanten bedeuten. 


Dann wird 


= [fre y) oa A dead 


Ne 
we) errant 


A Ore, a の 


LE Re 
=f Pe AG a 0 

fi (LE A) de. f fly) ecco 19 —B) ay 
Wenn man daher ausser f (x) 9, («)>0 noch die Relation 






al) _ 





da dy 


dl 
nudi, 
2) 
2) 


da dy 


ELLE (@) = B, je nachdem Fi A@ An, 
Pa (e) 7 LE (a) — 


voraussetzt, und ferner den Wert von A so bestimmt, dass 


fe (x) の (Le A) de=0, 


d.h. 
の b 
A=| he de: [ feeds 
a b 


wird, so ergibt sich 


ナー2 af [ F@, (42) eae Al B) dr dy 
= 0, 
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worin das Gleichheitszeichen gilt nur dann, wenn fi :f» 2:0, konstant 
sind. Also haben wir den 


Satz. Wenn (2) 2 (2)>0 und q(x):@(x) =B (oder SB) je 
nachdem 


b b 
fi (@) fa (2) =/ figa de: il fa Ga da 
a a 
ist, wo B eine beliebige positive Zahl bedeutet, so ist 
b b b b 
Ju A de] f. de = (oder=){ Tienda) fo. da, 


wo das Gleichheitszeichen gilt nur dann, wenn f, ifr, @::@ konstant sind. 
Setzt man fi=/, の の f=¢.=1, so folgt der Brunnsche Satz. 
Dass die Brun nsche Bedingung fur die Gultigkeit der Ungleichung 
nicht notwendig ist, ist leicht ersichtlich. Wir können diese Bedingung 
wie folgt erweitern. 
Damit der Ausdruck 


b d b bd 
/ Jo de] あの da — / fi LP: del Ji de 
a a a a 


TB 


fs の > (人 (©) _ ) な Je (4 (y) ©: (y) (OI -B) dy 


= 0 sei, ist es schon hinreichend, dass 


(1) fa(®) g2(@)>0; 
(2) Cl Mtoe aa = B, je nachdem j; (@) :f, @y= A; 


(3) [is helft )da>0, (oder <0), 





fui ti Li x de<0, (oder >0); 
a の > 
d.h. 
b b 
A< | fie de : | frg.dx, (oder >0), 


b 
B>| の o, de [A の dx, (oder <0). 
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Darin bedarf man keiner Beschränkung auf D, wenn speziell 
b Dh 
A=f fiordo: fie. de 
ist (*). 


Sendai, September 1918. 








(*) Herr Ogura hat mich freundlich darauf aufmerksam gemacht, dass die Un- 
gleichung, welche ich in meiner vorigen Arbeit Herren Richardson—W. A. Hurwitz 
zuschrieb, schon von Herren Prof. I. Schur in Math. Ann. 67, 1909, angegeben wurde. 

Die Herleitung der Schwarzschen Ungleichung aus der Integraldarstellung rührt 
soweit ich kenne, zuerst von Herrn Teixeira her (Darboux Bull, 22, 1885). In dieser 
Arbeit hat er auch von der Tehebycheffschen Ungleichung auseinandersetzt, aber es 
scheint dass er dieselbe Integraldarstellung als die gemeinsame Quelle beider Ungleichungen 
nicht bemerkt hatte. 

Neulich habe ich gefunden, dass Stieltjes (He:mite-Stieltjes, Correspondance, t. 2, p. 
191) auch eine Verallgemeinerung der Tehebycheffschen Ungleichung gegeben hatte. 
Seine Ungleichung ist der Zwischenfall von Tchebyscheffschen und meinigen Formeln, 
und zwar von der Form 


ffodx foudx= [vdx ff dx. 
Herr Rogers hat auch einige Ungleichungen von unserem Typus behandelt : insbesondere 


war die Formel (5) in meiner vorgen Arbeit Schon von ihm gefunden (Messenger of Math. 
(2) 17, 1883). 


Berichtigung 

zu meiner Note: Bemerkung zur Theorie der Approximation der irrationalen Zahlen 
durch rationale Zahlen, in diesem Journal, 14 (1918), pp. 109-115. 

Seite 111, Z. v. u. 3: Gn41 = 2 oder dn+2 = 2, 

anstatt @,+1< 2 oder Qn42< 2. 
Seite 112, Z. v. u 8: ALFA/A2 一 4 anstatt W/A2—4. 
Nach der freundlichen Mitteilung des Herrn Prof. Takagi bleibt die Relation 

An+1 <WA2—4 auch gültig, wenn A+WA?—4 rational ist, was aus der Relation (8/) folgt. 





HAS rt E => 1 CASEY 2 EH. 
ZIERT: 


— 9 ? =U 2x7 QUE / Aug Kr=-H>rr Casey JEAN 
BR) 遺書 中 = ニモ 多 ク 散見 スル 所 = ニシテ, Casey ay SHER / ET» 
へ 注意 スペ キュ トナ 7. 林 稚 一 氏 > WAR SRE 25 —%# (1912) (p. 
204-6) = 此 事 ラ 略 記 モ リ . Casey 7 Sequel to Euclid, 1900, p. 104 = 
He v >, Casey > 1866 = 得 タ ル モ ノ ナレ で ドモ (小倉 氏 護 さ 1 BASH 
M, p. 192 = > 1857 トス ), 和 算 家 ヽ 少 ク モ 文 政 十 二 三 年 邑 チ 1829- 
armen 77m) ar). DIRT Casey = 先 ツ ュ ト 三 十 
年 前 = アリ . KETZIEIPESART Tr RARE = 2742. FE 
事 = タ キテ へ 余 ^ WERE 30 & (1913) MARI EMERGE 
prada ゲタ メル 中 = 之 ヲ 示 も セリ . IE ARRETE, PA 池田 貞一 編 ク 
公式 集 = ニ シテ, EIHHRR 自身 ク 手 = 成 レ シン モノ ナ J. MARE 
を 関 ト モル へ 多 ク へ 其 人 クノ 著作 ナリ シュ トー 般 ノ 風 斬 ナリ キ . MOA 
RE MIEL ZE = > BE = JE 定理 ラ 使用 も シュト っ 後 = 之 ラボ スベ シ ・ 

WITEEEAAK FH ゲ デ タ ルケ ノミ ニシテ, 其 府 明 ラ 読 カズ . サン 

ド 和 算 家 ガ 此 定理 = ニッ キテ 如何 ナル 詩 朋 フラ 用 ヒ と タル カラ ヲ 明 カニ スル アモ, 

= NY DER > KS SA = fr v re, 
尾張 ノ ATS R38 7 KI VERS BE 7 KO = PRO en 
一 節 ア リ テ , 最 モ 完備 モ シ モノ ナル ガ 故 =, 今 此 書 = ッ キ テ 其 要旨 ラ 示 
Aas fA, 

4EY — f= IRF = > / H A, B,C 
Weed se a, b,e ドジ ショ A; C 二 彫 ク 
MBER edo Cay AB == v Tg 
ヲ 引 キタ ルト = ニテ 賠 中 = ニ 示 メ セ ル 如 キ 長 
ナラ 取り , ヶ 7 が ,C 二 園 ノ 共通 外 切 線 
ノ 長 サ トス ベ シ . 然 シ ケト キュ ニッ ノ 直角 
三角 形 ノ 相似 = ニョ リ テ 

g=fa/(atc), 
WE TF h=a—g=a—fa/(axc). 


> 一 M 
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fiv foi? La B, C 二 彫 が 共 = 園 4 = 外 切 スル 場合 = 開 シ , 
下 者 ヽ 二 彫 が 共 = 内 切 ス ル 場 合 = 開 ス ル モ ノ ナリ . JAN 4 = > 
アレ ドモ , = Zz7hAv7/M7/rar v2). 二 彫 ノー ッ ガ A 
= 外 切 シー ッ ハ 内 切 ス ル 場 合 ハ 之 ラ 論 ゼ せ ダ . 上 ノ 式 ノ 雨 衝 = 2a 7% 
ズ ノ ソレ ビ ト キュ っ 
どー ん . 2a=2a’— 2fa’/(a=c). 
然 と = 三角 形 ノ 開 係 = 依り テ 
(atb)+(atc)—d°=2(a+b)f. 
紫 チ クノ 値 ラ ト 上 ノ 式 中 = 入 シ レバ, 
e=a'{2-[(at0b)+(atc)—-d°]/(atb)(atc)} È 
=a'{d°-(b—ce)}/(atb)(axtc). 
AZ (a ZIA 
e=a a/V(a+b)(atc). 


HEN» WHA Bea ETRE EME Abb, 梅村 重 得 ノ 傍 斜 
TEM, SEHR, AAA AES = Sn PPAR). 中 = 
BE + 7 ERO Spo IAE シテ , 其 年 代 (1830) Æ RER € hy. 

記 ノ 開 係 式 へ Casey 7 ESN TRE An FS 2 7 APD ETE +7 
ナル シ ガ , RR? Wa? 7 = 甚 ダ 便利 テル モノ ニシ テ , MAR Hr FS 
LIK 7 3. Kimi Au 
助 術 , MERS 7 解 路 法 等 ART 
= スハ 多 ク 之 ラ 載 ス . 特 = 梅 村 重 得 ノ 
TEETER = 275 2727 MM’ 7 BZ 
ノ FRAT Mr). 

K= PIM = WF UN A, B, 6 
D 2ÆfHK7 abed by, my 
ノ 彫 へ 共 ニ ーッ ク 彫 の = 外 切 スル 
カ 又 ヽ 共 = 内 切 スト シ , 彫り の ノ 年 
GFF r pany. 然 ケ トキ スハ fa] 7 
名 用 長 サラ ヲ 取 レベ , 今 求 メ タル 補助 
PR = 297 X/ GRZ RI. 
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ra rp 








C Zu 一 ーーーーーーーーーーーーーーーーーー LENTA 
V(rta)rtd) ’ V(r+t6)rte) ’ 
en ae GUINEA h= _79 x 
W(rÆa)(ræc) ’ V’(r+b\(r+d) ’ 
re TS 
m= x Be 
V/(r+a)(r+d) ’ V(r+c)(rtd) 


AAAS > HMS AMEN = PRE DORI mE 
REG r 7 FR = 1K 2 7 


ef+gh=mn 


+. KEEUR>ENF Ptolemy ノ 定 理 = 相 営 シ , MRR Za) Ae 
来 レ シン モノ ニシ テ , 開 流 ノ 停 書 テル 括 術 = ニ モ 既 = 現 ハ レン , IRA = > 
之 ラ 公 = も セリ. HEN» 彫 内 六 斜 之 解 , 園内 外 三 斜 四 斜 適 等 , 園内 三 
zu, 園 中 三原 適 等 , KER +46 (1839) = 野村 真 護 ノ 訂 補 セル 短 合 橋 要 : 
青田 茂一 郎 算術 草稿 , 川北 朝 閣 氏 ノ ク 園 内 容 入 彫 術 等 = 読 用 所 最 モ 普通 ノ 
277). GAB 7387 吉田 先生 解題, 岩田 好 算 ノ 園 内 容 入園 
術 解 義 = ハ 生 を 異 ナ レル 6 7 Fe, WANDER Se 5] ENT 
J. AI MRS 7 Hi ~~ v. 

fat 7 EIA ABO 7 BRR =I = of / 7 AVE 
ッ 諸 項 = 共通 ノ 因 子 ラ 省 ク トキ っ , 


I Er dea 
の / 十 7 の =e 


トナ ル . vue = 調 フ 7 Casey ノ 定 理 = 外 テラ ズ ・ Ham 
RFU NE, 完全 = 成立 セア ラ 見 シベ シ . 吉田 氏 ノ 著書 = っ 四 
園 が 久 テ ーッ ノ 彫 = 外 切 スル ケ カ 又 へ 共 = 内 切 ス ル 場 合 論 ジ >, 或 モ ノ 
ス へ 肉 切 シ 或 シ モノ ス 外 切 ス ル 場 合 ラ 論 ゼ ズ . MEINER 7 = IRA 
y. 

和 算 書 =^ 此 定理 ヲ 載 セタ ル モ ノ 若 ク へ ZHI ra? 
ナカ ラ ザ ン で ド , 内 切 ト 外 切 トク ニッ クノ 場合 ラ 共 = 記 シ モル っ >, BR? A 
Ey = 於 テハ へ 狼 り 9 上 記 ノ 二 書 + 他 =ー ノ 算法 確 ナル 刊本 アル ノミ ・ 

voro = > FAA ke Tr, EHRE = A > i 
助 定理 プラモ 載 モ , ANEMER/ MRI CBT 3a) Rv be, OZ 
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ス へ 同 > 詩 明 ラ 用 と タル モノ ナル ベク , 此 謗 明 モ 赤 文 政 十 三 年 2 ta I fy 
ハメ ンタ リト 見 テ 大 過 テ チカ ルケ ベ キ ラ 信 デズ 

2g» ALAA AS (CAI =_= A Ue, Æ CES 
1865 年 ), Jana RINZA AG (A 二 年 1862 JE fr 1866 aT 
ah) BER) SATA We Alc, 梅村 重 得 7 FER 
提 解 等 = モ 前 記 ト 同様 = 四 園 夫 切 線 ノ 開 係 ヲ 護 明 も リ ・ feb ノ 著 書 
へ 四 園 が 外 切 ノ 場 合 = 限 7, 他 ノ 諸 書 へ 内 切 ノ 場 合 = 眼 ヒサ ・ 

用 ニッ キテ 四 彫 四 切 題 解 義 へ 表紙 ノ 裏 = 松岡 正之 ト ア ンズ Mode 
NM BF R 2, he HRK DE 7 HE 7 解 義 アア ユエ ^ 其 年 代 モ 大 
BH +). 

HIER? 頃 長谷 川 氏 = 入門 を セン 人 = ニシテ, 其 師 三 送 レル 書 

= 依 レ バ 氏 ガ 此 定理 = 注意 セア っ 其 以 後 テ アラ 知 ア ベジ 

Hize 7 By PS eR A PARK V7, RER SEN ib. 
略 々 同時 = アル ベ シ . Me Eis CREER 2 Is € / = 
FIV VIBANRY. IRR? IR 7 Ash = € RE) 
ジ 詩 明 ラ 見 み . 四 園 ノ 内 切 も ル 場合 モニ ツウ キテ dx VV, 吉田 氏 等 
aisgvaeva)fisvnme)rrrrv. HR クノ 著書 中 = ニン 之 ヲ 
見 シム 著 シ 注意 ヲ 要 ス . BIER ARENA IH FAX 
モ 未 ダ 知 シベ カラ ザ レ ゴナ I. 

温 知 算 業 ノ 間 題 第 四 十 三 っ , 正方 形 ノ 中 = ニー ツノ 彫 フ 善き 此 園 ト 
各 二 湯 ト = 切 ス ル 四 ッ ノ ク 彫 ラ 薔 クト キッ っ , 此 四 ッ ノ 彫 ノ 直 径 ラ 知 リ テ 
正方 形 ノ ー 邊 ノ 長 サラ 求 ム 2 アデ モノ ナリ ・ 

EME Mas», 此 正 方 形 / 代 7 = = HT 形 ヲ 取り テ , —#7f 
~ Fh? 7 RII 7277). 

RE BAAD RM BR? BE v7 fra 論 ヲ 待 タ ス ・ 
HER A 7 (HSE LB 7 in eh = MAL = Fr 7 + 2 BHF 
Er). KKER—- RS DERENZIEDZETUREBETNV/ HAG = 
セラ レタ リト セラ ル ヽ 梅村 重 得 ノ 解法 ( 林 氏 前 記 論 女 ) © BAER 
ル 所 ト 同 一 ナリ . 林 氏 へ 梅村 重 得 ガ 此 種 ノ 解 法 2 用 と タゲ フ ノ =, BI 
記 ノ BAA. 算法 雑 青 雨 書 ノ 著者 へ 時 シテ 如何 ナル 解決 使用 も を ルカ 
明 カ ナラ ザ レ ド , LZ = Casey ノ 定理 使用 も を ゲ モ ノ ナ ラ ント シ , 
因 テ 此 定 理 成立 ヶ年 代 ラ 推定 サレ タリ. Gaston Bourgois 氏 (Les ancien- 
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nes mathématiques Japonaises, Paris, 1913, p. 30) NZ 1827 年 
(PESARE? HIST, MU, FED 7 RETE + & a BEV 
v)/Ki=77582IJv+3vYrtro&KR sil ey sy 
Sx. サレ ド 上 記 ノ 問題 > 別 ノ 仕方 ミチ テモ 赤 解 キ 得 さ キ カ 故 =, 梅 
村 重 得 ノ 解法 アア ガ 含 メニ 直 チ = 其 推 定 ラ 試 ろ ルケ へ, #7 +. 吉 
田 和 壮 ノ 温 知 算 業 解 =^ 上 逃 ノ 問 題 ニ ツキ テ , 直径 らら c +» = 
ガ の ナル 彫 = 切 スル トキ ,6 ら ei ca; a,b ノノ 共通 切 銀 ラ 順 次 = る 7 
トス ルト +", 
Ag Fr + Z(a+ ph —-22 27 (a+p)(b + p)=0 


ナル 開 係 アリ トシ , EHR- Er HR 7422). HERE 
開 係 / 調 明 … 此 解 別記 ト 記 シテ 之 ラ 読 カ ザ レ ドモ , ENTER? Fall 
LER LÉ 2 AR / BS =-> aad 7 NOR ノ 詩 明 = ニ 用 ほ モタ ル 補 
助 開 係 ニョ リ テ 之 ラ 得 タル モノ ニシテ , DAAOR? Mn Casy > 
TE = ME, 開 係 ナシ ・ 

ADE ノ 問 題 モ 赤 同 > 開 係 ラ 使用 シテ 読 キ 得 シュ ト 論 ヲ 伺 タ ザ 
pera. 

FANTA kA En (Ar KA) EE) ノ 算法 極 形 指南 ( 天 
保 六 年 1885) =» 此 規 問題 ラ 極 形 箱 テル 邊 法 = KI FT Mr, 其 解 法 
WARTEN, Ha=kvre7r>A7ZA+V). GAREFXEK 
24 (1819) = (Erri = =D AOR? FR 7 Hex" 7, Pra 
DOE SM EN 7 ZA 7 RZ EE AY BY = HN Ahh — 
購 ト ノ 開 係 上 ョ リ 読 ケシ モノ = 依 リ テ 解 キタ ルケ モノ アリ トニ 云 フ ・ 

BBM Ze Pe, コ ヽ ニー ノ 注 意 ス ベ キ ュ ト アリ . JI 
郷 氏 ノ 訓 理 起源 澄 四 及 ど 答 二 十 五 = 泡 知 算 業 ノ 問題 ク 解 ラ 載 ス . KR 
Er 趣意 へ 共 = ニ 同一 テリ . MWFHB2zr ch? MOR? R +7 ZE 
7 中 心 距離 ょ 直 衝 トニ = テ 表 ヘ ハシ, 其 中 心 距 離 = 代 フル = 正方 形 ノ 邊 ト 其 
ER + / RÉ 7 D 7 ©, ATR? BRP HR OR RTH 
ラル = 導 ト 四 園 ノ 直 衝 ト = ニテ 表 ハ セル モノ ラ ヲ 以 テ シ , ar) EB’ RF 
IRRE) +). 梅村 重 得 ノ 著書 = 見 ケ所 モ 固 ヨリ 之 ト 同一 ナ 
7 . 

算法 雑 天 第 四 問 ク 解 川北 氏 BES LITLE=- 2787). KE 
解 潜 へ 趣意 同 ジ キ ガ 故 = 別 = 言 フ ラマ デモ ナシ 
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VER? BEV > a ME 7 EERE EP =v 7, LPI = 
her aA? € 2 +) + Me, RA EA AR 
7562. ir, mme MIRE ey Y 

1 見 エ , RPO? AAA? HI = 
NA SEE EEE TER ARR HE IM 72. 
ト 記 ル シ , Mera i Ms 7 7 RR) = 
SCE PES Hos ae 26 
ト 署 セリ . サン レバ 此 解 義正 石 長 思 ク 手 = 成 レン シモ ノラ 川北 氏 ガ 此 集 
中 = 改 メ ラ レ タ ル モ ノ ナル コト 迫 フ ベ カ ランプ 
之 = 依り テ 正 石 長 思っ 次 政 十 二 年 (1829) = へ 既 = Casey ノ 定 理 
ヲ 知 リ テ 之 ヲ 適 用 シタ リ シ ラ ヲ 知 ルナ 7. | 
WIR BI / HIF PT, 白石 長 思 ノ 闘 = ニ シテ, 岩井 へ 自 石 
ク 門 人 ナリ 》. Mv FAIR 7 R= tks | 
BARGE 7 SUMMER TA EEA DE Hz 
+7 ek 7 BERRI LAZ. …… GALE 7 AZ = 7 His 
7 ee SEAR 7 — 9 7 ie SEA b 9 
ト 記 シタ リ . 耳 ツ 此 書 ^ 其 一 部 分 ラ 除 クノ 外 っ 碧 石 氏 ク ノ 手 = 成 リ タル 
モノ ナリ ュ 推 定 ス ル ニ 足 ケ ベ キ 書簡 クノ 存 ス ルケ モク アリ. Mori TZ», 
此 書 中 = 於 ケル 短 形 内 = 四 園 ラ 容 レタ ル 問題 ク 解 へ 上 記 ク 如 キ 解法 = 
依り リ テ 得 タル モク ノ ナ ル ベ シ . HEAR € IK (1830) = 
シテ , 敷 理 無 器 蔵 ト 同年 = 成 リ タリ . 
ine? ERA SERRE) ASV 7, AG 
KA Fb =. Ar FeHJFX AKT (1828) 下記 だ セリ. BW 
チ 敷 理 起源 中 = 於 ケル 此 問題 解 ト ハー 年 前 = 在 リ .・ サンバ 此 間 題 2 
fro M > POs ノ 開 係 ラ 使用 セ ズ シテ 得 タン モノ ナル ャ モ 間 知 ゲ 
NAIR. 現 = 文 政 二 年 即 チ 十 年 前 = 於 テ 白 石 長 思 へ ^ 別 ノ 仕方 ミ テ 此 
問題 解 セ モル 草 稿 ラ 残 も 7. SCIE = Sh 2 BARS RUE 
AOR ERI AY KBP IV var rn. 然 レ ドモ 要 ス ルミ , hb 
定理 ム 文 政 十 二 年 (1829) À a Yaw 7 Fri = MAX / Fi ex 2 zw | 
モノ テア コト Reo SAA 


以上 読 ク 所 = 依り テ 考 フル ェ =, MARIE? BRIN 
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Casey JENE 7 RY FM Ar =E vr, By BARE? 2 br 
RZ, EÉDIRT= >Re Roe YU ver FN nv. 面 シ テ 此 定理 ノ 成 
立 ニ = ツキ テム, 上 記 ノ 和 算 家 諸氏 が 其 誠 明 = 使用 シタ ル 補 助 定 理 = 重 大 
ナル 開 係 アリ シ 如 ク 思 ハル . 此 補 助 定 理 ノ 創意 サレ タル ダ 含 ス ェ = 其 開 
係 上 ョ 7 四 財 六 切 線 ノ 定 理 = そ 達 スシ ュ ト ラ 得 タン モノ ナル ベ シ ・ JE 
補助 定理 モ 赤 文政 頃 ョ 9 始 メ テ 使用 ナシ ヽ ュ ュ トト ナレ ル モ ノ サナ ラン. 
年 人 氏 ノ 少 シク 沈 テ シル モノ ニア リサ テム 安島 直 園 ノ 如 キ 大 家 ノ 諸 著 逃 中 = 
モ 来 ダラ 見 田 ス ュ ト 能 ハ ズ . BAB 27M ave 7 => RE 
Beh, Worms mit, Pa, 算法 助 術 , AAN, Re: 
要 , AAA 2 ATR, NER, SESE). 今 此 等 ノ 諸 算 書 ラ 見 アニ , 
廊 政 十 三 年 クノ モノ ヲ 最 古 ト シ と, 年代 未詳 ノ 諾 書 モ 皆 此 以前 = 局 ス ル 如 ク 
Hans evo. サン 此 補 協定 理 へ 四 園 夫 切 線 ノ 定理 ト 同 頃 = 
現 ハ レン 拉 レ シラ 見 シベ シ . 或 へ 此 以 前 = 於 ケル 未知 ノ 算 書 ニ 之 ラ 読 ケ 
wer Pov. ROB? GABA e Pr s eA rH, RI 
多 ろ み 使用 チオ レザ リ シラ ヲ 想 フラ ベ キ ナリ ・. MABE / M) 7 a) >, & 
島 直 園 以来 好 ン デ 用 と ラ vx UR > 2 Bi 7 62,472 = 
nese. 

Saki FEZ wr ENDEN I FAR 7 DBR = 52 To 
ngn at RIE AY ab b+), BZ deh? HD 7 
Ra Ji 2 + PON 7 SEIEN F Casey 7 定理 = 2577 = 
、 到 レル ケモ ノ tvrey. 

和 算 家 ガ 四 園 六 切 線 ノ 定理 ラ 謗 明 ス ル ニ っ 何 レ モ 上 記 ノ 補助 定理 
=(Kie ver av FR BW IMs 2 > BI KN —-F 7 A = 
現 へ レン タル ノ ミ ナリ ト 云 フ . WH? BRI BRT) vob Dime” 
ナリ . 

何 此 半 題 ニッ キテ ー ノ 注意 スベ キュ ト ア 7・ DER Fi HA 
こ 現 へ レタ ル モ ノ = 過 ギ ダレ で ドモ, 刊本 = モ 之 プラ 載 モタ クア モノ アゲ ミト 
Buys). BAA MS RES I. 文生 年 (1862) EEN 
( 或 へ 生 教 ) ガ 金澤 = 刊行 モン モノ ナリ ・ Mv 7 B= MEN (1873) 
2% 加賀 國 松 原 一 記 著 ト 改 メ テ 印 行 も シモ ノア 7・ Mae ) 序文 末 ? 
姓名 ト 年 跳 トラ 凝 更 シタ ル ニ = 過 ギ ズ ・ EEN INKS ノ 人 = ニ ジ グ 
=? Be). 
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此 書 = 四 彫 六 切 線 ノ 定理 へ 13 番 友 ど 134 番 ノ 問題 トシ テ KA 
Re 2278729. 前 者 へ 四国 が 皆 一 園 = 外 切 スル 場合 = シテ, & 
HA —- B= AWA LS =a. 

Be HIER = PS ERE? pA ei 7 — A] A= IE Ay 
F 解 ケ ル 解 義 ラ 奥 フ ・ 

此 刊 行 ノ 算 書 算法 礎 モ 交 入 二 年 ノ 版 ニ = 於 > Casey ノ 公 ニシ タル 
1866 = 上 先 ツ ュ ト 和泊 = 四 年 前 ニア 7・ 





On Mr. Oue’s Theorem, 


by 
A 
Kyoicut Oisxr, Sendai. 


Extending Messrs. Que and Agronomof’s theorems (!), I will here 
give the following more general theorem including them as special cases : 
Let m points le given on a curve C which is determined by n points on it, 
m being greater than or equal to n; then centroids of every m—1 points 
taken out of these m points lie on a curve C' similar and similarly 
situated to C. Let the curve C be central; and take m+1 points on it 
and determine m+1 curves C for every m point-set, chosen from these 
m+1 points ; then these C' curves meet in a point P'. Take m+2 points 
on C and find m+2 points P' for every m+1 point-set ; then these ‚points 
lie on a curve C" similar and similarly situated to C; and so on. 

Let z be the complex coordinate of the variable point on the original 
curve, and those of the given points be 2, 2,,------ > 2m 上 hcn the centroids 
of m—1 points of these are given by. 











(taste tm) 
M 一 
る る 十 人 る 十 ……… +2 A 
ehe (1) 
1 
(1 + 2 + AVES Leni): 
? m— 1 


Now applying the linear transformation 


1 
= 1 (2; + る 。 + Ree sa + 2m) — 
m— 1 m 








n= 2 (2) 
we get a curve 2 which is similar and similarly situated to the original 
curve z. It is easy to see that the points expressed by (1) lie on the 
curve 2. 

When the original curve is a central curve, we can further say that: 
if we take one point more whose coordinate is 2,4, on the curve, and 








(1) This Journal, Vol, 10 (1916), p. 225. 
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describe the curves ダ s from every m points, then these curves will be 
concurrent. 


For, the curves are given by 

















a 
(22+23+ Mey Fran) Er の 
a 1 
opto. +), 
nl tat È n) m— 1 (3) 
n (a+ te +2») — 2 2. 
m— 1: 72 一 1 


We may take, without loss of generality, the origin of coordinates at 
the centre of the original curve, so that the points —2, —%, ……… ーー る rt 
also lie on it. By putting these in the expressions (3) respectively, it 
can be seen that the curves (3) pass through the same point 


1 
m— 1 





(tat +2m41) (4) 


If we take one point more on the curve 2, we see that the points, 
such as (4), for every m+1 points lie on a curve similar and similarly 
situated to the curve 2; and so on. The theorem is thus proved. 

In addition to this, since the centres of the curves (3) are 














1 
(22+23 + ey ths + 2 れれ) 
m—1 
(21 a ptt a Zul) = 
- 6) 
1 
(4+2%+ AA + 2), 
m— 1 
we see that the centres of the curves (3) lie on the curve 
1 1 
ーー Zu sedi > 6 
RTE Fa + it) eni (6) 


which is similar and similarly situated to the curve 2; and further taking 
one point more 2743 on the curve z, we see that such curves as (6), viz. 








1 1 
mer] (a+ 23 + “bre + Zm+2)— ia 2, | 
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— 十 83 十 ・……・ + Cape) テー — 
os (7) 

li 

ke (a +2+ nata + mx) — 21 ds 
‘meet in the point 
1 
——2] EE る 2 + ET ch Zm+2). 
m—1 


and at the same time, the centres of the curves (7), viz., 











1 
——— (2; ath CS + Zins »), 
m— 1 
(4, ++ れい + ms); 
772 一 
Ii 
(2, + る + alert + en) 
M 一 
lie on the curve 
1 1 
2 io ss as 2, 
a: Ba + mss) m— 1 


which is similar and similarly situated to the original curve 2; and so 
‘On. | 

If the original curve be the circle, we get the theorem of Mr. N. 
Agronomof(') and thus when m=3 we have the theorem of Messrs. 
Que and Coolidge(*). 





(1) This Journal, vol. 11 (1917), p. 243, and Extension d’un théorèm de M, S. Vie 
Nouvelles Annales de Math, 4. Ser., t. 18 (1918), p. 256. 

(2) Coolidge, Some circles associated with coneyclic points, Annals of Mathematics, 
"2nd Ser., vol. 12, 1910-1911, p. 39. 


Some Theorems on Limits, 
by 
SEIMATSU NARUMI, Sendai. 


Let us consider the sequence of real or complex numbers %, 2, %;, 


SCO : en, COX and put 
= SP atta, 
SP (SO +8! (0) +o + SP (@)f I, 


ee 


DATE) = {sen (x) + SD (a) +... + SE-1 (2) In. 


The well known theorem on limit due to Cauchy (!) may be stated 
as follows: 

Theorem A. If the sequence +, converges to the limit 7 then the 
sequences St (2), SP (2), ……… , SO(x) converge to the same limit /. 

Thus we obtain the equation 


Hm SP (2) +a, SP (a) + a, SO (a) +-+ SP (©) 


=l (a+ Oy lg du て +). (1) 


But the converse of this theorem is in general untrue; in other 
words, from the existence of the limit (1) we can not deduce the conver- 
gency of the sequence &n. 

In my previous note (*) I have proved the following theorem: 

If the real parts of the first h roots, for instance, of the equation 


。 ゲー A Lo AG SL SAP ES +(—1)f a; =0 
are less than —1, while the others are greater than —1, then the rela- 


tion 


lim | 1 (a) +a, SP(2) + a SO (2) fo bay SP Oo): =; 











(1) Cours d'Analyse de l’École royale polytechnique (1821); Œuvres complétes, 2me- 
série, t, 3., pp. 54-58. 
(?) S. Narumi, A theorem on limits, this Journal, vol. 12 (1917), pp. 275-290. 
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implies the relation 
lim an=l/(1+4@+0,+ rose. + dy), 
n= an 

when and only when 


MSC (DC0) = 0 
n=2 


for all values of p=1, 2,3, …… ‚h, where 
cr + A» Br) = 70+"), 
So (a) Dia | ai ae a + a) すけ CT EE al oe In 
and A ay 14 ag MP ce +a=(+À) (At A) (+2). 


A particular case of this theorem may be stated as follows: 
Theorem B. When the sequence 


Ay Sh? (w) + a, Sq? (&) + a SG? (+. +a, 8 が (x) 
has a finite limit /(aq+a,+a,+---:-: +a,), the necessary and sufficient 


condition that the sequence +, should converge to the limit / is that the 
real parts of all the roots of the equation 


iy A +, AH Arten + a,=0 
should be less than 1. 


I. 


At first, I will generalize the last theorem in the following manner : 
Let the sequence 2, 2, %3, ++ En". be of such a nature that 


lim SE (5) 
n=O 
Slim as SA) + a, SPC) $e Fae, 8 (0)| 
n=N 
= (tat CRE + ke, ), 
lim S$” (る ) 
n=2 
=lim| az, SO (2) + Gi Se) Hess. + ak, S (2) (x) 
n=2 


=1 (Go + の 1 十 …… +Q,k,); (2) 


® è 001 eer 010000 0 0 000 


lim SO (£;) 
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tes SO a) + a , SA + DD | SE); 


then the necessary and sufficient condition that we can ensure the 
relation 


lim| by SO (2) +b, SP (a) + «+0, Sa) } 
=1 (dy +0, +... + by) = (3) 


is that there is no common root between f,(A)=9, f,(2)=0, ------ > (4) =0; 
which does not make g(4) vanish and whose real On is “not less tha 
1, where 


Ai(A)=ay dey + Gi Ake -1+ 1 + di, Key 
BA) ten Wa ate ee le eee seo le. 
SAHA Aki -- dj Aa—1+ CIA, + ile, 


PIE BL tn 


To prove this theorem, let e(4) be the greatest common divisior of 
ds fil). In particular, if 1(2), fd), FlA) are relatively 
prime to one another, then (À) reduces to a constant, and in case 
i=1, g(A) is identical with f,(4); comprising these particular cases, @(4) | 
may be expressed in the following form | | 


P(A) = Oy AP HG, APT Hess + Cy. 
In Algebra we know that a series of polynomials (A), R(A), ee 
F(A) can be found, so that | 
Si (4) FAMHRA) BA) + +fi (A) FA) =¢9 (A) 


is identically satisfied, where 
TCA ey! + ayy Ake! -14...... + Gus ki!) 
F(A) =a AL の ュ Àk;/—1+...... + Os, ke,’ 
Fy (A) = Gy Mel! + ayy Wa 14... + di, del 
and it + = RE た ーー ok =k+k/=m. 
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Putting 
Jı(A) F, (4) ar Am + A: Aint + Perse + As ms 
(A) F(A) = Ago 2° + Ags ダキ …… EA 
Jı(4) 万 (2 A, À" + À;, 4” + NET ・ + À, 


and applying Theorem A, we obtain 


lim {4,0 SPE) + ax SPE) +. tay 1 SOX) (6) 
—=l'(a,9 + Ga + uted +a, ke.) (A+ Ga + な +0, Biel 
lim | EEE SE) wen ta, ar QU GE) 
=l(autAı+ >>. + G2, pe) (G29 Fate + の 2 
lim} 20 SY (ET SP (+ + di, pi! SE? (&)} 
=U (Aig + Girt + ai) (Aig + at + ain), 


that is to say, 


li | Ay) 82 (2) + An SP (0) + + Am SA) 
= (Aut Aut +4)! (1) E (1); 

lim Au SPE) + Ara SP) +-+ dan 8 の 9 
=1 (Apt Aut + Arm) = (1) E (D), 

lim | ASP @) PALS? 2) 上 + Aim Sa” @)} 
= (Ait Ant + Ain) =lfi (1) Fi (1). 


By adding the above relations side by side, and using the relation 


方 (2 Fi (0) +R (0) F(A) 4 ee +f,(2) F;(2)=@ (2) 
we have | 
lim le SP (++ +e, SO © 


=U (65+ at + es) 2) 
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Let us consider, in the first place, the case in which the real parts 
of all the roots of the equation 


(A) =00 AP +c, A+ 0, APP +... +¢,=0 


are less than 1. Then by Theorem B, the relation (3) implies the 
relation 

lim +, =, 

Ne 0 
and therefore, by Theorem A, we have 


lim {80 SP) +0, SE (@) +-+ SP] 


=] (6 十 ム 十 ・…… + b,). 


In the second place, suppose that the real parts of some roots of the 
equation @(4)=:0 are not less than 1, while such roots are also the roots 
of the equation 


| g(4})=0) Att Dy gt さと Bann ve +b,=0. 
If such roots be the roots of the equation 
bh (A) =dy Ab + dy ATH... +d,=0, 


then, since the real parts of the other roots of e(2) 三 0 are less than 1, 
we see by Theorem B as before that the relation 


im G(x) +0, SV (a) +: +0, SM DÌ 
=1(eq+e,+ eas + Cp) | 
implies the relation 
lim|d, SO (x) +d, SP(x) +: + +d, SL ©): 
=l(d+d+d;+ +: +d,). 
Thus, since ¢(A) is also a factor of g (A), it follows by Theorem A that 
lim (0, SO (x) +b, SP (a) 4 +... +6, Sa! 
=1(5,+0,+8,+ tb) 


Finally consider the case in which there is, at least, one root of 
g@(2)=0 which is not a root of g(2)=0, and whose real part is not less 
than 1, In this case we can define +, such that although the limits (2) 
exist, the limit (3) does not exist, It is not difficult to construct ex- 
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amples to show the truth of this statement. The following is one of 
such examples. 

Now let us suppose that A+a is a factor of o(2, but not that of 
9(4), and that 


-a=a+i f, 
where 4 = 1; then let m be a positive integer such that 
atl=m>a. 
Let us put 
T,=l—a HER 
where Bl: LAN, M, 
IT (1+ =) if n= m. 
t=m 
This sequence has the required nature. For, we have 
pan 
8 や の = に そ SE, 
d= 1 
and since (* ) 
p=n 220 t=p の -1 
ss が 
2 i 2 p H 
p=n a t=p a p=n =} の 
SIEH 
p=m の i=m t p=m ‘t= 
p=n-1 t=p p=n t=p 1 
ZII) MUC) 
p=am, t=m =m T=1 


t=n 


ー1 
Ze (1 =) ete 


namely, 
p=n 
Sige 
at a a 


It follows that 


(SOY) DR 
7 





(1) Hereafter we shall assume that n=m. 
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Thus we have 


a, +a SO (x)=l (1+a)—", 
n 


and therefore 


lim (x,+a SP (x))=1 (1+a). 


Since the factor 4+ a is common to f,(A), fo(A), «++ た (2, by applying 
Theorem A, we obtain ・ 

Lim {ano SP (0) +i SPW) +o ay a SO 
=laptaıt +41, x.) 

lim aso SO (x) + dy, SP (+ +s x SO] 
ー(( の 。 十 の ュ 十 …… +d, 。), 

lim {a SO (2) +a, 8 の (キー… 十 8 MO 
= (au + mate take). 


On the other hand, employing the relations 
ta — Sena 


1%. 1 1 
Li K,=—_| K,——|, 
n DI MZ n 


we can easily obtain 
SP (a) =1+ (K,—3®), 


SO (a) =l+ 1 (K,-s@+as%), 
e 


SP @)=1+ (Kus basa 3), 
11} Ù | 


ST ()=I+ ate sO 4 asP—a? 324... (—a)t-15%-0) 
ー A >= 


where 


s8M—0 if Tice 7 IM, 
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I vin 
a 
n 
1 
and s の ニー(s の Ts の 9 上 8 の 上 ……| +3), 
n 
DE 
sD= 2 (84 8P+8P 4... +8), 
n 
PO ee ree 
gh (sm D Len LEAD... +52), 
n 


and therefore it follows that 


by SO (ae) +B, SO (2) +B, SO (e) + +0, $M (a) 


Bee e +b,) 
er {bo a + re +5] 
| aa atte 
a 
—afds (a) + ++ sD+ reat RN 


Has] 


=19(1) +7 a (0) E, 
1 a (p-1 ん ー 
= ya Tgr À * Die Glen 


that is to say, 


16 80° (@) + di SO) +o +b, SW (@) =U MA CSST?) 


の = ん i=h 
=" (See Dia (a) tp (-a) El. 
(—a) p=l i=p : 


It is evident that 


tim DI so Su (—a)""'=0, 


NER, 


since s, tends to zero when n increases indefinitely, and at the same time 
gO gO) ....…. , 897) tend to zero, by Theorem A. 
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Next we observe that 9 (—a) docs not vanish and that the sequence K, 
does not tend to zero as n tends to infinity. Thus from these results we 
can deduce that the sequence 


by S9?(x) Hd, SY? (x) +6, SP (a) + +b, SY (x) 
does not converge to the limit 7(6 十 6 十 ち 十 …… +6,) as n increases in- 
definitely. 
We thus obtain the following theorem : 
When 
lim la SO (x) +a, SP (@) +: 8 の (の) 二 …… 二 9 sa) 
— {| (0 +1 + Go + sois Be +a, le.) 
lim} a 5 © (0) + da SH? (0) + dag Sn (2) +... + Gale, 8 wo): 
=1 (ap ta ++ + Qa, k,); 
Lim{ 4,0 SP (0) + a: SP (a) + Gus SP) + + SA} 
=1 (go 十 Gm 十 ds> 十 ……… + ai), 
the necessary and sufficient condition that 
lim SO (x) +b, SYP (x) +b, SY (aw) + +--+ +b, SQ (7) 
=1 (bp +b, 4+0b,4+ +--+: + D,) 


is that there should be no common root whose real part is not less than 1, 
between equations 


Ay 0 XE, tai Àk,—1 + 2 Ak, —2 + Li RCE, +4, な と 0 
@。 0 Ake + Ga /。 一 1 + Az» XK, —2 + soc + Ut 
dz0 Aki+- ayy Mi-1+a;, Aki —2 + OR + Gi, ky=0, 


which does not make the polynomial 
Dj ADR lap LA RSS ich: 


vanish. 
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II. 


Prof. G. Pölya (*) has recently wanted the proof of a theorem on 
limit which may be stated as follows: 


If lim (2, + Uy + Ug oes + Un te Ungi=l 


N=R 


where G is a constant, then we have 


lim (uw +W+W+ +: +u,)=1 


Nn=R 


when and only when R > OU, 


Prof. T. Kubota(?) has remarked that this theorem can be easily 
proved by applying the theorem on limit due to Prof. O. Toeplitz.(*) 
1 will here show that this theorem can be also proved in the following 
manner. 

Let us put 


Writer + Un + C Uns1=l+ En 
Uy + Uz + Uz oes + Un= Yn ; 

then we have 
Yn +e (%m —Yn) =l+€n, 

that is, (1 一 6) (YUn—0) +6 (ュー の テー 

we thus obtain 
(1 oz c) (Gain — l) +e (Ynepar Wi; 1) = n4p 

Considering that ce is not zero, we add these relations side by side, 


after having multiplied by (1 ーー) corresponding to the values p=0, 
6 
1,2,-..... ‚m, then the result becomes 
m+1 の 1 \m-» 
€ (Yn+m+1— 4) sé (1 ーー ) (Yr—!) = Yan - =) * 
C p=0 CS 
Therefore | 


tee p=m is 
mnー7ー( ユ ーー ) OU ae( ユ ーー ) ‘ 
p=0 © 


C C 





(1) Archiv der Mathematik und Physik (3) 24 (1915). 

(2) This Journal, vol. 9 (1916), pp. 184-185. 

(3) O. Toeplitz, Über allgemeine lineare Mittelbildungen, Prace matematyezno- 
fizyezne, vol. 22 (1911), pp. 113-119. 
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Suppose first that the real part of c is greater than > namely, the 
absolute value of [ee is less than 1. Then we see 


C 
a ar 


Since €, tends to zero as n tends to infinity, we can, when e is any 
small positive quantity, determine a positive integer n such that 


p=m 


2) 


“nina —l| = 
p=0 


























| Enzo =< 1 | 
Cha in a 6 
for all the values of p=0,1, 2, ……・ , and further we can find a positive 
integer M such that 
‘RAA, っ a 
ューー ) (ve hes if m= mM. 
G 2 








Consequently we have, for such n and M, 


-+}) 21 


m-p 


Yn+m+1 = + (1 


























の =U 
TN 1 ca 19, 
LR E ER ) pe 
< + alt] 
i.e. | ュー | < € if m=M, 


Thus, by the definition of limit, we see that 


lim y, =. 
Therefore lim (u, +W+U+ +. +u,)=l. 


Secondly we consider that the real part of c is not greater than > 
viz. the absolute value of Pa is not less than 1. For the purpose of 
C » 


verifying that this theorem is generally untrue, we take the following 
example. 
Let us put 


u=l—c, 
il の ー1 
wa=(1-=) ; D 2, らい 


then we have 
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j p=n-2 F 
Uy + Ug + Ug ne. + U,=l—c+ 2) (1 ーー) 
p=0 6 
72 一 1 
=1-c+e[1-(1-—) , 
6 
1 n-1 
and so Musee tele (1 — ) 5 
e 
It follows that 
Uy + Uy + Ug eee: + Un + C Uni xl, 
whence it is evident that 
lim (u+u,+u3+ …… + Un tC Uns) =! 
Nn=2 ne 
While since the absolute value of 1 PALO is not less than 1, (1-2) 
| C 6 


does not tend to zero as n increases indefinitely, the series Su, does not 
converge to /. 


The proof of the theorem proposed by Pölya is thus completed. 


III. 


Applying Toeplitz’s theorem Prof. T. Kubota(') has proved a 
generalization of Pölya’s theorem, which may be stated as follows : 
The necessary and sufficient condition that, whenever 


| lim (u+u, +. + Un + © Una + Co Unsa tee + 65.Unsn) =, 

the series 2 u, should converge to / is that all the roots of the equation 
Cy AP + (C1 — Cp) eee +(1—c)=0 

should lie within the unit circle. 


In this Journal the second proof (*) of this theorem has been com- 
pleted by using a method similar to that employed by me. 


We see by a slight modification that this theorem is equivalent to 
the following : 


When 
lim | Vat ay Yn+1 + Ynaz + le + dy nel 
—| (Go + & + Gi + OR: + a), | 


(1) T. Kubota, Some applications of a theorem of Toeplitz’s on limits, Tokyo 
Butsurigakko Zasshi. No, 295, (1916), pp. 243-246. 


(2) T.Kubota, Ein Satz über den Grenzwert, this Journal, vol. 12 (1917), pp. 222-224. 
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the necessary and sufficient condition that the sequence y, should converge 
to the limit / is that the equation 


anta, À+ A, A+... +a, A4*=0 


should have all its roots within the unit circle. 
If we start with this theorem and proceed in a manner just similar 
to that in I, we arrive at the following theorem : 


Let the sequence Yı, Ya Y "ーー Yan have such a nature that 
lim a 0 Yn + Qa Ynsı 十 の 5 Yn+2 need t+ yk, Yn+ x} 
=o 
= (0 + a+ G2+ ans +4, k,)» 
lin as, Yn + ⑭5 1 Ynsıt A2 Yn+2 are TE +, le, Yn+k, | 
n=% 
ーー ィ / (@p 十 Cs t+ の 5 十 0000» + Ay, k,), 
lim ais Yn n Gin Yn+1 + M 2 Yn+2 baro + ai, k; Yn in] 
n= 
=l(a,0+ Ain + Ga ee + Gi, ke), 


then the necessary and sufficient condition that the relation 


lim {6, Yn + di Ynsit Oz Unito +b, na} 
=U (by+b+b:+..... + dn) 


may be ensured is that there is no common root between the equations 


Ai (4)=@,0+@, Atay: dt + tak, Ate, =0, 
fa (2) = 0 + dz, À + の 2 2 だ 十 …… *+ Ay k, Ak, = 0, 
af (A) =, + Qin À + Ch; 2 22 + an 9 + Ai, ki Xei=0, 


which does not make the polynomial 
G (A) =O) 4b +034 + D, 2" 


vanish, and lies outside or on the unit circle. 
In the last theorem if we put 


Yn = Uy + Ut User + Un 
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a,=1—-a, の ュー の ュー の pe ‘ds Ka CL: le, RP IT ke? ds le, =0, k,? 
の 0 デニ トー の gi。 の ュー の ュー の の Ca AT Cut AT % lg 2 Jo, = ©23 fe a 
Mo= ln Auen an 1 Tl Gl Gh, deg iy eis 


b=1-—d,, b,=d,—d,, Ya i 5 ュー ュー の , n = dns 


then we can change the statement of this theorem as follows : 
When all the sequences 


a lumtaur er +Unt C11 Umsıt 01,2 Unga rere? +0, le, Un+k,? 
Wut + Un + Cor Umsıt Cao Unga 000° t Cry Jp Unite,» 
u PRES + Unt Gi Unsıt &,2 Unszt TO pe Uns Io, 


converge to the same limit / as n increases indefinitely, then the necessary 
and sufficient condition that the sequence 


Uy, + Uz Sal Ri di Un ch d, Un+1 T の Un+2 ne CRAS A = の Un+n 


should also converge to the limit / is that there is no common root of 
the equations 


Cy ke, Ar + (Cis, 1 Gy ky) Mig +(1—¢,,)=0, 
C2 ke, Nez + (C2, eg io el ea RIE +(1—4,,)=0, 
later Ci, Ia) Ap +(1—¢,:) =0 


which does not make the polynomial 
dy A+ (dad) MH …… +(1—d,) 


vanish and lies outside or on the unit circle. 


Since this theorem may be proved in a way quite similar to that 
in I, I give its statement only. 


Einige Sätze den Grenzwert betreffend, 
von | 
TADAHIKO KUBOTA in Sendai. 


Der L’Hospital-Stolzsche (*) Satz über die ynbestimmten Formen 
lautet: Wenn ¢ (x) mit a beständig gegen + の wächst, dann 
/ 
lim en LAN 
ne の (の) os の (9 
unter der Voraussetzung, dass der zweite Grenzwert existiert. Es ist aber 
eine Frage, unter welcher Bedingung man aus der Existenz des ersten 
Grenzwertes die obige Beziehung ableiten kann. Im Folgenden möchte 


ich einige hinreichende Bedingungen dafür geben. 
Satz 1. Es sei g(a) eine stetige beständig nichtnegative Funktion und 


sei 
x 
a+ | g (a) da 
0 
beschränkt ) wenn nun 


Lim I 9 | i) f(x) de |= i} 9 (x) de | 


existiert und einem endlichen Werte a gleich ist und 
Il IO) | if の (2) de (la | 
0 0 


Lim f (dra. 
0 


つの 


konvergiert, dann 


Zum Beweise setze man 


Fe)=[ 9 ol Î f (2) da | 








(1) L'Hospital, Analyse des Infiniments Petits, Paris, [696 ; 
Stolz, Math. Ann. 14, 15, 23; 
Osgood, Ann. of Math. 12, 1897; 
Young, Proc. London Math. Soc. 8. 
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D (x) = J ‘| [ "9 (2) de dal. 
0 e 」 
Differenziert man die beiden Funktionen nach x, so erhält man 
ア 7 (x)=g (1) f f(x) de, 
0 
O'(@)=9 ff 
0 


woraus sich ergibt 
ee Ca = (の 
Da aber FO y= 2 (0)=0, 
so bekommt man | 
(= DT). 


Nun 


fo ol し i (a) da de = il の (x) dx — | i (x) de 
=; il sol fo (x) da | a sol fs (7) ls に fo A 


Bi Î @ / do lue N laser 


Der Beweis besteht also darin zu zeigen, dass 


Kir [rol fg (£) lt f 9 (x) der} =0. 


fi Si] J ‘90 di |a 


konvergiert, so kann man eine positive Zahl so gross wählen, dass 


CESTI Fa £ n 
i Hol] {| q (8) < 
I 0 


wobei ¢ eine beliebig gewählte kleine positive Zahl bedeutet. Nach der 
Schwarzschen Ungleichung für x>/ 


| Il 7) | fo 6 dl 


Da aber 
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=y/ if a sf “9 (6) db. | ve] if 9 (8) di | ae 
ef [af (é) sel [a 9 (£) de 


© 
= の (x) Alf (x) da 
0 9 


Bezeichnet man die obere Grenze von 


w+ [9 (e) de 


| i o) / 9 (8) @ + / AE 
und | il rel la DE) de ih 9 (€) な | 
=|(sol[ OR fg (2) de 


.ì | [ re) fo (&) a+ f ay de 


の 
lim | g(x)dr=0, 
230 Jo 


mit L, so ist 





Sel, 








Da aber 


so kann man x so gross wählen, dass 


self 本 な [ey の 
[EICH RICH SU AO 


Schliesslich 


Lim Î sel fo ⑧ de |e+ [ の (2) del un 


<€ 





und folglich 


<e(l+VL). 
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und daraus ergibt sich 
Lim J f(x) de=a. 
TL 0 


Damit ist der Satz bewiesen. 
Als Spezialfall des obigen Satzes für g(x)=1 erhält man den 
Satz 2. Wenn 


Lim IK 7 dure | 
tas 0 0 


existiert und einem endlichen Wert a gleich ist und 


J o (x) x da 


konvergiert, dann 


Lim {| (a) de=a. 
0 


つの 


Dieser Satz ist das Analogon des Fejerschen Satzes (  ) fur die un- 
endlichen Reihen. Den Grundgedanke dieser Beweisführung verdanke ich 
den Herren Dr. Fejér und Dr. Pölya. 

Satz 3. Wenn ep (x) zweimal stetig differenzierbar ist und 


er AU) 


タラ の 4b 


existiert und einem endlichen Wert a gleich ist und 


N 
J o" (a) x da 
0 
konvergiert, dann 


Lim の (x)=a. 


つめ の 


Es ist möglich eine zweimal stetig differenzierbare Funktion が (2) zu 
finden welche den folgenden Bedingungen genügt: 


(i) F(@)=g (x) für e =k>0O, 
(ii) F(0)=0, F’(0)=0. 
Da nun nach der Voraussetzung 
Il ‘gl! (cad 
0 


(1) Schwarz, Festschriften, 1914. 
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konvergiert, so Konvergiert auch 
Le 2 
il (tia 
0 


and Lim: f af "FY (の de = Lin [°F (の de 
To 0 XL J 0 


と つの 
か SR: 
= Lim —F(x)=Lim 一 の (x)=a. 
つの % の つの % 
Nach dem Satze 2 gilt ' 
| Lim | (x) dea, 
P | 


IR 


d.h. Lim X’ (©) =a. 
の つの 
Damit ist bewiesen, dass 
Lim の (a)=a. 
つの 


Satz 4. Es seien F(x), G (x) zweimal stetig differenzierbare Funktionen, 
von denen G (x) beständig positiv und gegen + の beständig wächst ; wenn 
nun 

I An F(x) 
>» (x) 





existiert und einem endlichen Werte a gleich ist und 








» G (2) DION 
vi OR) AEG TE) 


konvergiert, dann 





Lim F (x) この: 
z>» G'(x) 


Zum Beweise setze man 
G (x) =y. 
Die Umkehrung dieser Gleichung sei 
a= GT (y)=2 (y). 
Dann 


Fed FO, 
pie y uti G(x) (1) 
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Aus der ia des Integrals 


ELL d ae) a 2 
‘ A de G' (2) x 





durch Transformation 


Tee AOR ORES (OW EMS EME id (0) pee lp 
folgt die Konvergenz des Integrals 


/ d F' (a(y)) dy 
yG MTA 
[NEMI Te) Fe 
[AL FO Vg, 

ite Fa), 

x rea 
[trema 


Daraus und aus (1) folgt nach dem Satze (3), dass 








な と っ 


Li dp 

DERE, (2(y))= 
Lim F' (a(y)) の (y)=a, 
yx 

d.h. Lim Fg) _ 7 
vo (2(⑳)) 


Schliesslich gelangen wir zum R.sultate 


Satz 5. Wenn 
RT di 
Lim —] del f(x) dx 
RER ER 0 
existiert und einem endlichen Werte a gleich ist und für hinreichend grosses x 
nf (e)>—A 


wohei A eine von x unabhängige positive Zahl bedeutet, dann 


Lim ff) it: 
0 


つの 


Dies ist zu dem Hardy-Landauschen (*) Satze für die unendlichen 
Reihen ganz analog und lässt sich in ähnlicher Weise wie folgt beweisen. 


(1) G. H. Hardy, Proc. London Math. Soc. 8. 
E. Landau, Prace mat. fiz. 21.; de la Vallée Poussin, Cours d’analyse infini, II 
J. E. Littlewood, Proc. London Math. Soc. 9. 
E. Landau, Rendiconti del Circolo Mat. di Palermo, 1913. 
E. Landau, Münchener Berichte, 1913. 
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Man setze 
S(x) = [ft dx, fefro de=% 0 (2). 
0 0 Jo 
Für eine positive Zahl 1, welche kleiner als x ist, 
ID S (a) de=x 0 (x)—(e—l) 6 («-)=1o (e-N+2[o (x) -0 (0-0), 
2-1 
[RTC di=(2iDolet)—ao (aslo G++ ler) 
Wenn & zwischen © und æ—} liegt, 
SQ=8@)-[ Fe) de<8(⑲+ーー ム 
Wenn 7 zwischen み und «+1 teen 
S@)=8@)+[F@) de>8(⑨-7 


Setzt man die obere und untere Schranke in die ersten beiden Bezie- 
hungen ein, so bekommt man 


Sa) + 





>¢ (0-1) +0 @)-0 (el), 


x—l 
8 (x) ーー4<o (e+0+ 了 [ze*+ す りーe (9 
Nun ist « der Grenzwert von a (x). Wenn also x und w—/ gegen 


/ る CO La 
+ x wachsen, sodass — sich dem Werte e als Grenze näbert, wobei € 


a 
eine beliebige positive Zahl bedeutet, dann 





Lim S (x) + = u 
Zap —€ 


Lim S(t)—eA= a. 
Damit ist bewiesen, dass 
Lim S(æ)= Lim S(x)=a, w.z.b. w. 


Satz 6. Wenn の (2) zweimal stetig differenzierbar ist und 


TD T 
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existiert und einem endlichen Werte a gleich ist und für hinreischend grosses の 


eo (a)>-A, 
wobei A eine von x unabhängige endliche positive Zahl bedeutet, dann 
Lim の (x)=a. 
IR 
Es sei F(x) eine zweimalstetig’ differenzierbare Funktion, die den 
Bedingungen (i), (ii) genügt: 
(1) F(x)= (x) kur aye 0, 
(ii) F(0)=F" (0)=0. 


Nun wenden wir den Satz 7 auf die Funktion 


F(x)= | "da P (1) de 
0 0 


an, dann 


Lim À “def” FP"! (x) pre a = eee times Le LA L=; 


の う の の つの 
wahrend mA (x) > A, 


wobei A’ eine von x unabhängige endliche positive Zahl bedeutet. Dar- 
aus folgt 


Lim F' («)=Lim [ アツ (x) de=a, 
con 0 


LIL 
d.h. Lim の (x)=a. 
IR 


Satz 7. Es seien F (x), G (a) zweimal stetig differenzierbare Funktionen 
von denen G(x) beständig gegen + © wächst und wenn 


existiert und einem endlichen Werte a gleich ist und 


G (cede a) 
G(x) de G'(x) 








>—A, 


für hinreichend grosses x gilt, wobei A eine von x unabhängige endliche 
positive Zahl bedeutet, dann 


4 


Æ 
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Lim F (@) ニー 
ayn (X) 





Zum Beweise setze man 
y=G(2), e=G(y)= (y), 


Lim LEO) Lim LEO) rim FI — 
TT ya ey) (esa ER 

















F" (x) 
G 
cui =] 
Da aber 
Ga) d F'(&) | _, 
G! (x) de (の) 
gilt, so bekommt man 
Folglich bekommt man 
fin Rey 
yon dy 
d.h. Lim F” (a(y)) x’ (y)=a. 
9 つの 


Schliesslich gelangen wir zum Resultat 


N i ea) een ae 
Lim =— — Lim 2 EU — Lim F” (: ー ム 
RE) Di (&⑰) 2 (y)=a 


Damit ist der Sıtz bewiesen. 





Über summierbare Reihen und Integrale, 
von 
MATSUSABURO FUJIWARA in Sendai. 


In der Arbeit: Über einige Sätze den Grenzwert betreffend, dieses 
Journal, 15, 1919, S. 314, hat Herr Prof. Kubota den Hardy- 
Landauschen Satz über summierbare Reihen auf den Fall der summier- 
baren Integrale ausgedehnt. Diese Arbeit hat meine Aufmerksamkeit auf 
den folgenden Landauschen Hilfssatz (') gelenkt: 

Es sei g(x) für 0 < + < 1 reell und zweimal differentierbar ; ebenda sei 


(1—2) | gx) <K 


Fur みっ 1 sei g(v)—A. Dann ist für +1, (1—x)7'(x) 0. 

Ich habe dabei bemerkt, dass man den Kubotaschen Satz durch die 
Landausche Beweisführung aus der Taylorschen Formel ableiten kann. 
Verfolgend den Grundgedanken, welcher in dem obigen Hilfssatze liegt, 
konnte ich weiter den Kubotaschen und den Hardy-Landauschen 
Sätze auf Doppelintegrale bzw. Doppelreihe verallgemeinern. Dies 
werde ich in folgenden Zeilen darlegen. 

1. Es sei f(x) für «=0 reell und zweimal differentierbar, und 
setze voraus 


a) >A, für 2-0; 
f'(@)>— M, für 220, 


wo M eine positive Konstante bedeutet. .Aus der Taylorschen Formel 
erhält man 


Za 


の ダー 


a>0, B=1+6(a—1), 0<9 ご 1. 


Weil der erste Glied in der linken Seite für > 一 co den Grenzwert A 
besitzt, und 3>1 oder ご 1 je nachdem a >< 1 ist, kann man aus der 
Annahme zf’(2)>— M schliessen : 








(!) Landau: Uber einen Satz des Herrn Littlewood, R. Palermo, 35, 1913. 
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A—lim sup. f(x) >—-(@a—-1)M/2, für a>1, 
TIM 
A—lim inf. f(x)< —(a—1)M/2, für naso 
の つの 


daraus folgt, da |z 一 1 | beliebig klein gewähli werden kann, 
A= lim sup (2) Asl meh 
d.h. 
J'(x)—A für oo. 


Also erhält man den Kubotaschen Satz: 

Es sei f(x) für a =0 reell und zweimal differentierbar. Ist f(x)/x— A 
für <>, und af'(a)>—M für c=, so ist f(x) A für x00. 

Setzt man darin 


fa) = i} “del ¢(«)de, 


wo g(x) für jede endliche Intervalle in (0, oo) integrabel ist, so erhält 
man den zu dem Hardy-Landauschen Satz entsprechenden Satz des 
Herrn Kubota: 

Ist 


if e(x)de 


summierbar (C1) und gleich A, und xg(x)>—M, (M>0) für x=0, so ist 
dieses Integral konvergent und zwar gleich A. 

2, Aus ähnlicher Überlegung kann man die folgenden Sätze 
ableiten. 

Es sei f(x) für O<x<a reel und zweimal differentierbar, und ebenda 
set af"(x)>—-M. Ist f(x)/x— A für x—0, so ist f'(x)—A für x0. 

Es sei f(x) für 0<x<1 reell und zweimal differentierbar, und ebenda 
f(x) >—M. Is f(x) >A für x0, so ist af'(x)>0 für x0. | 

Es sei f(x) für 0<a<1 reell und zweimal differentierbar, und ebenda 
(1-@)f"(@)>—M. Ist f(@)>A für «+1, so ist (1—x)f'(x)-0 für 
z>1('). 


(1) Dieser Satz:wurde von den Herren Hardy und Littlewood auf andere Weise 
bewiesen, in der Arbeit: Tauberian Theorems on power series with positive coefficients 
etc., Proc. London Math. Soc., (2) 13, 1914, p. 188. 
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Der letztere Satz ist eine Verallgemeinerung des Landauschen 
Hilfssatzes. 

Natürlich kann man in dieser Reihe der Sätze die Bedingung 
(>—M) durch (<M) ersetzen. 

Ferner erhält man aus der Taylorschen Formel den folgenden 
verallgemeinerten Littlewoodschen Hilfssatz : 

Es sei f(x) für O<z<1 reell und beliebig oft differentierbar, und sei 
ebenda xf (x) (oder (1-aYfx)) für jedes feste positive ganze r beschränkt 
oben oder unten. Ist für の 0 (oder x—1) f(x)>A, so ist für jedes 
positive ganze が 

FOR) >0O (oder (1—x) f(x) 0.) 


3. Auf demselben Standpunkt stehend werden wir zunächst dem 
Hardy-Landauschen(!) Satze einen neuen Beweis geben, wenn auch 
dies im Grunde nicht von dem Landauschen verschieden, und der 
Letztere in Einfachheit nicht zu wünschen übrig ist. 


Es seien 
In)=s3 ++ + Sn = ++" + 
A f(n)=f{n) —-f{n—1)=s,, 
dfn) = 4f{n) —Af(n—1) =a). 
Dann gilt die Relation 
m) fin) —(m—n) 4 f(n) 
= A°f(m)+2 Afim—1)+3 Afim—2)+ 
+(m—n) A’f(n+1), fur m>n, 
= J'fn+2)+2 dA°f(m+3)+3 d°f(m+ dt. 
+(n-m-1)df), für n>m. 


Diese Relation spielt hier dieselbe Rolie wie die Taylorsche Formel im 
vorigen Falle. 


Setzt man voraus, dass 





(1) Hardy: The ordinal relations of the terms of a convergent sequence, Proc. 
London Math. Soc. (2) 8, 1910. 

Landau: Über die Bedeutung einiger neuen Grenzwertsatze der Herren Hardy und 
Axer, Prace matematyczno-fizyezne, 21, 1910. 

Diese letztere Arbeit ist mir leider unzugänglich ; deswegen habe ich den Landauschen 
Beweise in Vallée Poussinschen Cours d'Analyse infinitésimale, t. 2, kennen gelernt. 


396 MATSUSABURO FUJIWARA: 


f{n)n—A für noo, 
ndfn)=na,>-M, (>0) 


so wird fur m>n 











EDEN PERS dee EM (+ +4 + ee mobi à 
MN m—n \m m— 1 n+1 . 
ae Mm—n+1) | 
2n 
und für n>m 
fm) —f(n) 7 M ( 1 2 n—m—1 ) 
FLE ESE SS 人 er 
m—n Af(n) n—m \m+2 us m+8 > ni n 
ン M(n—m) 


‘ 2m 
en m : 
Lässt man m, n—>oco derart dass ——s, so wird 
n 


A—lim sup 4f(n) > —-M(e—1))2, für e>1, 
72 つの 


A—lim inf Afn)= M(1-e)/2:, für s ご 1. 
22 う の 


Da e ganz beliebig und | 一 1| beliebig klein gewählt werden kann, so 
hat man 

A=lim sup Afın), 

AZ lim inf Afın), 
d.h. 


df(n)=s,; A4 für n>o. 


Damit ist der Hardy-Landausche Satz bewiesen : 


の 

1 . . . . a 

Ist Xa, summierbar (C1) und die Summe gleich A, so wt £a, 
n=9 


unter der Annahme na,>—M konvergent und gleich A. 

Der folgende Satz ist auch in gleicher Weise nachweisbar. 

Es sei f(x) für 70 reell und stetig. Ist f(w)/a—>A für >, und 
xAf(@)>—M, so ist Af(x)>A für 2-00. 

4, Wir betrachten nunmehr den Fall der Doppelreiken. 

Es seien 
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m n 
Sa Sas 
Sin, 722 ーー — ーー Ay, > 
jeol vel 


, m n 
pala I 
Si ーー っ — Su, > 
t=1>=1 


by 


ban, >) Sm, n Sm, N=1 = Am, et da n, 
pel 


i lee 


Sm, n 7 Sm-1, n= Pm, n= 


und setze voraus 


San x 
eee AU M LS CO 
mn 


und 


One, ln ne, (MO): 


Ist m>w, n>»; dann ist 
; © m n 
Soe n Sn »—! fa TRA ge aa 28, k, 


i=p+l た = タオ 1 


Si, 8 Sy (ately mes Je, t, 


7 ニル +1 t=»+1 


und folglich 
(on 6 Or, er DA Va DU ») ox (m ー/)(% vr v) Sy. » 


— > Ai. (Ip, et St) 


(= ニル 十 1 ん ニッ 上 1 rep+l 


m n sd? ep 
N 3 が ( mp | my ) 
パ 


i=t+lk=>4l y 


Deswegen, wenn man y, v—co, zugleich m, n—co lässt so dass 





NL Ad 
m n 
wird, so ergibt sich 
Ù ‘ LAS 
lim Sm, n — Dm, »— Sy, n + Sp, » Sn な た EN ル 
(m— u)(n —») 0 


Da man hier 1 一 2 beliebig klein auswählen kann, erhält man daraus 
Alm SD 


Wenn man dagegen p>m, v>n setzt, so wird 
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(Sn n 9 SR Yun SÙ U Sun, ») com (1 — m)(v iii: n) Shy » 


[7 ァ ty > 
や 1 x y' 
eae ii 2 (2Pr, bt 29, ts 


=m+l k=n+1 r=i+1 t=k+ 
und folglich 

A—lim ざっ 三 0. 
Damit ist S,,—A bewiesen. Also: 


Satz: Es sei die Doppelreihe 


x の 
\ 『 a 
- 2 Gin, n 
m=l n=1 


summierbar C(1, 1) und die Summe sei A; ferner sei 
MPmn>—M, Nmn>—M (oder (m+n)an,n>—M); 


so ist die Reihe konvergent und zwar gleich A. 


Dieser Satz ist eine Verallgemeinerung des Hardy-Landauschen 
Satzes für einfache Reihe. Der spezielle Fall, wo 


OAV O Tide: yee OT 


ist, wurde schon von Herrn Prof. W. H. Young(') bewiesen. 


5. Die Übertragung des Kubotaschen Satzes(*) auf Doppel- 
integrale ist sehr einfach. 


Satz: Es seien 


ea, y)= Il | f “D(a, y)dx dy 
0 0 


“yy 
S(®, y) =/ | g(a, y)da dy, 
040 
wo diese Integrale für jede endliche Paare von (x, y) existieren ; ferner sei 
| y M a TR 
pe. y) =f P(x, y)dy > me qe, y) | Pa, y)dx > — pei x, y>0, 
0 n 0 Y 


(oder als besonderer Fall (c+y)’ P(x, y)>-M). 
Dann ergibt sich 








(!) W.H. Young, On multiple Fourier series, Proc. London Math. Soe., (2) 11, 
1912-13, p. 167. 
(2) Kubota, loc. cit. 
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ox, の っ 4 für x, yo 


aus der Annahme 


SEI) 、4 für a, y>00. 
4 


Zum Beweise gehen wir von der folgenden Relation aus: 
n(1+e) 


AEA+2), 7A +2) +16 2) -SCA+)n)-& (+57) = ali A 本 020 


E(1+e) / n(1+e) 
en, 7)+ ip 


(le: y)— 96, 9) )dx dy 
&(l+e) von 
— eng (&, 7)+ fl 109) D+ (66,076 Me dy 


13 E(1+e€) vasi 
= e2ng(2, 7) +f f ub p(a, y)da+ ji 2⑤ の 9 ト e dy 


>S2 の (5 7) Men log (1+ 8)”. 
Daraus folgt für 5,7 > 
A-lim る の 三 - log (1+9)5 
und folglich 
lim 9(§, 7) = À. 
Gleicherweise aus der Betrachtung von 


SE, 9) + fF — 2); 7(1-e) SE, が 1ー5) 一 人 (1 一 5), 9) 
=f" fr (x,y)da dy 


E(1-e)d n(l—e) 


erhält man 
lim 97) =A; 


daraus erschliesst man 


EMA für &7>0, 
was zu beweisen war. 


Sendai, November 1918. 


不定 形 oo = EF 
On the Indeterminate Form 00/0, 
FR #5 一 Al) 
Tsurvicut Havasur, Sendai. 
1. lin] { 945| /y |) が 存在 シテ 有限 位 à ara 
の つの 0 


5 lim Ka) ガ 存 在 シ テ 同 ジ ク à = 等 シキ ( 之 レ ヲ 後 = 場合 4 トイ フ ) 
の つの 
=> 


lim Lu | Il fente} | (1) 
ガ 存 在 シ テ 0 H=By et ar AUB=yvF AHI. HF 
lim A) - | Ade}, x} +0 
即 チ 部 分 積分 法 ニ ョ リ テ 
MO UL の je 0 (2) 
ガ 存 在 シ テ 0 = 等 シキ ュ ト ガ 必 要 = シ テ 耳 十分 ナリ . 面 シ テ 此 ノ 極 限 
>» L’Hospital ノ 法 則 ニ ョ リ テ 人 女子 及 ぜ 分 母 ラ 各 別 = 微分 シタ ルル モノ 
ニッ ツキ 
lim zP(x2)—>0 (3) 
の つの 
ナル トキ 存在 シテ 0 = 等 シ . => 3) Ga A ノ 含 = 十分 チル 條 件 
37% 


夏 = 今 一 度 (2) = 部 分 積分 法 ラ 施 も * 
lim 1 Ef!) — | MOL | 2|-0 (4) 


7%. 3-55 478=>DE=77Ht3>rM0&W#+). = 
L’Hospital 7 法則 クノ 適用 = ヨリ テ 





(+) 適 営 テ ル 注意 ノド = ッ 此 論文 中 ノ 諸 柄 分 ノ 下 限 0 ラ 正 ノ 定 敷 = テ 置換 フル ュ ト ラ 得 
ルス ハ 多 論 ナ リ ・ 
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lim æf/{x)>8 & lim | IL x fd} de (5) 
と つの と つの 


DHA À ノ 劉 = 十分 ナル 條 件 ナリ. 面 シテ (5) ノ 第 二 = 於 テ 分 母子 
3 TR 


lim af'(x)=lim a°f"(@)>B, (6) 
の つの LX 
BY A ノ 含 = 十分 ナル 條 件 ナリ ・ 
= (4) = 含 一 席 部 分 積分 法 ヲ 施 も モズ 


lim | た MOI a" AB] | Je っ 0 


FRA A ノ 劉 = 必 要 ニ シテ 旦 十 分 ナル 條 件 ナリ. (4) ョ 7 (6) Sr 
rrAk-t-r 


lim ara |= lim ft), 
LH Oo TD 


WHE A ノ 十 分 ナル 條 件 テリ 7. 
更 = ニ ー 般 = 同様 クノ 考 う 使用 スレ 


ta Eos AC) ele) (ep 
fi 


» 
= (el Tn ae (a) 
n! > っ っ 


DI 


HIBS 4 ノ 十 分 ナル 條 件 ナ 7. 


僅 テ (3) = 於 テ 
ij ‘f(a)de= Fl) 
ト 置 キ テ 多少 ノ 條 件 (1) ラ 加 へ テ 進 > ヵ ト キハ 


lim CHAR Esel G(y) d F"(4) egy 
の < Gy) va Gy) dy Gy) 











(1) FRAN GY) か 9 ノ 増 加 ス ルト キ 量 調 = 増加 スト イフ ガ 如 キ ・ 
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ナル トキ ス 
lim FW IL 
> (の 

ナシ ュ ト ラ 詩 明 シ 得 . 

同様 = (6) = ニョ リ テ ム 

jm Fy) EF, 
9? う >  G(y) 

A % 





vo Gy) dy Gly) wer Gy) dy 








a) dy Gy) 





lim Gg d FW =lim {GG = : d Fy) |r 


PE he Ni 


lim Ey) nil 
ve (の 





ナル シュ トニ 到達 ス . 

{iy HEME (3) Re (6) EMA ZX (1) 中 ノ 定 理 5 = 含 マ ル 
と モノ ナル ガ , KEN FA + BRKT 7 EUR & æ 0 TR y. 

2 K¥= 


lim | [ 92) fsow}« foto] ⑦ 
WHEY F a = 等 シキ トキ 


lim Ho 


つの 


Ita 7 a = 等 シキ ( 之 ラ 場合 ア トイ フ ) 含 = へ 前 同様 = シメ 


im | fr San freee 
23% [ao 


存在 シテ 0 = 等 シャ ュ ト ガ 必 要 ニ シテ 是 十 分 ケリ. 即 チ 


(1) Agg 15 4, A 314-322 =H nase Einige Sätze den Grenzwert betreffend 
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MM |] Il “fade. if “g(a)dex ~ {| IA] [ Sd} de} / Î “tarde |>0 


即 チ 分 子 ノ 第 二 項 = 部 分 積分 法 ヲ 施 シ テ 


lim | [safe / i) 2 の eo (8) 


TEE BD7/7E&=>bE=77H+57? Kr). 
BeBeE=M+R)7E#7vo 


lim je/7 9 da [ba 
Br? 0 0 0 
lim IR リッ date] ("4 de (0 
27% 0 0 0 


lim | Ka)der ーー の 
Zn Jo 


er > 


ナリ トイ フラ 得 . VW Wi DTM 7 > f bg ト ガ 変換 サレ ダ 
ル ノ ミ ノ 差 ガ 起 レル シム 注意 スベ キ 面 折 キ ュ ト ナリ . (yap eae 
娠 ノ 論 文中 ノ 定 理 1 ノ 府 明 中 = 導入 セラ レタ ル モ ノ ナリ . 

si 9g@)=1 トス レベ 


pe Hf [tore da} [|e 


lim / “Hada >U 
292 Jy 


ova 


+ VA B= Y= vy 7 AH MER (8) ニョ リ テ 


lim || の gi な 0 


i リ . ava 無限 級 敷 = 開 スル Tauber 7 EE (') = 相 應 スル シモ ノッ 
Fal: 





(1) A. Tauber: Ein Satz aus der Theorie der unerdlichen Reihen, Monatshefte fiir 
Mathematik und Physik, 8. Jahrgang (1897), p. 273. 
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aK | fa)de=¢(2) HET, => 
De: |} [eee }/2 pe H lim g(x) —u 
つの 
ナル 乱 こ 必要 ニシ テ 且 十分 ナル 條 件 


“ip [fou 9 


a eh Pat Nr コス 前 節 ニ 得 タ ルト ュ セ ノ 作 件 (2) r +75 
% (8) > Hospital ノ 活 則 = ョ J 其 クノ 分 母子 ヲ 各 別 = 微 分 シ 


lim Ye) f "SI fre) っ 0 (9) 


トナ スラ 得 . 基 と 場合 ゼノ 倉 = 十 分 ナル 條 件 ナリ . 基 


{I 
= 
N 
SS 
7 

2 
NZ 

Il 

fd 


ト スレ っ ヾ 
lim Hf [toe da fe = 
LIL odo 
E 
lim (2) —0 
つの 
F yh キュ っ ヽ 
lim fi “fade >U 
232 Jo 
AG 


SL 4@// gta ww Fi Fy (bounded) + HF Ine Rx h(2) ノ 存 在 | 
スル トキ ニハ | | 
x)[ g(a)d 
lim Ol っ 0 
Vai IR) Î g(a)da 
ナル トキ (9) 成立 ス . 即 チ 
lim f(x) h(x)/g(x) >O 





ナル トキ (9) っ 成立 ス . the 49/ [or 有 界 的 ナル トキ 場合 B 
PE っ ヽ 
lim fe): 4999ー0 (10) 


MY ニク ドナ リ 。 
h(a)=e トス レバ ュ っ 窪田 君 ノ 定理 1 = Bearers. KE 
== ga)zl トス レン <“ 


u à [1f fred < 


H 
lim x/(2)>0 
LIL 
eh» 
ea \du>a (11) 
eee CSRTH 7 征 BER. 


此 人 等 クノ 定理 ョ 7 di lim F(y)/G(2 (y)>a ナノ ント キ 
りつ の 
lim P(Y/G'(Yy)>a 
つの 


ナリ ト 謙 定 ス アル = 要 ス ル 十 分 條 件 作製 スル シュトラ 得 ベ シ . 
3 HAA? Æ 1 ノー ッ ノ 條 件 即 チ 


J 7 (0) ii DOTE 


TINTI 22 r 7 Bars, JE) Fi 





gitss 


flay fe の < 850, 
ナシ ト キ 改 欲 ス ケシ ニ ョ リ 
afte) 9 の do < テー SO EN, 


ラ 以 テ 同 定理 ノ 十 分 條 件 ト テ スラ 得 . 然 = 同 定理 ノ 條 件 トシ テ 
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BR 
x / / g(x)de < const. 
0 
ent 77147 
da) < oa ca 
7748. K= 


af(a)| < le s>0 





+r=Y7U7 EHE’ EM 1 / —> /fKfF7 RY, ョ リ テ 以 テー 


IA 定理 トス ケシ ュ トラ 得 ベ シ . 此 形 = 於 ケル 定理 ト 前 節 = 於 ケル 征 理 
(10) Re (11) r Kr Haller 7An. 


大 正 七 年 十 一 月 ・ 
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O. S. Adams, General theory of the Lambert conformal conic projection. (U. >. 
Coast and Geodesic Survey, Special Publication No. 53.) Washington, Government 
Printing Office, 1918. 38p. $0.10. 

L. Bianchi, Lezioni sulla teoria dei gruppi continui finiti di trasformazioni. Pisa, 
I’. Spoerri (F. Mariotti). 1918. 6+590 p. L. 25.00. 

G. Candido, La risultante di due quadratiche. Livorno. tip. R. Giusti, 1918. 4to. 
26 p. 

J. Duclout, Temas elegidos de matemäticas elementales. La serie de Taylor y la 
teoria general de las series infinitas, para funciones de una variable real. Desarrollo de 
las ideas esbozadas par F. Klein en “ Matemäticas elementales desde un punto de vista 
superior,’ Buenos Aires, Centro Estudiontes de Imgenieria, 1917. 

F. Enriques, Conferenze sulla geometria non-euclidea, per cura del O. Fernandez. 
Bologna, Zanichelli, 1918. 46 p. L. 3.00. 

F. Enriques, Lezioni sulla teoria geometrica delle equazioni e delle funzioni 
algebriche, pubblicate per cura O. Chisini. Volume 2. Bologna, Zanichelli, 1918. 713 p. 
L. 25.00. 

C. F. Gauss, Werke. Herausgegeben von der königlichen Gesellschaft der Wissen- 
schaften zu Göttingen. 10 ter Band, 1te Abteilung. Leipzig, Teubner, 1917. 

G. Hessenberg, Ebene und sphärische Trigonometrie. 3 te Auflage. Neudruck. 
(Sammlung Göschen). Berlin, Göschen 1917. 

C. Huygens, Du calcul dans les jeux de hasard, rédigé par D. J. Korteweg. La 
Haye, Martinus Nijhoff, 1917. 179 p. 

T. Koren, The history of statistics. New York, Macmillan, 1918. 12+773 p. 
$7.50. 

R. B. McClenon, Introduction to the elementary functions, with the editorial 
cooperation of W. T. Rusk. Boston, Ginn, 1918, 9+214 p. $1.80. 

G. Morävek, Allgemeine Beweise der Gültigkeit des letzten Fermatschen Satzes. 
Mit einem Anhang über Pythagoraische Zahlen. Prag, G. Morävek. 1916. 18 p. M. 1.00. 

P. T. Mulder, Kirkman-Systemen (Diss.) Leyden, P. T. Mulder, 1917. 4to. 15+ 
312 p. 

M. M. Roberts and J T. Colpitts, Analytie geometry. New York, Wiley, 1918. 
116 p. 

P. del Pezzo, Principi di geometria proiettiva: lezioni dettate nell’universita di 
Napoli nell’anno 1917-1918. Napoli, tip. B. De Rubertis, 1918. 116 p. 

E. Pascal, Lezioni di calcolo infinitesimale. Parte I, Calcolo differenziale. - 4a 
edizione revedutta. Milano, Hoepli, 1918. 12+313 p. L. 4.50. 

W. C. Post, Over de reductie van Abelsche integralen tot elliptische (Diss.) 
Leyden, E. J. Brill, 1917. 4 to. 10+174 p. 

J. A. Serret und G. Scheffers, Lehrbuch der Differential- und Integralrechnung. 
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Nach A. Harnack’s Übersetzung. iter Bd: Differentialrechnung. 6te und te Auflage, 
Leipzig, Teubner, 1915. 17+670 p. M. 13.00. 

F. Slate, The fundamental equations of dynamics and its main coordinate systems- 
vectorially treated and illustrated from rigid dynamics. Berkeley, University of California 
Press, 1918. 10+233 p. 

G. Torelli, Lezioni di calcolo infinitesimale date nella reale università di Napoli, : 
Napoli, tip. Accademia reale delle Scienze fisiche e matematiche, 1918. 4+424 p. L. 20.00. 


Taerar FUR vem, MBN BELLE = RF +7 EM. 
Memoirs of the College of Science of Kyôto Imperial University, Vol. 3, Nos, 7,: 
8. August, November, 1918. 

M. Sono, On congruences, III. T. Nishiuchi, General metrics in Hermitian 
space, 


The Science Reports of the Tohoku Imperial University, 1st Ser., Vol. 7, No. 3. 
December, 1918. 
S. Kakeya, On function of lines and a set of curves. K. Terazawa, A problem 
in the elastostatics of a semi-infinite solid. 


TOxyo Sügaku-Buturigakkwai Kizi (Proceedings of the Tokyo Mathematico- 

Physical Society), 2nd Ser. No. 22, and 3rd Ser. Nos. 1,2. Dec., 1918, Jan., Feb., 1919. 

K. Aichi, On the penetration of the periodic temperature waves into a substance, 
having no uniform constitution, especially into the soil. K. Aichi, On the new 
method of reduction of observations of underground temperature. K. Aichi, On the 
shape of the beams of the uniform strength taking its own weight into consideration. T. 
Kikuchi, On the theory of “Pliotron” oscillator. K. Yamada, Application of von 
Seidel’s formulae to the calculation of residual aberrations of central optical systems. 
K. Yamada, A note on an uncemented two-lens objecive. 


Messenger of Mathematics, Vol. 47, No. 12; Vol. 48, No. 1. April, May, 1918. 

A. E. Jolliffe, Stirling's asymptotic formula for I (w+1). G. H. Hardy, Notes on 
some points in the integral calculus. Sir Thomas Muir, Theorems connected with 
minors of an m—by—m? array. G. H. Hardy, Note on an expression of Lambert’s 
series as a definite integral. G. N. Watson, The problem of the square pyramid. 


The American Mathematical Monthly, Vol. 25, Nos. 8, 9. Oct., Nov. 1918. 

W. H. Bussey, Fermat’s method of infinite descent. J. Nyberg, The expo- 
nential and logarithmic functions. T. Muir, Note on Tagrange's like-producing 
quadrinomial. W. D. Cairns, The summer meeting of the Mathematical Association of 
America, G. A. Miller, Mathematical encyclopedic dictionary. E. L. Dodd, Funda” 
mentals in the mathematics of investment. 
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Proceedings of the National Academy of Sciences, Vol. 4, Nos. 11, 12. November, 

December, 1918. 

G. M. Green, On certain projective generalizations of metric theorems, and the 
curves of Darboux and Segre. D. N. Lehmer, On Jacobis extension of the con- 
tinued fraction algorithm. R. L. Moore, A character of Jordan regions by properties 
having no reference to their boundaries. 


Transactiors of the American Mathematical Scciety, Vol. 19, No. 4, Oct., 1918. 

J. K. Whittemore, Spiral minimal surfaces. L. G. Mathewson, On the group 
of isomorphisms of a certain extension of an abelian group. W. B. Fite, Concerning 
the zeros of the solutions of certain differential equations. P. J. Daniell, Differentiation 
with respect to a function of limited variation. M. F. Hu, Linear integrodifferential 
equations with a boundary cordition. O. C. Hazlett, On scaler and vector covariants 
of linear algebras. 


Annals of Mathematics, (2) Vol. 20, Nos. 1, 2. September, December, 1918, 

G. P. Horton, Functions of limited variation and Lebesgue integrals. N. 
Altshiller, On the Teixeira construction of the unicursal cubic. G. A. Pfeiffer, 
The functional equation f[f(a)]=9(x). T. Li. Gronwall, The gamma function in the 
integral calculus. ©. E. Glenn, Invariants which are functions of parameters of the 
transformation. H. Blumberg, A theorem on exhaustible sets connected with develop- 
ments of positive real numbers. A. Pell, Solution of the differential equation dx? +dy? 
+dz?=ds? and its application to some geometrical problems. L. L. Small, A general 
method of summation of divergent series. 


The Jcurnal cf the Indian Mathematical Society, Vol. 10, No. 6, December, 1918. 
F. H Hallberg, Infinite series and arithmetical functions. 


Giornale di Matematiche di Battaglini, (3), Vol. 56, January-August, 1918. 

T. Amaldi, Forme isobariche e cambiamenti di variabile. R. Marcolongo, 
Albert Tascal, Cenno necrologico. G. Pucciano, Le grandezze lineari e continue 
secondo il principio di Dedekind (continuazione). G. Aprile, Li una trasformazione 
doppia nello spazio a quattro dimensioni. G, Marletta, Per i numeri caratteristici dei 
sistemi di coniche plurisecanti una curva gobba. V. Franciosi, Sulla riduzione delle 
trasformazioni cremoniane ad un prodotto di trasformazioni quadratiche e sulla riduzione 
all'ordine minimo di sistemi lineari di curve irriducibili di genere p=0, 1, 2. 


Atti della Reale Accademia delle Scienze di Torino, Vol. 53, Disp. 10-14, 1918. 

F. Burzio, Sopra alcune formole del Mayevski relative al 2° problema balistico 
fondamentale. C. Somigliana, Sulle onde di Rayleigh. G. Peano, Inter- 
polazione nelle tavole numeriche. M. Bottasso, Generalizzazione della trasformatione 
di Combescure per le curve. S. Pincherle, Sulle catene di radicali quadratici. F, 
Gerbaldi, Simmetria e periodocità nelle frazioni continue di Halphen, A. Tanturri, 
Sui prodotti infiniti (1—x)(1-x?)(1-x®)-... e (1+)(1+?)(1+x3)..... Q. Maiorana. 
Influenza del movimento di uno specchio o delle sorgente sulla propagazione della luce. 
F. Gerbaldi, Simmetria e periodicita nelle frazioni continue di Halphen. F. 
Burzio, La 2% approssimazione delle soluzione del 2° problema balistico. G. Scorza, 
Sopra alcune notevoli matrici riemanniane. E. Laura, Sopra i moti quasi-liberi di un 
fluido elastico. G. Fubini, Fondamenti della geometria proiettivo-differenziale di una 
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superficie. P. Quarra, Calcolo delle parentesi. L. Virlglio, Estrazione graduale di 
radice cubica. 


Atti della Reale Accademia dei Lincei, Vol. 27, Fasc. 1-8, (2 Semestre), 1918, 

Almansi, Sulla determinazione teorica delle forma del geoide. Fubini. Fonda- 
menti. della geometria proiettivo-differenziale di una superficie. Bottaso, Alcune 
formule sulle superficie applicabili. Cissotti, Derivazione intrinseca nel calcolo dif- 
ferenziale assoluto. Sannia, Sulle serie di potenze di una variabile sommate col 
metodo di Borel generalizzato. Pérès, Sur certaines familles de fonctions. Ricci, 
Delle varietà a tre dimensioni conterne ortogonali di congruenze a rotazioni costanti. 
Fubini, Fondamenti di geometria proiettivo-differenziale di una superficie. Crudeli, 
Le formule del Cauchy e i fluidi viscosi. Fubini, Studi relativo all'elemento lineare 
proiettivo di una ipersuperficie. Viola, Sul punto di trasformazione fra modificazioni 
riversibili. Nalli, Sulle equazioni integrali. Fubini, Il problema della deformazione 
proiettiva delle ipersuperficie : Le varietà a un qualsiasi numero di dimensioni. 
Colonetti, Una proprietà caratteristica delle coazioni elastiche nei solidi elasticamente 
omogenei. Nalli, Sulla equazioni integrali. 


Annales Scientifiques de l'École Normale Supérieure, (3), t. 35, No. 3, 4, Mars-Mai, 

1918. 

J. Boussinesq, Complément 4 un récent mémoire des Annales scientifiques de 
l'École Normale Superieure, sur la poussée des terres et l’état ébouleux, avec quelques idées 
générales sur la mécanique des semi-fluides et application de ces idées aux corps 
plastiques. 


Nouvelles Annales de Mathématiques, (4), t. 18, Sept., Oct, 1918. 

R. Alezais, Sur le système de n équations du second degré. KR. Bricard, Sur 
une propriéte caractéristique des coniques homofocales. F. Balitrand, Relations entre 
les rayons de courbure de deux courbes affines. E. Jablonski, Sur la distribution des 
nombres premiers absolus. M. Weill, Propriété des coniques et des quadriques a 
centres. G. Fontené, Sur les cercles de Pappus: Formule de Schubert généralisée. 
F. Balitrand, Sur la condition pour que les tangentes aux pieds des normales issues 
d'un point à une ellipse touchent un cercle. Ph. du Plessis, Remarques géométriques 
sur la question de concours de l'École Polytechnique en 1918. 


Comptes Rendus des Séances de l’Académie des Sciences de Paris, (2), t. 167, 

No. 17-21, 1918. 

G. Giraud, Sur le attachement à la théorie des fonctions hyperabéliannes d'une 
certaine équation aux dérivées partielles du second ordre, avec généralisation à un nombre 
quelconque de variables. A. Angalesco, Sur l'approximation simultanée de, plusieurs 
intégrales définies. Riquier, Sur une propriété des fonctions d’une nombre quelconque 


de variables imaginaires. E. Gau, Sur les caractéristiques des équations aux dérivées 


rartielles du second ordre, J. Drach, Sur les groupes complexes de rationalité et sur 
lintegration par quadratures. T. Lalesco, Sur les fonctions polygonales périodiques. 
R. Garnier, Solution élémentaire du problème de l'inversion des fonctions elliptiques. 
R. Goormaghtigh, Généralisations des théorèmes de Jamet sur la courbure des courbes 
triangulaires, des courbes et des surfaces tétraédrales symétriques. 


Bulletin des Sciences Mathématiques, (2), t. 42, Murch-September, 1918. 
H. Vilat, Quelques récents progrès des théories hydrodynamiques. H. Vergne, 
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Théorie élémentaire du mouvement de précession et de la dérivation des projectiles. M. 
Fréchet, Sur ia notion de voisinage dans les ensembles abstraits. C. de Waard, 
Un écrit de Beaugrand sur la méthode des tangentes de Fermat à propos de celle de 
Descartes. F. Gonseth, Un théorème relatif a deux ellipsoides confocaux. F, 
Gonseth, Un théoréme relatif a deux ellipsoides confocaux (suite et fin). Lalesco, 
Sur l'addition des noyaux non orthogonaux, A. Buhl, Sur les sommes abéliennes de 
volumes cyclido-coniques. G. Julia, Sur les valeurs limites de l'intégrale de Poisson 
relative 4 la sphére en un point de discontinuité des données. M. Bottaso, Quelques 
remarques sur le système vectoriel de M. Burali-Forti et Marcolongo. M. Petrovitch, L’aire 
des surfaces de revolution. 


ok a 
ぼぼ ろ ! に a KH % (1918-19) 
ぶる が っ ち Burgatti. KPA (3. ど な 1 ち Donati, BMH. BKK MIS (3), 
えん り け す Enriques, 887 Je (i), TE, MOMENT, DB 古代 希 護 = 於 ケル 宇宙 論 : (WD, 


FRI Vet 7 HLA) (3). ぴん ける れ Pincherle, [4x7 5 | 及 ビ ピ 「 フ レシ ェ 1 | 7 functional 
caleulus。 微 分 方 程 式 = 於 ケル 解 存在 ノ 定理 , 積分 方 程 式 (3). 


か た KE à 大 & (1918-19) 
ち ぼ ら Cipolla, [7 1 9: MB, PRK CREME, BREI Rica HAIE ME 


用 (4). だ に え 1 れ Daniele, BALE = fr VAT HER CRE (4). すこ る ざ Fcorza, 
高 炊 空間 ノ EER ERE (4). せ ゞ ぇ り 11 Severini, BA (45). 


ぜ の あぁ 大 % (1918-19) 


ろ 1 りあ Loria, ARTS (3). TE 」 ね Tedone, 二 元 偏 微分 方 程 式 及 ビ 其 物 理 多 上 ノ 
ER (3). ARE, Mi (3). 


D っ LRR& (1918-19) 


ぼっ た そ Bottasso,「 ゲ ェクト ル 」 解 析 ,「= ミ ウト ン 」 ノ 「 ポ テン シテ ァ ル 」. 弾性 論 > BE 
x Calapso, AMR (3) じゃ ん べり Giambelli, BRAM 7 MIRTO, IONE? ER 
Wenn (3). 
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な ぼ D 大 4 (1918-19) 


あ も で 3 お 5 Amodeo, Halbe VEETTIMERK) (3). で る れ Del Re,「 グ ラス マ 
vn KICKED MT MEME HE 7 EM (43). まる と ろ ん ど Marcolongo, [717 
x | Mc? REA (3). も ん て ざ 」 の Montesano, 空間 ノ birational kia, #4] birational 
ER (3). ば すか る Pascal, FH ÉMAEREA (3). びん と Pinto, Ki (3). 


HE 5 oS KR Mm (191879) 


だ る か いす D’Arcais, MIM? MILA. HER (I) が っ つ ぁ に ー が Gazzaniga, K 
FA (3). れ ぶ ぃ 1 ち ぶ ぃ た Levi-Civita。 電 磁場 (. り っ ち Ricci, HAE LRU (4). 
せ ぶ ぇ 1 り Severi, MARA (4). 


ば れ - る も る 大 & (1918-19) 


ば に ぇ 1 ら Bagnera 一 般 解析 函 融 論 , MER BRUT GEEK (3). ふら ん きす Franchis, 
‘Reith 7 RMB (3). じ ぇ びあ ぁ Gebbia, Ei) 力 時 ,・「= ウ トン 」 ノ 「 ポ テン シア ル 」 及 ビ 習 
Yor yyy |, Witla DBR eve DS (43) し に ょ り 1 に Signorini, 理 八重 學 特 選 題 
B, 特 = 弾 仁 論 (3). 


KR 5 vw D 大 # (1918-19) 
べ る ぞ ら 1 Berzorari, EHER AR (3). ち ぞ っ ち Cissoti, ET (3、 


ぢ ぇ る ば る ぢ Gerbaldi, ARE, RTA CRA mR (3). SussA Vivanti, FE) 
Ban (3). 


び xX A & (1918-19) 
べ さる ち 1 に Bertini, 4h) AMA (3). びあ ん き Bianchi, Mpa ei, Min 


(43). で ぃ 1 に Dini, [21 92) MME MAL = RO TIER = M x 
ル 更 = 一 般 ナ ル 展 開 (43). Lob Maggi, REX CRD TER (43). PERE, 理論 重 移 (⑬) 


ろ 1 ま 大 Æ (1918-19) 


びす こん ち に Bisconcini, Me HHH MA (3). ぼん びあ ぁ に Bompiani, [1] REA 
HEHE (3). か す て る ぬ 1 ぼ Castelnuovo, {UMA PAS FATE (3). くる で り Crudeli, 
TEMA TE Mim (3). し らち Silla, AS, Msp HMR (3) ぼる て ら Volterra, 波動 論 (8), 
MEN (3). 
と YU の 大 A (1918-19) 


ぼっ じ #5 Boggio, Wie vise 7 AD (3). ふ び に Fubini, è Bab 1 BE, à 1 à 
bOSHE SoC FT 7 HR AMER BMT HER (3). è Ch Segre, WRN TF 4 vay 
プレ ックス 」(⑲⑨). そ み りあ な Somighiana Pt SS, AN MA (3) 

tiri F5 
ば 1 ぜ る 大 BM (1918-19 AH) 


まち ぃ す W. Matthies, GAS ate V1 (2). ERA, MEME (4), À EU 
学 特 選 題 目 ⑬), KA (1), Hkearzyı (1) す び 1 す O. Spiess, CRIS (3, ATH 


MO tk RO 培 A [34g / | 


FL (= PES = ze /) (3) ぶろ せみ な り 1 (1), せみ な り 1 (1) ふら っ と R. Flatt LE hi 
数 育 せ みな り 1, BMA (3), MRIS (2) Ctros M. Knapp, ERMA, 
Phi BA (2), 通俗 天文 學 (1).「 と れ み 1 」 ノ Almagest = 開 ス ル 講 演 (1), REM (5). 


< る ん 大 Æ (1918-19 2) 


ふ 1 ば 1 G. Huber, 下面 曲線 論 (3), RIRE TIRI (2, せみ な り 1 (1). Chr 
Ya Crelier, #37 (2), ARIECAZDT (2), EHE (2), REIT (2), SRI 1 VE RE 
Æ (2). まう で る り リ Mauderli, KRW (2). うい す Wiss, Rack = WEF 7%, RC 
BE/K/AHRTEN 2, ER RL, TH JE JE (1), RI 0341 
な 1 Berliner, Sf (2), ehren (1), Nea I) ふ ! ば 1 Huber, Kar) 
(1, ROTAIA NIET) (1). è 1! ざ 1 Moser, HEAR) Hk (2), RIGA, 
RGB Ate U 1 (2) ぼ 1 れ ん Bohren {Er Tb MPs PSE LRQ (2), 最 
小 自 乗法 (1). 


ar 大 ME (1918-19. emg} 


ぷら ん し ゅ れる Plancherel, fig preme (3), MA (3), MATT BUY (D, せみ な 
yı (2. だ に える す Daniels, 微分 方 程 式 ($), MI RR (1), HAS (3), Aia (2), 
ぐら すま ん ノ 廣 延 論 (1). 


ぜ ね Sos 大 Æ (1918-19 Lay 


け 1 ち 1 Cailler, DIET (3), WE (2), Siné (3), wR (2), IRE (1), 
NR BT HER (2). 3a 1 る Fehr, ERBE, (MBM ER (1), 
ro SRB OE =H A ri (2), HRS (1), HEHBrATZY 1 RER VIE XL x LE 
E) (2), DEÉE Ar 0 1 BETEN (1) Clb, Gauthier, MLEMRIEÉ, 其他 私 
講師 ノ 講 義 ト シテ 炊 ハ モノ アリ . BY EO. Mirimanoff, Aia (2). ち 1 あ し 1 Tiercy, 
res, BB im (1). 


ろ 1 ざん tA 大 & (1918-19 SAH) 


あむ す た い ん Amstein, lin 3) TAM (2). bol G. Dumas, HERE 
(5), HE (2), Mer (2), せみ な り 1 (1) bot Lacombe, HRA yA (4), Wil (4), 
Feb (2), PFE AM IRB (3). め 1 ゃ 1 Mayor, Haga (4), 2 (1), Baia 
(2). 815123 Maillard, pap RIE? Pb? HEN (4), ERA (3) nm (2). 
Bol S. Dumas, ASE (3). IAM FRI 77). ぢ お ぁ と こっ て っ と Ch 
Jaccottet, KERN (2). ば し > ぅ ど Paschoud Mey ALEK I (2). 


ち ゅ 1 YU WR & (1918-19 ER) 


will, Fueter, HAARE, Hee (3) KZ (1), 361 £853 eA (4). 
す ば ぃ ざ 1 BPI tae V1 (1). す ば 。 ざ 1 Speiser, MITRIA (4), REITER = 
開 ス ル ん が ろ ぁ ノ 理 論 (3), WA (1). 2 ぉ る ふぁ 1 Wolfer, 天文 牌 緒 論 (3) N (2), MER 
是 ノ 軌道 ノ 決定 法 ②. 其他 私 講師 ノ 講 義 ト シテ 次 メ モノ アリ . SAI と Gonseth, HE 
# (4). べ る な いす Bernays, 集合 論 (3). 
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WU 


ち ゅ | D ひ 市 立 TOS Æ 校 918-19 2) 


ひる しゅ Hirsch, HEHE (6), WB (2, ふと ね る Tranel, EYE (6), WB (2). で 
ろ す まん Grossmann BERS (4), i (4), ERA (4). わ ぃ る Weyl, er] 
(2), 8 (1). と る ろ す Kollros, PEMA (4), WH (4) Ewt%| Meissner, ws (4), 
RZ (2. ふる ゐ っ つ Hurwitz, HEAR (4), Bein (2) ふる ゐ っ つ ト と る ろ す 
Hurwitz u. Kollros, eave U 1 (2. dure Weyl, Er (4), RATHER (2). Ent 
な 1 Meissner, KH ii vem (2). べし ぁ り ん Laeschlin WES, 高等 測地 移 (3) 25438 
ふぁ 1 Wolter, Kirin (3), WH (2, EME / 軌道 決定 法 (2) あむ べ る で ぐ Amberg 
IL RIES (2, ぶら ん で ん ぺる が あ Brandenberger, MAARNBAE iim (2) ぽ り あ 
Polya, GEREN am (2). = 1 な す と Kienast, PER (2), RA bY 7. あむ べ る で ヾ ぐ Amberg, 
farina (2). ば いえ る Beyel, FRR, IE (1) FERITA (2), [sensa (1) ぶれ ん 
た の Brentano, 光 學 及 電 気 學 ノ 範 園 = 診 ケル えれ く と ろ ん ノ 理論 (2) どん せ ! と Gonseth, 
EABABKEUB (2), 三次 曲面 1) ける ら 1 J. Keller, PERM APA (2) (53 
& Kraft, 世界 根源 力 (1), ken (3). HHS (3). ぼり あ Polya An’ Kar 
HE. 


A remark on a paper of Prof. Kakeya in Vol. 2 
of this Journal. 


Prof. Kakeya, in his paper, On the limits of the roots of an algebraic equation with 
positive coefficients, proved the following theorem : 
The absolute values of the roots of an equation with real positive coefficients 


Pri + Pp 10 1 pra 2 +--+ +p, B+ Py =O 


lie between the greatest and the least of Po 3 Fi, ーー つっ N 
Pı Pe Pn 
Recently, I happened to find the following question proposed by G. Eneström in 
L'Intermédiaire des Mathématiciens, Vol. 2 (1895), p. 418, to which no answer is yet 


given, 





Gig. di PR NS 


Dans une recherche sur la théorie des caisses de retraites, j'ai été, il y a quelques années, 
amené au théorème suivant: Eoit w+a,e"-14a, 0-24 .--++an-1%+d,=0 une équation 


Où 1>a,>a,>---->dn-1>Gn>0; appelons, de plus, a la plus petite et 8 la plus grande 


lo the 








; a 3 
des fraetions Si ; alors les valeurs absolues des toutes racines de 


ぅ $e ie 
a, yo An-—1 
l'équation sont comprises entre a ct 8. Ce théorème atil été indiqué dans quelque 
Traité sur théorie des équations ? ‘è PRE 





ME BR sE 報 345 
Corrigenda in Mr. M. Lecat’s paper, this Journal, vol. 5, 1914. 
Tape 119, line 6, instead of E [=] read E[—], 
a . % + + parmanent ne permanent, 
+ 120, a 1% n 6 and hi o and, 
er 122, È 13, = Y+9 si Yy+9, 
Ka n Pr Los = a Di o, 
n 123, Le 16, si (y +1)? a (y—1)?, 
” » ” 21, っ Yo „ Vik 
A 124, 5, before g insert when 
5 125, 2 last, iu アッ ャ ー1 32 VN-1s 
a 126, € 33, = actinoited a actinoid, 
上 129, x 28, 4 no a but, 
x 190) が NE や v—1 Ra v=1, 
oy os as 22, n indicative る inactive, 
a 131, 4 23, = nX 4 nt; 
- 133, = 28, 時 nor Fes OT, 
Mathematische Zeitschrift. 
講和 人 党 議 ノ PE n= Vir ae MEF Er 7) JL / KES =H 


FRERABEA 7 7 RAR = Br ı FERN FT RA TR ET 7 YE FU OR 
アリ シム 諸君 ノ 知 ラル シュト ュ ロ ナル ガ 講 和 後 モ 赤 文化 的 競 筆 = 於 テ 他 國 ノ 後 = 附 ク が 如 キュ ト 
By Zinn sr. 戦争 遂行 ノ 最 中 1918 年 ノ 惣 頭 = 於 #2 70 ME? ESS 
Mathematische Zeitschrift ノノ 創刊 セラ レタ ル ガ 如 キハ 如何 = Asa mn] 熟 中 スル 國民 タル 
カラ ヲ 知 ル ん = 足 ル . 同誌 ム 同 年間 二 欠 ラ 全 行 も リ . Far 428 A, p_& 474 頁 = シ テ 
pg ae Heft ョ リ 成 ん, 形 へ ハ Mathematische Annalen = Hr, =e Rit {HA L. Lichtenstein, 
z27Ern#> K. Knopp, E. Schmidt 及 I Schur = ニシテ , fit EE + > 7 Blaschke, Fejér, 


Herglotz, Kneser, Landau, Perron, F. Schur, Study kr Weyl ノ 名 ラ 列 ぇ . 催行 所 ハ 
Crelles Journal トト 同 様 = 伯 林 Julius Springer => 7448 24 HE) Er. GEL 


行 ス ル ノ 定 メ ナ ル ガ , MIE BT —-PMEAKPHMBre A, WB? HE 7 My) TIL 7 RB? BA 


献 モ ント スル モノ ニム 必 讃え べ キ 内 容 ノ 一 大 新 雑誌 ナリ . as PA 
i ers! 


英吉 利 け む ぶ り っ ぢ Trinity College E (43% University College » Ab) kth G. N. 
Watson Au 13 Heath KR, HE bY FIL | ALBERS bev YD. 

ALKARNA LS SEK SRB? (Bus ik Dr. IR Kline su: 1 SKB 
Schefield Scientific School 7 MB r Fr). 

伊太 利 び ざ 大 移 数 授 ぴ ぜ っ ぢ 氏 Paolo Pizzetti » 1916 424 9 16 A 58 BE = TF Heer Y. 

ARR 4 LS Ss KDASKE SEA TE H. B Evans » Towne Scientific 
School ノ - 長 トナ レ リ , 


au 
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SEHE City and Guilds Technical College 7 SEA A YoLK O. Henriei ( 欧 池 。 


\\\\FR RIE A BIEIA? 原著 者 ) へ 1918 年 8 月 10 日 78 Ba Fe). 


HRPRÄD 1 SKS? LESSEE Dr. L. L. Silverman ハ だ 1 と ます College = 
RE ARRET LV. 

TRARRE <A L 3 Dal SKB? UI KE Dr. F. W. Beal HL AL ARE, HF 
WAI bre Y. 

JLKGRBbD LA tA KE? 521 5K Dr. L. E. Wear »33 12 College Er 
Fv. 

XIE 8 年 1919)1 月 8 ARE Bre SABE MARFA + Pb RMS 7 REM + Y TR 
In, FR EF MUSES Kis SORA by 757). 基 ノ 数 授 セ ラ レ タ ル 門 弟 ニ シテ 妥 路 
= 立 テ ル モ ノ 多 シ ・ 更 = 仙 甘 第 二 高等 多 校 内 = 第 三共 基数 員 養成 所 ノ 設 ケラ ル ュ ヤ 其 主事 ト 
+, 同 養 成 所 か 東北 芝 國 大 胸 綿 長 ノ 菅 理 ス ル 所 トナ リ 終 = 訂 止 セラ シル ュ マ デ 党 = 同 所 ノ 主 膳 
タリ シ , Heke 7 Rr PPaRRBAAA MA = Hy bz, 7 MRA Y b4 
フ ベ シ . MRF MPAABEE 77 AM = 282 ) SM RS FUSE LEN 202 +b 
WHAT 77, XA HARPERABIE 7 Ai 2er 7 277% Av. WR? RR? AK = 
Wikre rire) LD) vy a=Kife Fv An ser). (T. H.) 

XIE 8 46 (1919) 2 月 17 AR MH AAKRSM ASSES Rik = AEE ES 
RSE? BMF He >. 前 者 へ 同 大 欧 弧 長 ノ 推薦 = ニョ リ , BAS EN ER. 
EA EAS 7 性 質 ト 題 スル 論文 ノ 和 審査 ラ 綴り. 

AGE 8 年 1919) 2 月 19 日 前 岡 区 富 士 郡 元吉 原村 鈴川 騨 = 退 際 セラ レタ ル 有 | ASS 
FENG 7 FR VERS FI 22 AER? Ber) MSrRMEn- Be hr BA »>R= 
大 ナチ ナル モノ アリ . ras? JA WADE? RAT? Dr 2 07 5h BAREDARLO 7 Git A 
ARRAS TE? BL = 16 7 OAR AD? LTÉE UR Y. 晩年 = 及 ビ テ Pea Kesh 
量 部 = 入り リ テ 三 角 測 量 ノ 事 = 従 ハム レシ ガ が , RaW = +7 SIRF 2 2 LR ZX V 2 + y: 
RATE 7 BEA, AASB Beri? EA, BR, Bid hy FAR NCL 
rar. MSE CIMA Rene, +A PAM BR). AIH 7 À 
JR en 5 =. Biden ts FF 7 7 HRS). 其 ノ 著 逃 等 = 就 キ テハ 更 = 詳 細 = 
研究 シテ 人 徹 記 ト 美 = 記 紋 スル ノ 日 アル ベ シ . (T. H) 
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